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PREFACE 

This book has been compiled as a foundation for lecture courses 
for junior and senior students in Mectrical Engineering. 

The theory and characteristics of electrical machines are devel- 
oped from the fundamental principles of electrostatics and electro- 
magnetics. Only the more standard types have been discussed 
since familiarity with the principles of their operations will guide 
the student to a complete understanding of other machines which 
differ only in minor respects. This general groundwork may be 
extended to suit the requirements of particular classes. 



McGu^L UmvEBsmr, Montreal, 
Odober, 14tb, 1913. 



• •• •% 




CONTENTS 



PAOB 

Preface v 

CHAPTER I. 
Electrostatics 1 

1. Electrification. 

2. Electrical Conductors. 

3. Electrostatics and Electromagnetics. 

4. Laws of Electrostatics. 

5. Dielectric Constants. 

6. Electrostatic Field. 

7. Field Surrounding a Point Charge. 

8. Dielectric Flux from a Unit Charge. 

9. Field between Two Point Charges. 

10. Field between Parallel Plates. 

11. Potential. 

12. Induced Charges of Electricity. 

13. Equivalent Charges. 

14. Distribution of Potential in the Space Surrounding a Point Charge. 

15. Potential at a Point Due to a Number of Charges. 

16. Equipotential Surfaces. 

17. Potential Gradient. 

18. Potential and Potential Gradient in Special Cases. 

19. Capacity. 

20. Condenser. 

21. Capacity of Condensers. 

22. Condensers in Multiple. 

23. Condensers in Series. 

24. Energy Stored in a Condenser. 

25. Stresses in an Electrostatic Field. 

26. Effects of Introducing Dielectrics of Various Specific Inductive 

Capacities into a Uniform Field. 

27. Graded Insulation for Cables. 

28. Dielectric Strength. 

29. Corona. 

CHAPTER II. 

BiAONETESM AND ELECTROMAGNETICS 42 

30. Magnetization. 

31. Laws of Magnetism. 

32. Magnetic Field. 

33. Magnetic Flux. 

34. Magnetic Potential. 

35. Magnetomotive Force. 

36. Permeability. 

37. Magnetic Reluctance. 

38. Permeance. 

39. Electromagnetics. 

40. Laws of Induction. 

vii 



viii CONTENTS 

PAOK 

41. Unit of Electromotive Force. 

42. Force Exerted by a Magnetic FiCid on an EUectric Circuit. 

43. Transformation of MiBchanical Energy to Electrical Energy. 

44. Intensity of Magnetic Fields Produced by Electric Currents. 

45. Magnetomotive Force of a Solenoid. 

46. Examples. 

47. Energy Stored in the Magnetic Field. 

48. Stress in the Magnetic Field. 

49. Permeability Cxirves. 

50. Hysteresis. 

CHAPTER III. 
Electric Cibcuits: 75 

51. Ohm's Law. 

52. Joule's Law. 

53. Resistance. 

54. Conductance. 

55. £^ect of Temperature on Resistance. 

56. Resistance of Conductors. 

57. Drop of Voltage and Loss of Power in a Distributing Circuit. 

58. Current-carrying Capacity of Wires. 

59. Examples. 

60. Kirchofif's Laws. 

61. Resistances in Series. 

62. Resistances in Parallel. 

63. The Potentiometer. 

64. Inductance. 

65. Inductance of Circuits containing Iron. 

66. Example. 

67. Mutual Inductance and Self-Inductance. 

68. Self-Inductance of Continuous-current Circuits. 

69. Example. 

70. Example. 

71. The Sme Wave of Electromotive Force and Current. 

72. The Average Value of a Sine Wave. 

73. The Eflfective Value of a Sine Wave. 

74. Inductance in Alternating-current Circuits. 

75. Resistance and Reactance in Series. 

76. Capacity in Alternating-current Circuits. 

77. Resistance and Condensive Reactance in Series. 

78. Resistance, Inductance and Capacity in Series. 

79. Vector Representation of Harmonic Quantities. 

80. Power ana Power Factor. 

81. Examples. 

82. Nimierical Examples. 

83. Circuit Constants. 

84. Example. 

85. Rectangular Codrdinates. 

86. Examples in Rectangular Codrdinates. 

87. Kirchofif's Laws Applied to Alternating-current Circuits. 

CHAPTER IV. 

DlRBCT-CURRBNT MaCHINERT 144 

88. The Direct-current Dynamo. 

89. Yoke. 

90. Pole Pieces. 

91. Armature core. 

92. Armature Winding. 

93. Ring Windings. 



CONTENTS ix 

PAOB 

94. Drum Winding. 

95. Multiple-drum Windings. 

96. Equauzer Rines. 

97. S^ee-drum Windings. 

98. Double Windings. 

99. Commutator. 

100. Brushes and Brush Holders. 

101. Field Windings. 

102. Direction of notation of Generators and Motors. 

103. Generation of Electromotive Force. 

104. Elffect of Moving the Brushes. 

105. Satiu^tion Curve. 

106. Magnetic Leakage. 

107. Determination of the No-load Saturation Curve of a Dynamo. 

108. Building up of E.m.f . in a Self-excited Generator. 

109. Distribution of Magnetic Flux. 

110. Commutation. 

111. Interpoles. 

112. Sparking. 

113. Voltage Characteristic or Regulation Ciurve. 

114. Regulation. 

115. Field Characteristic. 

116. Compound Generator 

117. Series Generator. 

118. Parallel Operation. 

119. Parallel Operation of Compound Generators. 

120. Tirrill Regulator. 

121. Electric Motors. 

122. Types of Motors. 

123. Speed Equation of a Motor. 

124. Methods of Varying Speed. 

125. Speed Characteristics of Motors. 

126. Torque Equation. 

127. Torque Characteristics of Motors. 

128. Starting of Motors. 

129. Applications of Motors. 

130. Power Losses in Dynamos. 

131. EflBciency. 

132. Limits of Output of Electric Machines. 

133. Storage Batteries. 

134. Applications. 

135. Boosters. 

CHAPTER V. 

Stncbbonous Machinery, Alternators and Stnchronous Motors . . 224 

136. Alternator. 

137. Types of Alternators. 

138. Electromotive Force Equation. 

139. Form Factor. 

140. Two-phase or Quarter-phase Alternator. 

141. Three-phase Alternator. 

142. E.m.f.'s, CiuTents and Power in Three-phase Circuits. 

143. Alternator Windings. 

144. Distribution Factors. 

145. Short-pitch Windings. 

146. Effects of EHstributmA the Winding. 

147. Multiple-circuit Winmngs. 

148. Genend E.m.f. Equation. 

149. Rating of Alternators. 



X CONTENTS 

PAOB 

150. Comparative Ratings of an Alternator Wound Single-, Two- and 

Three-phase. 

151. Armature Reaction. 

152. Armature Reactance. 

153. Polyphase Annature Reaction. 

154. Single-phase Armature Reaction. 

155. Electromotive Forces in the Alternator. 

156. Vector Diagram of E.m.f.'s and M.m.f.'s. 

157. Determination of the S3mchronou8 Impedance. 

158. Voltage Characteristics. 

159. Compounding Curves. 

160. Short-circuit Currents of Altemators. 

161. Single-phase Short Circuits. 

162. Synchronous Motor. 

163. Vector Diagrams. 

164. Characteristic Curves. 

165. Compounding Curves. 
106. Load Characteristics. 

167. Phase Characteristics. 

168. Synchronous Compensators. 

169. Starting. 

170. ParaUel Operation of Altemators. 

171. Effect of Inequality of Terminal Voltage. 

172. Effect of Inequality of Frequency. 

173. Effect of Difference of Wave Form. 

174. Hunting. 

175. Automatic Voltage Regidator for Alternating-current Generators. 

176. S3mchroscope. 

CHAPTER VI. 
Tranbformebs 290 

177. The Constant-potential Transformer. 
178w Vector Diagrams for the Transformer. 

179. Exciting Cvurent. 

180. Leajcage Reactances. 

181. Vector Equations of the Transformer. 

182. Examples. 

183. Measurement of the Impedance of a Transformer. 

184. Voltage Characteristics. 

185. Regulation. 
" "^ . Lo^es in Transformers. 

187. Hysteresis Loss. 

188. Eddy Current Loss in Transformer Iron. 

189. Efficiency. 

90. Tvpes of Transformers. 

91. Methods of Cooling. 

92. Transformer Connections. 

93. Single-phase Transformers on Polyphase Circuits. 

94. "Open Delta" or "V" Connection. 

95. Transformation from Two-phase to Three-phase. 

96. Series Transformer. 

97. Auto-Transformer. 

98. The Constant-current Transformer. 

99. Induction Regulator. 

CHAPTER Vn. 
Induction Motor 324 

200. Induction Motor. 

201. TheStator. 

202. Revolving M .m.f . and Flux of the Stator. 



CONTENTS xi 

PAQB 

203. The Rotor. 

204. Slip. 

205. Magnetomotive Force of the Rotor. 

206. E.m.f . and Flux Diagram for the Induction Motor. 

207. Proof that the Locus is a Circle. 

208. Magnetomotive Force Diagram. 

209. Stator Current Diagram. 

210. Rotor E.m.f. and Current. 

211. Rotor Input. 

212. Rotor Copper Loss and Slip. 

213. Rotor Output and Torque. 

214. Rotor Efficiency. 

215. Modification of Diagram. 

216. Interpretation of Diagram. . 

217. Construction of Diagram from Test for a Three-phase Motor. 

218. Methods of Starting. 

219. Applications. 

220. Speed Control of Induction Motors. 

221. Analyais by Rectangular Codrdinates. 

222. Single-phase Induction Motor. 

223. Horizontal Field at Slip S, 

224. Starting Single-phase Induction Motors. 

225. Comparison of Single-phase and Polyphase Motors. 

226. Induction Generator. 

CHAPTER VIII. 

AlTBRNATING-CURRBNT COBOiUTATOR MoTORS 358 

227. Alternating-current Series Motor. 

228. Design for Minimum Reactance. 

229. Compensating Windings. 

230. Conunutation. 

231. Repulsion Motor. 

232. Commutation. 

CHAPTER IX. 

CONVERTEBS 369 

233. Rotary Converter. 

234. Field Excitation. 

235. Ratios of E.mi.'s and Currents. 

236. Two-phase or Quarter-phase Converter. 

237. Three-phase Converter. 

238. N-phase Converter. 

239. Wave Forms of Currents in the Armature Coils. 

240. Heating Due to Armature Copper Loss. 

241. Armatiu'e Reaction. 

242. Compounding. 

243. Starting. 

244. Frequencies and Voltages. 

245. Inverted Converter. 

246. Double-current Generator. 

247. Three-wire Generator. 

248. Frequency Converters. 

249. Induction FrequenQr Converter. 

250. Mercury Arc Rectifier. 

251. Operation. 

252. Currents and Voltages. 

253. Losses and Efficiency. 



xii CONTENTS 

PAGE 

CHAPTER X. 
Transmission Line 397 

254. Transmission Line. 

255. Relative Amounts of Conducting Material for Single-, Two-, 

and Three-phase Transmission Line. 

256. Reactance. 

257. Capacity. 

258. Voltage and Frequency. 

259. Spacing of Conductors. 

260. Smgle-phase Transmission Line. 
26 L Three-phase Transmission Line. 

Index 413 





ELECTRICAL ENGINEERING 



CHAPTER I 
ELECTROSTATICS 

1. Electriflcatioii. Bodies which are charged with electricity 
are said to be electrified. Charges are of two kinds called posi- 
tive and negative. Bodies which have a positive charge are 
acted upon by forces tending to make them give up their charge; 
bodies which have a negative charge are acted upon by forces 
tending to convey a positive charge to them equal to their nega- 
tive charge. These forces are exerted through the medium 
separating the charges and the medium is in a state of stress.. 

The body with the positive charge is at a higher potential 
than the body with the negative charge and the difference of 
potential between the two is a measure of the tendency for elec- 
tricity to pass from one to the other. 

2. Electrical Conductors and Insulators. If two metallic 
bodies charged to different potentials are joined by a metal wire, 
electricity will flow from one to the other until the potential of 
both^ is the same and the transfer of electricity will take place 
almost instantaneously. The metal wire is therefore a good con- 
ductor of electricity; or, it offers a low resistance to the passage 
of electricity through it. 

If the two charged bodies had been joined by a glass rod, there 
would have been no transfer of electricity between them, or, it 
would haye taken place so slowly that it could only be detected 
by the most delicate instruments. Glass is therefore a very bad 
conductor; or, it offers a very high resistance to the passage of 
electricity. It is called a non-conductor or insulator. 

As all materials conduct to a certain extent, it is not pfb^sible 
to divide them absolutely into conductors and insulator^ but, 
since the resistance of a good insulator is many million times 
that of a good conductor, they may be so divided for practical 
purposes. 
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In the first class are silver, which is the best conductor, copper 
and other metals, graphite, impure water and solutions of salts. 
In the second class are air, which when dry is an almost perfect 
insulator, glass, paraffin, ebonite, porcelain, rubber, shellac, oils 
and the numerous insulating compounds used in electrical engi- 
neering. 

3. Electrostatics and Electromagnetics. Electrostatics com- 
prises phenomena related to electric charges at rest and to the 
stresses produced in the field surrounding them. These phe- 
nomena become of great importance where very large differences 
of potential must be provided for, as for example in the design 
and operation of all high voltage apparatus and systems. 

Electromagnetics comprises phenomena related to electricity 
in motion, that is, to currents of electricity and the magnetic 
fields produced by them. Almost all the problems to be solved 
by the electrical engineer come under this head. 

4. Laws of Electrostatics. First Law, Like charges of elec- 
tricity repel one another; imlike charges attract one another. 

Second Law. The force exerted between two charges of elec- 
tricity b proportional to the product of their strengths and is 
inversely proportional to the square of the distance between 
them; it also depends on the nature of the medium separating 
them. 

This law can be expressed by the formula, 

'-§■' <» 

where q and qi are the charges of electricity, r is the distance 
between them in centimeters, X is a constant depending on the 
medium separating the charges and is called its specific inductive 
capacity or dielectric constant. The unit of quantity is so chosen 
that the dielectric constant for air is unity; for all other sub- 
stances it is greater than unity. / is the force in dynes exerted 
between the two charges; if the charges are of the same kind the 
force between them is a repulsion and / is positive. 

; One electrostatic unit of quantity is that quantity which, when 
placed at a distance of one centimeter in air from a similar quan- 

' tity, repels it with a force of one djue/-" 

The practical unit of quantity is the coulomb; one coulonib 
is 3 X 10® electrostatic units. \ 
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6. Dielectric Constants. The following table gives the 
dielectric constants or specific inductive capacities of some of 
the most common dielectrics. 

Material ^^^^ 

Air 1.0 

Vacuum 0.9994 

Transformer oil 2.1 

Shellac. 2.75 

ParaflBuMC^ 2.3 

Rubber 2.35 

Gutta percha 3.0-5.0 

Ebonite 2.8 

Glass 5.0-10.0. 

Mica 5.0-7.0 

Conductors infinity 

Dielectric constants generally decrease slightly with increasmg 
temperature and in some cases they depend on the intensity of 
the electrostatic field. 

6. Electrostatic Field. Any space in which electrostatic 
forces act is called an electrostatic field* The direction of the 
force at any point in the field is the direction in which a unit 
positive charge placed at the point tends to move and its in- 
tensity is the force in dynes exerted on the unit charge. 

The electrostatic field is conveniently represented by lines of 
electrostatic induction or dielectric flux drawn in the direction of 
the force. In air the number of lines per square centimeter is 
equal to the force in dynes at the point and in a medium of 
dielectric constant K the number of lines per square centimeter 
is equal to K times the force. This may be stated in another 
way: Unit electrostatic force produces one li ne of dielectric flux- 
per square centimeter in air a nd K lines per square centimeter in 
a medium of dielectric constant iC 

The electrostatic force at a point is expressed in dynes and is 
represented by 9; the dielectric flux density at a point is expressed 
in lines per square centimeter and is represented by £0. 

7. Field Surrounding a Point Charge. At a distance r cm. 
in air from an isolated charge q, a unit charge is acted on by a 
force 

f = 5dynes; (2) 

and the dielectric flux density produced at the point b 

9) = ^ = ^ lines per square centimeter ... (3) 
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This density is produced over the surface of a sphere of radius r 
and therefore the total dielectric flux from the charge q is 

^ = -^X4Tr* = 4Tg lines. 

Consider the same charge siurounded by a medium of dielectric 
constant K. 

The force exerted on a unit charge at a distance r cm. from 
q is 

§^ = -^ dynes; 

the dielectric flux density produced is 

3) = 9K = -^ lines per square centimeter, 

and therefore the dielectric flux from charge g is, as before, 

^ = 4 xg lines (4) 

Fig. 1 represents the electrostatic field about a positive point 
charge. The lines of flux extend out radially in all directions. 




Fig. 1. Field surrounding a point charge. 

8. Dielectric Flux from a Unit Charge. The dielectric flux 
from a unit charge is 4 x lines by equation 4. Thus if a dielectric 
flux ^ starts from any surface the positive charge on that surface 

is g = 2r- units, and if a flux ^ ends on any surface the negative 

charge on that surface is — g = ~- units. 

^ 4t 
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A unit positive charge is always associated with each 4 x lines 
leaving a surface and a unit negative charge with each 4 t lines 
entering a surface. 

9. Field between Two Point Charges. The field between 
two point charges q and — q consists of curved lines extending 
frcHn the positive to the negative charge. 

The direction and intensity of the force at any point may be 




FiQ, 2. Field between two point charges. 

obtained as shown in Fig. 2. If a unit positive charge b placed 
at any point P it is repelled by q with a force fi——. and is at- 

tracted by — g with a force /i = ■^. The resultant force at the 

point is 9 and it is the vector sum of /i and f%. If D cm. is the 
distance between the charges, the Iforce at a point on the line 
joining the charges distant r cm. from the charge q is 

Since the medium is air the flux density at any point is numerically 
equal to the force 9 at the point. 

10. Field between Parallel Plates. The field between two 
parallel plates A and J8, Fig. 3, charged respectively with + q 
and — q units per square centimeter consists of straight lines 
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normal to the plates except near the edges where they become 
slightly curved. 
The dielectric flux density is uniform throughout the volume 
between the plates, and its value is 

^ = 4:Trq lines per square centimeter. (5) 

^ ' - ^~ If the medium between the plates is air, the elec- 
trostatic force at any point is 

' §^ = 3) = 4x5 dynes. ... (6) 



^-t^t^ 



3^ 



¥^ 



^ 



^ 



If the medium has a dielectric constant K, the 
force is 

ffl_4x(7^ 



-dynes. 



(7) 



'i cm 

Fig. 3. Field be- 
tween parallel 
plates. 



11. Potential. The difference of potential be- 
tween two points is measured by the work done 
in carrying a imit charge from one to the other 
against the electrostatic force in the field; it is 
therefore ^he line integral of the force between 
the points. 

The difference of potential between the two 
plates in Fig. 3 is 

e =J9dr, .... (8) 

where t cm. is the distance between the plates. 

Difference of potential tends to cause electricity to flow from 
one point to the other and is therefore called electromotive force. 

Unit difference of potential (electrostatic) exists between two 
points when one erg of work is done in conveying imit charge 
from one to the other. 

The practical unit difference of potential or electromotive 
force is called the volt. One electrostatic unit is equal to 300 volts. 

The earth is usually taken as the arbitrary zero of potential, 
and the potentials of other bodies are given with reference to it. 

If a difference of potential is produced between two points on 
a conductor, electricity will flow from the point of high potential 
until the potentials of all parts of the conductor are the same. 

When, however, the difference of the potential is maintained 
by an electric generator a current of electricity flows continuously 
from one point to the other. 
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When a diflference of potential is produced between two con- 
ductors separated by an insulating material, the material is sub- 
jected to a stress and lines of dielectric flux pass through it. 

12. Induced Charges of Electricity. When a positively 
charged body A, Fig. 4, is brought near to an insulated conductor 



o 



-B 



Zl 




:^ 



^ 




:^ 



Fig. 4. Induced charges. 

BC, a negative charge is induced on the nearer side B and an 
equal positive charge on the -farther side C The explanation is 
that the potential of the end B due to the charge on il is higher 




Induced charges. 



than that ef C, but, since BC is a conductor, as soon as there is a 
difference of potential between two points on it, electricity flows 
from the region of high potential at 5 to the region of low poten- 
tial at C; thus a positive charge appears at C and an equal nega- 
tive charge at B and these charges so distribute themselves over 



V 
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the surface of BC that the potential at every point on it is the 
same, being the sum of the potentials due to the charge on A and 
the two charges on BC. 

The same result is illustrated in Fig. 6, which shows the dielec- 
tric flux produced. 

The flux from A extends out radially in all directions. In the 
region surrounding BC the lines are deflected and a large nimiber 
pass through the conductor BC, since its dielectric constant is 
infinity and therefore^ it offers an easy path. For every 47r lines 
(mtcTing at B a unit negative charge appears on the surface, 
and for every 4ir lines leaving at C a unit positive charge 
ap[)earH. 

IS. Equivalent Charges. A uniformly distributed charge on 
tlu^ Hurfaco of a sphere acts as though it were concentrated at the 
(jcntro. If a sphere of radius R cm. has a charge Q imiformly 

(liHtrihuted over it« surface, the density of the charge is ^^j^y 

and HiniH^ 4ir lines emanate from unit charge, the flux density 

4irQ Q ,. 
at tlu^ Hurfaee of the sphere is ^^^ = -^^ ^^^^ P^^ square centi- 

n\otrr. If the ehi\rge Q is concentrated at the centre of the 
Kphoits then, by formula 3, the flux density at a distance R cm. 

f rou\ the ehargt^ is -^^ and therefore the uniformly distributed 

<^luvr|«t^ on th<^ surface of the sphere may be represented by an 
oqiuvl ehurgt* concentrated at the centre. 

Sliullurly a uniformly distributed charge on the surface of a 
i\vUi\dor n\ay Ih^ roprt^sonted by an equal charge uniformly dis- 
trlhuttnl along the tucis of the cylinder, \/ 

14, Distribution of Potential in the Space Surrounding a 
Point Charge. In Fig. G a positive charge q is placed at the 
point O at an infinite distance from all other charges. The 
putontial at a iH>int 1\ distant n cm. from 0, is the work done 
in n\ovu\n ui\it charge from a point of zero potential to the point 
V\ ivMuluHt tl\e fi»rtH\s in the field. The intensity of the force at 
\\ diwlHiiee r em, frt>m is by formula 

tho NNork \\k\w In movmg a unit charge against this force through 



= a- 



ELECTROSTATICS 



9 



a distance dr is 



^dt==q^erg^; 



and the work done in moving the charge from a point of zero 
potential to Pi is 



+9. 



-[-:i 



g 



'cf/ 


p.; 




^>3-^ 


^ 




> 


> J- r' 




r 





(9) 



Fig. 6. Distribution of potential about a point charge. 

therefore, the potential at a point due to a charge of electricity 
is equal to the charge in electrostatic units divided by its distance 
in centimeters from the point. 

16. Potential at a Point Due to a Number of Charges. If 



'■\ / 



/'■ 




FiQ. 7. Potential due to a number of charges. 

there are several charges ^i, g2, 9s, etc. in the field, the potential 
at any point is the sum of the potentials due to the separate 
charges and is 



Ti Ti Ti ^^ r 



(10) 
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where ri, r2, n, etc. are the distances from the various charges to 
the point. Fig. 7. 

Potential at a Point Due to a Charged Surface. In Fig. 8 AB 
is a surface with a non-uniform distribution of charge over it; 




Fia. 8. PoteDtial due to a charged surface. 

if dg is a small element of charge at a distance r cm. from the 
point P, the potential at P due to the charge dq is 

r 
and the potential due to the total charge on the surface is 



-n 



(11) 



16; Equipotential Surfaces. Surfaces of which all points are 
at the same potential are called equipotential surfaces. 

In Fig. 9 il is an isolated sphere of radius R, charged with 
Q units of electricity. Any spherical surface drawn about the 
centre of A is an equipotential surface. The potential of surface 

(1) is - , that of (2) is - and that of the sphere Ais-p* 

The difference of potential between surfaces (1) and (2) is 

- — - and is the work that must be done in taking a unit charge 
Ti rz 

from any point on (2) to any point on (1). It makes no differ- 
ence what path the chaise follows, because its path can always 
be resolved into two displacements, one along the equipotential 
surface and the other normal to it; no work is done in moving 
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along the equipotential surface, since there is no opposing force 
and therefore all the work is done in the displacement along the 
normal. 

The electrostatic force on an equipotential surface is normal to 
the surface, therefore lines of induction pass normally through 
equipotential surfaces. 

IT 




Equipotential surfaces. 



E3ectric conductors not carrying current are equipotential sur- 
faces, since if differences of potential did exist electricity would 
flow from the points of high potential until the potential became 
uniform throughout the conductor. 

17. Potential Gradient. The potential gradient at a point is 
the space rate of change of potential at the point measured in 
the direction of the electrostatic force. 

The difference of potential between two points is 



-r**' 



.c<. 



-V.- 



(12) 



where 9 is the electrostatic force at any point and D is the distance 
between the points. The potential gradient at any point is 

(7 = 1=^ (13) 

and is equal to the electrostatic force at the point. 



12 



ELECTRICAL ENGINEERING 



18. Potential and Potential Gradient in Special Cases. 

(a) Determine the potential and potential gradient in the field 
surrounding an isolated sphere of radius R charged with Q units 
of electricity. Fig. 10. 



Curve (2) 9'^"^ 




Fig. 10. Potential and potential gradient near a charged sphere. 



The potential at a point P, distant r cm. from the centre of 
the sphere is 

Q 



r 



The potential gradient at P is 

de 



,__ Q 



(14) 



and is equal to the electrostatic force at the point. 

Curve 1, Fig. 10, shows the variation of potential with distance 
measured from the centre of the sphere. The equation of this 
curve is 

r 

Across the sphere the potential is constant and is equal to ^i 

but near the surface it falls ofif very rapidly. 

The potential gradient at any point is represented by the slope 
of the tangent to the potential curve at that point; its values are 



ELECTROSTATICS 



13 



plotted in curve 2. The equation of this curve is 



de 



Q 



(b) Detennine the potential and the potential gradient at any 
point between two spheres A and B (Fig. 11) of radius R cm. if 
the distance between their centres is Dcm, and they have charges 
of Q and — Q respectively^ TEIsTast condition means that all 
the lines of dielectric flux which leave the sphere A fall on the 
sphere B. 




Fio. 11. Potentiftl and potential gradient between two spheres. 

At a point P on the line joining the centres of the two spheres 
and at a distance of r cm. from the centre of A the potential due 

to the charge Q on A is - , and that due to the charge — Q on B 






; the actual potential at P is, therefore, 



"^r-O-^r- 



Q 



(15) 
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Midway between the spheres the potential is 
Q Q 



D/2 D - D/2 
At the surface of i4. it is 

Q Q 



0. 



R D-R' 



(16) 



The potentials at all points between A and B are plotted in curve 
1 (Fig. 11). 
The potential gradient at P is 

„_de Q__Q____{Q._Q__\ ,,7^ 

''"dr" r» {D-r)* \r*^{D-r)y' ' ^^'^ 

Midway between the spheres the potential gradient is 

V(D/2)*^(y)/2)V D*' • • • • '■^^^ 

which is its minimum value and at the surface of either sphere it 
is 

its maximum value. 

The potential gradient is plotted in curve 2, Fig. 11. 

(c) Determine the potential and potential gradient at every 
point between two parallel cylindrical wires A and B, Fig. 12, 
of radius R, suspended in air with a distance of D cm. between 
centers and charged respectively with + q and — q units of 
electricity per centimeter length. 

The electrostatic force^at any point P distant r cm. from A and 
D — r cm. from B is the resultant of the forces exerted by the 
charges on A and B considered as acting independently. 

From each centimeter length of A, Airq lines of dielectric flux 
extend out normally and produce at the point P a flux density 

3) A = 9^ = — li^^ P^r square centimeter. . . (20) 

The electrostatic force at the point P is 



^A = 9)A = ^dynes, (21) 



and acts from A to B. 
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The charge — q on B produces at i* an electrostatic force 



D-r 



d3mes, 



in the same direction as ^^. 
The resultant force at P is 



= ^a + ^B = y^ + ^dynes. 



. . (22) 




Ficj. 12. Potential and potential gradient between two parallel wires. 

The potential at the point midway between the two wires is 
»ero and therefore the potential at the point P is 



= 29[logr-log(D-r)]f^ 



= 29log 



D-r 



This equation is plotted in curve 1, Fig. 12. 
The potential at wire A is 

. £^ = 29log^^, . 



(23) 



(24) 
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and that at B is 

Eb=^- 2qlog^^, (25) 

The difference of potential between the two wires is 

£ = £^-£B = 4glog^-^ (26) 

E can also be obtained as 

-D-B 2) _ ij 



E= I §^dr = 4glog 



R 



The potential gradient between A and B, which is equal to 
the intensity of the electrostatic field, is given by equation 

plotted as curve 2, Fig. 12. 
At the surface of the wires its value is maximum. 

Midway between the wires its value is minimum. 

^min. = ^ (29) 

If the two wires are suspended in a medium of dielectric con- 
Htant /C, the distribution of flux is not changed but the intensity 
of the (electrostatic field and therefore the potential gradient and 
|)ot(;ntial at each point are reduced in the ratio l//f, and the 
dilT(jrence of potential between the wires becomes 

^ = ^^log^ (•'^«) 

19. Capacity. Conductors of different sizes and shapes have 
<liff(irent capacities for storing electricity. If two conductors of 
different cripacitioa are charged with equal quantities of electricity, 
tlH»y will be raised to different potentials, the one of small capacity 
will b(! niiHfHl to a high potential and the one of large capacity to 
u IdW iKitcftitiaL 
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The potential to which a body is raised varies directly as the 
quantity of electricity stored .in it and inversely as its capacity 
and may be expressed by the formula 

S=§, (31) 

where Q is the quantity of electricity, or charge, 
C is the capacity of the body, 
E is the potential. 
The capacity therefore is 

C = | (32) 

and is equal to the charge divided by the potential, or it b equal 
to the charge per unit potential. 

A body has unit capacity (electrostatic) when one unit of 
electricity is required to raise its potential by unity. 

A sphere with a radius of one centimeter has unit capacity, 
because if a charge of' one unit be given to it it will act as though 
it were concentrated at the centre and will produce at the surface 
unit potential. The capacity of a sphere of radius R cm. is R 
electrostatic units. 

The practical unit of capacity is the farad. A conductor has 
a capacity of one farad when one coulomb of electricity is re- 
quired to raise its potential by one volt. 

1 farad = ^ coulomb ^ SXW ^ ^ ^ ^^,, electrostatic units. (33) 

1 volt 3^1^ ^ ^ 

The foregomg explanation of capacity is apt to be misleading. 
A conductor has capacity only with respect to mirrounding 
objects, since the electrostatic energy is not stored on or in the 
conductor itself but in the field between the conductor and sur- 
roimding conductors. 

In Fig. 13 il is a conductor placed near a large conducting 
plane B. Assume a potential difference E to exist between A 
and Bf then E measures the work in ergs that must be done in 
carrjnng a unit charge from B to A against the electrostatic 
forces in the field. These forces produce a dielectric flux passing 
from A to B. 

The total dielectric flux ^ is proportional to the difiference of 
potential E and to the permeance of the path % 
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The permeance ^ is directly proportional to the cross-sectional 
area of the path and to its dielectric constant and is inversely 
proportional to the length of the path. It is usually diflScult to 
calculate the permeance directly, since the section of the path 
varies throughout its length. In such cases the dielectric flux ^ 

or the electric charge = j- is assumed and the potential differ- 
ence E calculated as in the preceding examples. 




Fia. 13. Permeance of the path between a conductor and a plane. 



The permeance is then 



E E 



and the capacity is 



= 8=^^ 



9 



(34) 
(35) 



thuH the capacity is equal to the dielectric permeance of the path 
divided by 4 ir. 

20. Condenser. — An electrical condenser is an arrangement 
of (conductors which is capable of storing a large quantity of 
(4^*r?tricity, or which has a large capacity. It is one in which a 
htrK(t flux is produced when a given potential difference is applied 
Uf ItH t(?rminals. 

21. Capacity of Condensers. The capacity of a condenser is 
tiuuumrtHl by the amount of charge necessary to raise its potential 
by ujiity, and is therefore equal to the positive charge on it at 
uuy tlinri divided by the potential difference between its terminals; 



ELECTROSTATICS 19 

this relation is expressed by tlie formula 

^ E 

(a) Determine the capacity of a condenser formed of two 
parallel plates each having an area of A square centimeters sep- 
arated by t cm. of material of dielectric constant K. Fig. 14. 




FiQ. 14. Parallel plate condenser. 

If a difference of potential E is applied between the terminals 
a dielectric flux ^ is produced passing from the plate of high 

potential to the plate of low potential; a positive charge Q — j- 



Q 



therefore appears on one plate and a negative charge — 0= — ^ 

on the other; the density of the charge on the plates is g = 

units per square centimeter, and the dielectric flux density be- 

4irQ }L 
tween the plates is 3) = 4 t</ = —j- = -j lines per square centi- 
meter. The thickness of the dielectric is assumed to be so small 
that the lines of flux travel directly across from one plate to the 
otbtf. 
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The intensity of the electrostatic force is 



(36) 



The difference of potential between the plates is the work 
done in carrying a unit charge from one plate to the other against 
the force ^; it is therefore 



E = m^ 



AK 



since 9 is constant; and the capacity of the condenser is 
C = ^ 

= t^tt; = T—A electrostatic units (37) 

4 irQt 4 Tt 

'AK 

The capacity therefore varies directly with the area of the 
plates and with the dielectric constant of the material separating 
them, and inversely as the distance between them. 

When the plates are separated by air the capacity is 






(38) 



In onler to increase the capacity of such a condenser a large 



FiQ. 15. Electric condenser. 

nuiiJuT of plates arc used joined in multiple and separated by 
vt^ry thin nhtvts of dielectric as shown in Fig. 15. 

0*'' l^rt^Tiunu* tlir oapiicity of a condenser formed of two 
inmiHiUrU' oyliiulore^ Fig. Ki, of radii a and 6. 



r 




% 
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If a charge of q units per centimeter length is given to the 
inner cylinder, lines of dielectric flux pass out radially and pro- 
duce, at a distance r cm. from the axis of the cylinder, a flux 
density 



3) 



= i![? = 2^1i 



2irr 



lines per square centimeter. 




Fio. 16. Capacity of concentric cylinders. 

If the dielectric constant of the material is K, the electro- 
static force at the point is 

^ = ^ = _Jdynes, 

and the difference of potential between the two cylinders is 

The capacity per centimeter length of the condenser is 

K 



(39) 



c = -2 q 

f log^ 21og5 



electrostatic units. 



(40) 



This is the case of a single conductor cable with a lead sheath, 
and the capacity is usually expressed in farads per mile; it is 



C = 



K 
210,5 



2.54 X 12 X 5280 
9 X 10" 

_ 2.54 X 12 X 5280 



2X2.3031ogio5 



9 X 10" 



= 3.82 X 



logioj 



X 10-* farads per mile. 



(41) 
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(c)' Determine the capacity of two parallel wires A and B in 

Fig. r?. 

When a diflference of potential E is applied between them a 
dielectric flux passes across from A to B and a positive charge 



Q = J- appears on A and an equal negative charge — — 



— annears on A and an eoual neirative charcre — O = — K 
onB. 

A 





Fig. 17. Capacity of parallel wires. 

If g is the charge per centimeter length on A, the potential 
difference between A and B is 

B=4(?log^^,Eq.26, 

where R is the radius of the wires and D is the distance between 
centres. 
The capacity of the two wires per centimeter length is 

C = 4 = ri D = 7^ 5 electrostatic units. (42) 

4glog— ^^ ^^^8— g — 

The capacity per mile of a line consisting of two wires is 
2.54 X 12 X 5280 



C = 




4 X 2.303 logio^- X 9 X 10" 

19 .4 X 10-^ . . /.«s 

= , D^Tftfarads (43) 

It is sometimes useful to separate the capacity of the line into 
the capnettics of the two wires forming it. The potential of the 
point midway between the wires is zero and the actual potential 
of wire A is 

£x = 2 3log^-^-?,Eq.24, 




ELECTROSTATICS 



23 



and therefore the capacity of A per centimeter length between the 
wire and the neutral or point of zero potential is 



r - -X. - 



E, 



2 9 log 



L _ D = n — R electrostatic units, (44) 



R 



2 log 



R 



and the capacity of each wire in farads per mile is 

38.8 X 10-» 



C = 



logio 



D-R - 
R 



(45) 



(d) Determine the capacity of a single wire of radius R cm., 
suspended at a height H cm. above the earth. If the wire is 
raised to a potential E above the earth potential, lines of dielec- 
tric flux will pass from the wire to earth as shown in Fig. 18. 




\ ^ \ \ \ \ 1 ' I I ' / / / / 



Fig. 18. Capacity of a wire to earth 

If ^ is the flux from each centimeter length of A. then q = -r- is 

4t 

the charge on each centimeter of A^ and a corresponding negative 
charge — q appears on the earth, but it is not evenly distributed 
bcHng most concentrated directly beneath the wire. 

The flux passing from the wire A to the earth would be un- 
changed if the charge on the earth were collected on a second 
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wire B placed at a distance H cm. below the earth. Its potential 
would be — E. 

The difference of potential between A and B is 2 £ and from 
equation 26 

^ rt M 1 2ri — R 

2£ = 4glog — ^ — , 

thus the capacity of the single wire in relation to the earth per 
centimeter length is 

(7 1 



^ E 



„ , 2H-R „, 2H-R 
2?log D — 2 log 



e.s. units, . (46) 



R """ R 

and the capacity in farads per mile is 

38.8 X 10-» 



C = 



logio 



2 H-R ' 
R 



(47) 




^•"-Aiflf^^-' 



Fig. 19. Capacity of sphere to earth. 

(e) Capacity of a sphere of radius R cm. at height H cm. above 
the earth. In Fig. 19 il is a sphere of radius R cm. at a height 
B cm, abovp the earth. If A is raised to a potential E above 
earth potentialj a dielectric flux ^ is produced passing from the 
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^here to the earth as shown and a positive charge Q — -r- ap- 
pears on A and an equal negative charge on the earth. 

Without changing the distribution of flux in any way the nega- 
tive charge on the earth may be assumed to be collected on a 
sphere B similar to A but placed at a distance H cm. below the 
surface. The distribution of potential between two such spheres 
was worked out in Art. 18. The potential midway between them 
is sero, the potential at the surface of A is 

Q 



^"B 2H-R 



by equation 16, 



and therefore the capacity of the sphere is 
Q 1 



^ E Q 



Q 



I 
R 



1 



electrostatic units. (48) 



jB 2ri — R R Hi — R 
When H is very large compared to R the capacity is 

C = YJsT ^^'^^^' In- 




capacities in multiple. 



22. Condensers in Multiple. If a number of condensers of 
capacities Ci, Ci and Ci are connected in multiple, as shown in 
Fig. 20, and a difference of potential E is applied to the terminals, 
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each condenser receives a charge proportional to its capacity, 

Qi = CiE, 
Q* = CtE, 
Q» = CtE, 

and the total charge on the system is 

= Qi + Q« + Q. = B(Ci + C, + Q. 
The capacity of the system is 
Q 



C = ^ = Ci + C2 + Cs, 



(49) 



and therefore the capacity of a number of condensers connected 
in multiple is equal to the sum of their separate capacities. 

23. Condensers in Series. When a number of condensers of 
capacities Ci, C2 and C3 are connected in series, as in Fig. 21, and 



+E 



<£r> 



-K2 



<E.> 



+Q 



^^-Q 



Fig. 21. Capacities in series. 



a difference of potential E is applied to the terminals of the sys- 
tem, a charge Q appears on each condenser and the potential E 
divides up among the condensers in inverse proportion to their 
capacities. 
The drop of potential across condenser (1) is 









E,- 


=«■ 




that across 


(2) 


is 


Ei 


4.' 




and that across 


(3) 


is 












E, 


Q. 




but 






E 


= Ei + E» + Et 










Q ,Q 


J.0 










"Ci'^C, 


+c; 



\Ci Ct Czj 
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and, therefore, the capacity of the system consisting of three con- 
densers in series is 

Ci C% Cz 

When two equal condensers of capacity C are connected in 
series, their joint capacity is 

' '^ (51) 




and is equal to one half of the capacity of either condenser alone. 

24. Energy Stored in a Condenser. When a condenser is 
being charged, work is done in raising the charge through the 
difference of potential between the terminals, and this amount of 
energy is stored in the electrostatic field of the condenser. 

In Fig. 22 PN is a condenser of capacity C formed of two 
parallel plates separated by i cm. of a dielectric of constant K, 
When a potential difference e is produced between the plates by 
the generator G, electricity flows from N to P until the charge 

odP is 

g = Ce; 

if the potential e. b increased by de the charge q is increased by 
dq ^ C de and the work done in raising the charge dq through the 
difference of potential e is 

dcj = edq = Cede. 

The total work done in charging the condenser with a quantity 
of electricity Q, or to a difference of potential E, is 



W ^ fdo)=- J Cede 



E* 
= C|-erg8 (52) 

Thus the work done in charging a condenser, or the energy 
stored in the electrostatic field of the condenser, is equal to one 
half of the capacity multiplied by the square of the difference of 
potential between the terminals. 
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Equation 52 may be expressed in two other forms by substi- 



Q 
tuting for E its value ^; 



or 



W'^QE,, 
^-2C' 



(53) 
(54) 







p 

4- 




N 












(^ 













Fig. 22. Energy stored in « condenser. 

If the area of the plate P is ^4 square centimetas, then the 
dieJectric flux daisity between the plates is 

d^ = -—lines per square c^ntimetef, 

and the electrostatic force is 

^ = j^ dynes. 
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The potential difference between the plates is 

E = m = ^, 

and the capacity of the condenser by equation 37 is 

AK 

Substituting these values for E and C in equation 52 gives a 
fourth expression for the energy stored in the field, namely 



--i-^-m 



= il^Xg^ergs (55) 

Since the volume of the field is At cubic centimeters and the flux 
density is uniform, the energy stored per cubic centimeter of the 
field is 

« = g^ergs (56) 

or 

« = 'S^®'^ (^^) 

Thus, the energy stored per cubic centimeter in an electro- 
static field is equal to the square of the dielectric flux density 

multiplied by s— ^ , or is equal to the square of the intensity of 

IT 

the dectroetatic force multiplied by q— . 

O IT 

From equation 52 a very useful definition of capacity may be 
obtained^ 

C = ^ (58) 

or the capacity of a condenser is equal to twice the energy stored 
m its field divided by the square of the difference of potential 
across its terminals, or the capacity is equal to twice the energy 
stored when the difference of potential is unity. 

2S. Stresses in an Electrostatic Field. The energy stored in an 
dectrostatic field is 

E* 
TF = C2-ergs; 
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and the energy stored per cubic centinleter is 

a* 

8irK 
These two equations represent the potential energy of the field. 
Stresses exist throughout the field tending to reduce the potential 
energy to a minimum; first, there is a tension along the lines of 
induction tending to shorten them and to draw the bounding 
surfaces of the field together and so reduce the volume to zero; 
second, there is a pressure at right angles to the lines tending 
to spread them apart and so reduce the density in the field. 
Since the system is in equilibriimi these two stresses are of equal 
magnitude. 

To obtain an expression for the stress per square centimeter on 
the bounding surfaces, consider the parallel plate condenser in 
Fig. 23. The energy stored in the field is by equation 56 

W^AtX^erga. 

If a force of P dynes is applied to one of the plates and the dis- 
tance between the plates is increased by amount dt, the work done 
iH P dt ergs. The charges on the plates are assumed to remain 
constant and therefore the flux density remains constant, but 
the volume of the field is increased by the amount A dt cu. cm., 

and the energy stored in it is increased hy A dt X o—jry but the 

increase in the stored energy is equal to the work done by the 
force P and, therefore, 

and 

'P = ilX^dynes (59) 

ThiH Ih the pull exerted by the field on each plate of the condenser 
^Tiding to draw them together. 
^Hio pull per square centimeter is 
P 3)* 

p = j=8^^y^"'' ^^^ 

ihu«, thc! pull per square centimeter on any charged surface is 
i'i\\m\ to the wiuare of the induction density at the pomt divided 
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This is the value of the tension along the lines of force tending 
to shorten them, and also the value of the pressure at right angles 
to the lines tending to spread them apart. 



■I 
-« 1 — 4*^'*" 



^:1"l 






:::i I 



Fia. 23. Stresses in the 
electrostatic field. 



Fig. 24. 



26. Effects of Introducing Dielectrics of Various Specific In- 
doctiye Capacities into a Uniform Field. (1) Fig. 24 shows a 
parallel plate condenser with air as dielectric. 

t = distance between plates in centimeters. 
A = area of each plate in square centimeters. 
E = diflference of potential between plates. 
4f = dielectric flux. 

9) = 5[ = dielectric flux density. 

? = 3) = electrostatic force in the field. 

Smce the force is constant throughout the field, therefore, 

E^m 

and the electrostatic force or the stress in the air is 
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(2) In Fig. 25 a sheet of glass of thickness 0.9 1 and dielectric 
constant iiC = 6 is introduced into the field as shown and the 
difference of potential is the same as before. 

The dielectric flux density 9) is constant throughout the field; 
the electrostatic force in the air is 

the drop of potential across the air portion of the field is 

Ei = 0.1tX^A = 0.1tX3); 
the electrostatic force in the glass is 

the drop of potential across the glass is 

£2 = 0.9i X ^(? = 0.9t X f = 0.15 i X 3); 

o 

the difference of potential between the plates is 
E = El -f- JSf 

= O.UX 9 + 0.5^X3) 
= 0.25«g), 

and the dielectric flux density is 
thus the stress in the air is 

^4 = 3 = 47' 

and is four times as great as it was in the first case. 

(3) Fig. 26 shows the same pair of plates with three sheets of 
dielectric introduced between them, of thickness h, it and h and 
dielectric constants Ki, Kt and Kz respectively. . 

a) = dielectric flux, which is constant throughout the field, 

3> 
^1 3= — - stress in layer (1), 
Ai 

^t = ^ - stress in layer (2), 
?s = ^ ^ Stress in layer (3), 
E% = W%h = ^ fi — drop of potential across (1), 
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3) 
Et = i^A = XT ^2 = drop of potential across (2), 

-B$ = ^^ = zFt3 = drop of potential across (3) ; 
A3 






GUM 

K=6 







Fig. 25. 






K. 
I— E- 



"Hi^-^ 



K, 



'tr 



FiQ. 26. 



the difference of potential between the plates is 
E = El + Et "I" ^8 

and the dielectric density is 
3) 



E 



and the total flux is 



whCTe 



^^ I ^ I- fa 
Xi Jfi /Cs 

^> I fa I fa 

Ai As iv3 



A=JJP, 



« = ! = 



^ iL + A + A 
Jfi /Cj Kt 



, Eq. 34, 



is the permeance of the path between the plates. 
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From the last two examples it is seen that a uniform field can 
be made non-imiform by introducing dielectrics of various specific 
inductive capacities, and that the stress in the various dielectrics 
varies inversely as their specific inductive capacities. 

(4) In Fig. 27 a cylinder of dielectric constant K is introduced 
into the uniform field as shown. 





Fig. 27. 



FiQ. 28. 



The stress in the air is 






and is the same as before the cylinder was introduced. 
The stress in the dielectric is also 

but the induction density in the dielectric is 

The permeance of the path is increased and an increased flux 
is produced passing between the plates, but since the increased 
flux is all confined to the cylinder there is no increase in the stress 
in the air. 
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(5) If a sphere of dielectric constant K is placed in the field, as 
shown in Fig. 28, the penneance of the path between the plates is 
mcreased, but the increase of flux is not confined to the sphere. 
Where the sphere approaches nearest to the plates the density is 
very great, since a large number of lines take the short path 
through the air in order to follow, the long path through the 
sphere. The stress in the air in these regions is very largely in- 
creased. 

(6) In Fig. 29 A is a small piece of material with a high dielectric 
constant such as a drop of oil. It offers a local path of high 





Fig. 29. 



Fig. 30. 



permeability, and a greater flux density is produced in it than in 
other parts of the field, and therefore the stress in the air at its 
surface will be greater than the average stress throughout the 
field. 

(7) In Fig. 30 the drop of oil is replaced by a knob on the con- 
ductor forming one boundary of the field. Since the dielectric 
constant of the conducting knob is infinity the stress in the air at 
its surface will be greater than in the case of the oil. 

(8) Fig. 31 shows the field at the edge of the condenser in case 
(1). In this region the dielectric flux density is not uniform, and 
just at the edges of the plates it is greater than in the main body 
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of the field. The electrostatic stress is also greater than the 
average value. 





Fig. 31. 



FiQ. 32. 



This condition may be corrected by rounding off the edges of 
the plates or electrodes as shown in Fig. 32. 



ShMth 



Curve (2),*- 4^ 




Fia. 33* Potential and potential gradient in a lead covered cable. 

27* Graded Insulation for Cables. Fig. 33 shows a single 
eamUuUitt lea*l rnvered cable insulated with material of dielec- 
tdft vmiMii^ni A'. 

ft cm. = radius of the conductor, 
Ri cm. = inside radius of the sheath. 
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If the conductor is raised to a potential E and the sheath is 
grounded, the potential at any point P distant r cm. from the 
centre of the conductor may be found as follows: 

Assume that the charge per centimeter length of the conductor 
is q units, then the flux density at P is 

= — lines per square centimeter, 

and the electrostatic force or stress in the medium is 

9^ = -^ = ^ dynes; 

the difference of potential between the conductor and the sheath 

is 



„ C^^2q. 2q. Ri 



and therefore the charge per centimeter is 



the potential of P is 



«--£^i (61) 

21og| 



and substituting for q its value from equation 61, 

c = £— B-; (62) 

this equation is plotted in curve 1, Fig. 33, and represents the 
potential at all points between the conductor and sheath. The 
potential gradient or electrostatic stress in the medium at the 
pomt P is 

rlog-^ 

and varies inversely as the distance from the centre of the con- 
ductor. Its values are plotted in curve 2. 

The stresses in the dielectric are not uniform, but are greatest 
near the conductor and least in the outer layers near the sheath. 
The outer portion of the dielectric is therefore not used to the 
best advantage. 
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Fig. 34 shows the same cable insulated with three layers of 
material with dielectric constants Kij K2 and Kz. 

The dielectric flux density at distance r cm. from the centre 
of the core is 



and the stress is 



9 = —lines per square centimeter, 
^=-^ dynes, 



where k has different values in the three dielectrics. 

In order to make the stresses in the various parts of the insula- 
tion equal it would be necessary to place next to the conductor a 







Fio. 34. Graded insulation. 



material of high dielectric constant Ki and to gradually decrease 
this constant in succeeding layers in inverse proportion to the 
dintanco from the centre of the conductor. This is a very expen- 
nive process and is not necessary since good results can be ob- 
tain(!(l by using three or four layers of dielectric. 

If R% and R2 are the inside radii of the two outer layers, the 
HtrcmH in the outer layer is 

iiiid tiifl drop of potential across it is . 






(64) 
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the stress in the second layer is 

and the drop of potential across it is 

Er = r'^ = ^log^»; 
jRt KiT K» Rt 

the stress in the inner layer is 

and the drop of potential across it is 

„ r'^2q, 2q. R, 

The difference of potential between the conductor and the 
sheath is 

E ^ El -{" E% + E% 

If Kiy Kt and Ki are chosen inversely proportional to the inside 
radii of the three layers, then the stress at these points will be 
equal and will be the maximum stress in the field and 

Curve 1, Fig. 34, shows the variation of potential gradient or 
dectrostatic stress from the conductor to the sheath. 

The stress in the dielectric is much more uniform than in the 
case of the same cable insulated with a single dielectric. 

The thicknesses of the three layers have been assumed to be 
equal. 

From these examples it b seen that a field in which the stresses 
are not uniform can be made more uniform by grading the in- 
sulation, that is, using a material of high dielectric constant in 
the part of the field where the stress tends to be a maximum and 
gradually decreasing the dielectric constant m the parts where 
the stress tends to be low. 

FrcHD equation 65 the charge per centimeter length of the con- 
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ductor is found to be 

2^iC,log| X.logI X,log|/ 

and the capacity of th^ cable per centimeter length is 

C=| = i/ L_p. + L_ + ^__\. . (68) 



^^logf X,log| K,log§J 



28. Dielectric Strength. As the difference of potential be- 
tween two insulated conductors is increased the intensity of the 
electrostatic field between them increases and the energy stored 
in it increases. At a certain point the stresses in the dielectric 
become so great that a rupture occurs and a dischai^ge takes 
place between the electrodes and the energy disappears from the 
field. 

If the dielectric is a gas or a liquid any effect of the discharge 
IS remedied by circulation of the dielectric. When a heavy dis- 
charge takes place through oil or other similar material it may 
become partially carbonized, and the carbon particles tend to 
line up in the intense field between the electrodes and form a 
conducting bridge. 

In the case of solid dielectrics a rupture occurs which destroys 
the insulating properties of the dielectric. 

The difference of potential or electromotive force between 
terminals at which the breakdown occurs depends on the dielec- 
tric material, on the distance between electrodes and on the dis- 
tribution of the electrostatic flux in the dielectric, that is, on the 
shape of the electrodes. Breakdown occurs due to high electro- 
static stresses in the medium or due to a steep potential gradient. 

The potential gradient is usually expressed in volts per inch 
or volts per centimeter, but since even one centimeter of dielec- 
tric requires a very high voltage to puncture it the dielectric 
strength may be defined as the difference of potential in volts 
required to cause a discharge through one millimeter thickness 
of the material but the shapes of the electrodes should always be 
specified. 

In the following table the approximate dielectric strengths of 
various insulating materials are given : 
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Dielectric. 


Dielectric strength 
in volts per mm. 


Mica 


58,000 
35,000 
30,000 
13,000 
13,000 
12,500 
10,000 
9,000 
3,500 


Micanite 


Paraffined paper 


Porcelain 


Dry wood fibre 


Oiled linen 


Vulcanized rubber 


Transformer oil 


Air 





29. Coroiuu When the electrostatic stress or potential 
gradient at some part of the surface of a conductor in air ex- 
ceeds about 3500 volts per millimeter or 100,000 volts per inch a 
brush discharge takes place and the air becomes conducting and 
luminous. The discharge does not necessarily extend across 
from the positive to the negative electrode but only exists in 
the region where the dielectric strength of the air has been ex- 
ceeded. Take the case of two parallel wires suspended in air; 
the discharge or corona first appears at any rough points on the 
wires, and finally forms a luminous envelope about them, which 
increases in diameter as the voltage is raised. Corona causes a 
loss of energy which increases very rapidly with increase of volt- 
age above the critical point where the discharge begins. 



CHAPTER II 
MAGNETISM AND ELECTROMAGNETICS 

30. Magnetization. When bodies are magnetized magnetic 
forces act at every point throughout their volume and lines of 
magnetic induction pass through them. There are two kinds of 
magnetic poles just as there are two kinds of electric charges; 
as a positive electric charge appears where a dielectric flux leaves 
a surface, so a positive magnetic pole appears where a magnetic 
flux leaves a surface. The positive magnetic pole is called a 
north pole. Similarly a negative magnetic pole or south pole 
appears where a magnetic flux enters a surface. 

Thus a body which is magnetized has a north pole at one part 
of its surface and an equal south pole at another part unless the 
magnetic path forms a closed circuit as in Fig. 36. 

Fig. 35 represents a horseshoe magnet. The lines of magnetic 
induction pass through it in the direction shown, leaving the surface 
at N and entering it again at S, Thus iV is a positive magnetic 
pole or a north pole and S is a negative magnetic pole or a south 
pole. 

Fig. 36 represents the same magnet with its armature on. 
The lines of magnetic induction pass in the same direction as 
before, but the circuit is closed and the poles do not appear until 
a gap is made by removing the armature. 

31. Laws of Magnetism. First Law. Like magnetic poles 
repel one another; unlike magnetic poles attract one another. 

Second Law. The force exerted between two magnetic poles 
is proportional to the product of their strengths and is inversely 
proportional to the square of the distance between them. This 
law can be expressed by the formula 

f = ^ (69) 

where m and mi are the pole strengths, r is the distance between 

tlu»m in centimeters, and / is the force exerted between them in 

(lynoH. If m and mi are like poles the force is a repulsion 

and / ifl positive. 
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The unit of pole strength is defined as follows: A magnetic 
pole has unit strength if, when placed at a distance of one centi- 
meter from a similar pole, it repels it with a force of one djrne. 

The force exerted on a unit pole at a distance of r cm. from a 
pole of strength m is 

f = Jdynes (70) 





Fig. 35. Magnet. 



Fig. 36. Magnet with armature on. 



32. Magnetic Field. The space surrounding a magnetic pole 
or a current of electricity in which magnetic forces act is called 
a magnetic field. The direction of the force at any point in the 
ction in which a unit north pole placed at the point 
move and its intensity is the force in dynes exerted 
|pole. 

letic field is represented by lines of magnetic induc- 
letic flux drawn in the direction of the force, 
letic force or unit magnetizing force produces one 
line of magnetic flux per square centimeter in air and /a lines 
per square centimeter in a magnetic material of permeabiUty /i. 

The magnetic force at a point is expressed in dynes and is 
r^resented by 3C; the magnetic flux density at a point is ex- 
pWBsed in lines per square centimeter and is represented by Sft. 
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Thus the diflference of magnetic potential between two points is 
the line integral of the magnetic force between them. 

36. Magnetomotive Force. The difference of magnetic 
potential or the line integral of the magnetic force between two 
points is called the magnetomotive force (m.m.f.) between the 
points. It causes magnetic flux to pass from one to the other. 

Unit m.m.f. will produce one line of magnetic flux through a 
(cm.)' of air and /a lines through a (cm.)' of a magnetic material 
of permeability fi. It is called the gilbert. 

Since magnetomotive force is the line integral of the magnetic 
force or 



M 



= fscdr, 



therefore the magnetic force is the space rate of change of m.m.f. 
or 

«-f w 

and thus magnetic force is the m.m.f. per centimeter. 

36. Permeability. Permeability is the ratio of the magnetic 
conductivity of a substance to the magnetic conductivity of air 
and is represented by fi. 

Lines of magnetic flux pass through air or any other substance 
except iron, nickel or cobalt, as easily as they do through a 
vacuum. The permeability of such substances is for all practical 
purposes the same and is taken as unity. Iron and its compounds 
and to a lesser degree nickel and cobalt are found to allow mag- 
netic lines to pass through them much more easily than empty 
space; that is, a given m.m.f. will produce a much larger flux 
through a volume of iron than it will through an equal volume of 
air. The permeability of the iron is therefore greater than that 
of the air and is expressed by some number greater than unity. 

The permeability of magnetic materials is not constant but 
varies with the induction density as shown in Art. 49. 

37. Magnetic Reluctance. The reluctance of a magnetic 
circuit may be defined as the resistance offered by the circuit to 
the passage of magnetic flux through it and is represented by 3^. 

When unit m.m.f. is applied across a (cm.)' of air one line of 
magnetic flux is produced crossing from one face to the other, 
or one line of magnetic induction per square centimeter is pro- 
duced through a length of one centimeter. The reluctance of a 
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(cm.)' of air is taken as the unit of reluctance since unit m.m.f. 
produces unit flux through it. 

When unit m.m.f. is applied across a (cm.)' of a magnetic 
material of permeability /i> the flux produced is /i lines, or the 
induction density is /i lines per square centimeter. The reluc- 
tance of the path is therefore - units. 

M 

If the length of the path is increased to I cm. the m.m.f. per 
centimeter and the magnetizing force are reduced in the ratio 
1 : L The flux density is therefore reduced in the same ratio 
and becomes 

Sft = -T- /Li = y lines per square centimeter. 

If now the section of the path is increased to A sq. cm. the m.m.f. 
per centimeter and the magnetizing force are not changed, and 
thus the induction density remains the same, but the flux through 
the path is increased in proportion to the area; it is 

* — as>4 = — A= — 1 _ m.m.f. 

"" " I ^^^ " J^" Ji^ ■" reluctance 

Afi An 

Thus the reluctance of a path of uniform section is 

^ = i (73) 

and is directly proportional to its length and inversely propor- 
tional to its sectional area and to the permeability of the material 
forming it. 

The equation connecting the m.m.f. acting on a path, the re- 
luctance of the path and the flux through the path can be written 
b three ways: 

(J) * = i (74) 

the flux is equal to the m.m.f. divided by the reluctance; 

(2) M = *Sn, (75) 

the m.m.f. is equal to the flux multiplied by the reluctance; 

(3) ^-f, (76) 

the reluctance is equal to the m.m.f. divided by the flux. 
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Assuming the flux to be unity in the last equation the reluc- 
tance of the path may be defined as the m.m.f. required to pro- 
duce unit flux through it. 

38. Permeance. The permeance of a magnetic path is the 
reciprocal of its reluctance and is represented by 2; thus 

^ = i = |' (77) 

and assuming that the m.m.f. acting is unity, the permeance 
may be defined as the flux through the path produced by unit 
m.m.f. 
The permeance of a path of uniform section is 

I 



^ = 



(78) 



and is directly proportional to the sectional area and to the per- 
meability, and is inversely proportional to the length of the path. 

39. Electromagnetics. The region surrounding a conductor 
carrying a current of electricity is a magnetic field. A current 
of electricity therefore represents a magnetomotive force. If the 
conductor is isolated from other magnetic forces the lines of 
force will form circles around it. 

MaxwelVs Corkscrew Rule, The direction of the current and 
that of the resulting magnetic force are related to one another 
as the forward travel and the twist of an ordinary corkscrew. 
This rule is illustrated in Fig. 39. 




Magnetic flux produced by electric ciurent. 



The s)rmbol © represents a current flowing down and © a 
current flowing up. 

Faraday discovered that a current is induced in a closed coil 
of wire when a magnet is brought near it. The same eflfect is 
noticeable if a coil of wire carrying current is moved to or from 



MAGNETISM AND ELECTROMAGNETICS 49 

the closed coil, or if the second coil is fixed in position and the 
current m it is varied. The induced current only exists while 
the magnet or inducing coil is moving with respect to the fixed 
coil or while the current in the inducing coil is varying. 

The induced current is due to the fact that a difference of 
potential or electromotive force is produced in the circuit by 
changing the number of lines of magnetic flux threading through 
it or by causing lines of magnetic flux to cut across it. 

40. Laws of Induction. First Law. — A change in the num- 
ber of lines which pass through a closed circuit induces a current 
around the circuit in such a direction as to oppose the change in 
the flux threading the circuit. 

Second Law, The electromotive force induced around a closed 
circuit is equal to the rate of change of the flux which passes 
through the circuit; or the electromotive force induced in a 
conductor is equal to the rate at which it cuts across lines of 
magnetic flux. 

41. Unit of Electromotive Force. The absolute unit of elec- 
tromotive force (e.m.f.) is the electromotive force induced in a 
coil of one turn when the flux threading the coil is changing at 
the rate of one line per second; or it is the electromotive force 
mduced in a conductor when it is cutting one line per second. 

The practical unit is the electromotive force produced by cut- 
ting 10* lines per second and is called the volt. Electromotive 
force is conmionly called voltage. 

To change from absolute units of electromotive force to volts 
divide by 10*. 

If a coil of wire has n turns and the flux through it is changing 

at the rate ^ lines per second the e.m.f. induced in the coil is 

e = — n ^ absolute imits (79) 

at 

The negative sign is used because when the flux is decreasing 
the induced e.m.f. is in the positive direction, that is, it tends to 
prevent the decrease of the flux. 

42. Force Exerted by a Magnetic Field on an Electric Circuit. 
Every part of an electric circuit situated in a magnetic field is 
»cieA upon by a force tending to move it into the position where 
it will include the greatest possible flux. 
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In Fig. 40 (a) represents a uniform magnetic field between two 
unlike poles and (b) represents the field surrounding a conductor 
carrying current. If the conductor is placed in the uniform field 
the resultant distribution will be as shown in (c). The intensity 




(a) 



FiQ. 40. Force on an electric conductor in a magnetic field. 

of the field above the conductor will be greater than that below 
and a force / will act on the conductor at right angles to it and to 
the lines of flux, tending to push it out of the field. This force is 
directly proportional to the intensity of the field or the flux den- 





(6) 



Fig. 41. Force exerted by a magnetic field on a coil of wire. 

sity, to the length of the conductor in the field and to the strength 
of the current, or 

/ = ^11 dynes, • (80) 

where o)S is the flux density in lines per square centimeter, 
I is the length of the conductor in centimeters, 
/ is the strength of the current in absolute units. 
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Unit Current. If a conductor carrying one absolute unit of cur- 
rent is placed in a magnetic field of unit strength at right angles 
to the lines of force, each centimeter of its length will be acted 
upon by a force of one dyne. 

The practical imit of current is one tenth of this absolute imit 
and is called the ampere. 

In Fig. 41 (a) AB is a coil of wire carrying current placed in a 
magnetic field. A is acted upon by a force /a tending to move it 
down and B is acted upon by a force /b tending to move it up. 
Smce A is in the stronger field /a is greater than /b and the coil 
will move down to the position Ai Bi where it is inclosing the 
TTiATrimum flux. 

Fig. 41 (6) shows the direction of the forces acting on the coil in 
another position. The coil is forced around until it reaches the 
position Ax Bi. 

43. Transformation of Mechanical Energy to Electrical 
Energy. In Fig. 42, if the conductor is moved through a distance 




Motkm 



Fig. 42. Transformation of mechanical to electrical energy. 



dz at right angles to the flux against the force /, the work done is 
dw — fdx = Q^ll dx = of^ldxl, 

but 9^1 dx is the flux cut in moving through the distance dx and is 
= d^, therefore 

dw = 1 d4>y (81) 

and the work done in moving a current across a magnetic field is 
equal to the product of the current and the flux cut. 
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In moving completely across the pole face the work done is 
'W = fldil> = I^, 

where * is the flux from the pole. 

If / is expressed in absolute units and ^ in maxwells, TF is in ergs. 

If the motion through the distance dx takes place in time dt sec- 
onds, the work done is 

dw^ld4>^ldt^=eldt, .... (82) 

where e = ^ is the electromotive force generated in the con- 
ductor and I dt ^ dq\& the quantity of electricity raised through 
the difference of potential e. Therefore the mechanical work sup- 
plied to move the conductor through the distance dx against the 
force / is used up in doing the electrical work of raising a quan- 
tity of electricity dq through a difference of potential e, or in driv- 
ing a current / against an e.m.f . e for a time dL Thus mechanical 
energy is transformed into electrical energy. This is what takes 
place in an electric generator. 

If electric power is supplied to drive the current / against the 

electromotive force e = ^ , f or a time dt energy is supplied 

dw ^eldt = ^Idi = Id<t>; 

the conductor exerts a force f = o&ll dynes through a distance dx 
and does mechanical work, 

fdx = midx = Id<f>. 

This is the action of an electric motor. 

Electric Power, The electric power in a circuit is the rate at 
which energy is being transformed in the circuit. It is the product 
of the current and the electromotive force in the circuit. 

''-w-'t-" <^> 

The practical unit of electric power is the watt. It is the power 
in a circuit carrying one ampere when the electromotive force 
across it is one volt. The kilowatt, which is one thousand watts, 
is more commonly used where the amounts of power are large. 
One horse power is equivalent to 746 watts. 
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The electric energy transformed in a circuit is the product of 
the power and the time. The practical miits of electric energy 
are the watt second or joule, the watt hour and the kilowatt hour. 

1 watt hour = 3600 watt seconds = 2655.4 ft. lbs. = 3.413 b.t.u. 
= 0.001341 horse-power hours. 

The absolute unit of electric energy is the erg. 1 watt second 
= 10^ ergs. 

44. Intensity of Magnetic Fields Produced by Electric Cur- 
rents. The following cases are of ^ ,,„ 
special importance: (A) At the centre 
of a circular loop of wire carrying a 
current / absolute units. (Fig. 43.) 

If 9C is the field intensity at 0, the 
centre of the loop, a magnetic pole of 
strength m placed at this point will be 
acted upon by a force 

/ = m^C dynes 

Fig. 43. Intensity of the mag- 
in a direction perpendicular to the ^^^^^ ^^1^ *^ ^^^ centre of a 
plane of the coil. ^^^^ ^^ ^^ ^^• 

The pole will produce at the wire a field of intensity 

aCi = ^ dynes, 
and a flux density 

o8 = "2 lines per square centuneter, 




where r cm. is the radius of the loop. 

This field will act on the wire with a force 

/i = qQ^II dynes 

in a direction perpendicular to the plane of the coil, where 
I = 2irr \s the length of the wire in centimeters. 
Substituting the values of Sft and I gives 

/i = -5 X 2irr/ = m— ^ djmes, 
r r 

but the forces / and /i are equal and therefore 

r 
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SC = dynes. 



(84) 



The flux density at the centre of the loop is 

9i = 9C = lines per square centimeter. 

If / is expressed in amperes the field intensity at the centre of 
the loop is 

9C=5^^dynes (85) 

(B) At a distance of r cm. from a long straight wire carrying 7 
absolute units. (Fig. 44.) 

If ^ is the intensity of the field, the 
work done in moving a unit magnetic 
pole around the wire at a distance r cm. 
from it against the force 3C is 

w = 2 7rr3C ergs. 

The work done is equal to the product 
of the current and the flux cut by formula 
and, therefore, 

27rr^ = 47r/, 

and 

„. 27 

Fig. 44. Intensity of the 

magnetic field near a long 

straight wire. ^^e intensity of the field varies directly 

as the strength of the current and inversely as the distance from 
the wire. 

The flux density at distance r is 




9C = — djnies; 
r 



(86) 



27 
= 9C = — - lines per square centimeter. 



If 7 is in amperes the field intensity is 

0.2 7 



9C = "'" 'dynes. 



and the flux density is 
0.2 7 



o)S = ^'-^^-^ lines per square centimeter. 



(87) 

(88) 
(89) 



i 
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Unit current would produce a flux density of 2 lines per square 
centimeter at a distance of 1 cm. from a straight wire and it 
would produce this flux through a distance of 2Tcm., or it 
would produce a flux density of 4 t lines per square centimeter 
through a distance of 1 cm. in air. Thus one absolute unit of 
current represents a magnetomotive force of 4 7r gilberts and 
one ampere represents a magnetomotive force of 0.4 t gilberts. 

(C) Between two parallel wires A and B, Fig. 45, at a distance 
of D cm. apart and carrying equal currents / but in opposite 
directions. 




Fig. 45. Magnetic field between two parallel wires. 

The field intensity or magnetic force at point P distant r cm. 
from A and D—r cm. from B is the resultant of the magnetic forces 
due to the currents in A and B. Since these forces act in the 
same direction at all points between the wires they can be added 
directly; the field intensity is by formula 

^ = T + zr^'^^^' ^^^ 

and the flux density at P is 

2 / 2/ 

9@^ = ^ = 1- ^ lines per square centimeter. (91) 

(D) At any point on the axis of a short coil of radius r cm. 
(Rg. 46.) 

n = number of turns in the coil, 

/ = current in the coil in absolute units. 

Take any |X)int P on the axis at a distance x cm. from the 
plane of the coil and let ^ be the field intensity there. If a pole 
<rf strength m is placed at P it will lx» acted on by a force of m^ 
d>Tioa perpendicular to the plane of the coil. The force exerU^d 
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on tlie coil by the pole is equal and opposite to the force exerted 
on tlie pole by the coil. 




FiQ. 46. Intensity of the magnetic field on the axis of a short ooiL 



m 



The field intensity at the wire due to the pole m at P is ^5 



m 



dynes and the flux density is -p lines per square centimeter, where 

d cm. is the distance from the point to the wire; the length of 
wire is 2 rm cm. and therefore the force exerted on it is 



m 



/ = ^ X 2irml dynes. 



This force acts at right angles to the lines of flux and may be 
resolved into two components, / cos 6 in the plane of the coil and 
fsiad perpendicular to the plane of the coil. The component 
fcosS taken around the loop is zero and therefore the com- 
ponent / sin d is equal in magnitude to the force m9C. 
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3C = ^ = — jT- sin B 



m 
2irml 



X 



2irr*n7 



smee 



r* + X* Vr« + x* (r« + x*)* 
d = Vr* + z* and sin d 



dynes, 



(92) 



Vr^+I 



(E) On the axis of a long solenoid. In Fig. 47 AB is a solenoid 




Fig. 47. Magnetic field in a solenoid. 



of length I cm. and radius r cm. If n is the nmnber of turns in 
the solenoid, the number of turns in the section CD of width dx 

tsjdi. 

The field intensity at p due to the section CD is by equation 
92 



where / is the current in the solenoid. 
The field intensity due to the complete solenoid is 

I 



«^-.i(r* + x*)* I 



To integrate this let angle GPT = 6, then 

a: «= r cot $, 
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(r« + x^)i = r» (1 + cot* ^)* = r» cosec* 6 = -^^> 

rd$ 



dx = — rcosec*^cW = — 



sin*^' 



if the solenoid is assumed to be very long the limits of may 
be taken as and x, and, therefore, 



^__27rrhil ro^J^^/ rdd\ 
I smOdS 



I 

— J— [cosd]^ 
4Tn7 



- J dynes (93) 

If the current is expressed in amperes 

3C = 5:ip^ dynes, (94) 

and the field intensity on the axis of a long solenoid is proportional 
to the product of amperes and turns or ampere turns and is in- 
versely proportional to the length of the solenoid. 

The field intensity throughout the volume enclosed by the 
solenoid is practically uniform except near the ends and can be 
expressed by equation 94. 
^ 46. Magnetomotive Force of a Solenoid. The m.m.f. of a 
solenoid is the line integral of the magnetic forces along any 
closed path through it and is measured by the work done in 
carrying a unit magnetic pole aroimd the closed path. (Fig. 48.) 

The work done is equal to the product of the current and the 
flux cut, and thus 

m.m.f. = 4 wnl, where 7 is in absolute units, 
or 

m.m.f. = 0.47m/, where / is in amperes. 

The magnetomotive force is proportional to the ampere turns 
of the coil. It does not make any difference whether it is a small 
current in a large number of turns or a large current in a small 
number of turns. 
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The m.m.f. of one ampere in one turn or one ampere turn is 
0.4 X gUberts. 

In studying the characteristics of electrical machinery it is 
more convenient to use the ampere turn as the unit of m.m.f. 




Fig. 48. 



Unit Pole 
Magnetomotive force of a solenoid. 



Thus the m.m.f. of a field coil of n turns carrying a current / 

amperes is specified as nl ampere turns instead of 0.4 tml gilberts. 

46. Examples. (1) The solenoid in Fig. 49 has nl ampere 




Fig. 49. Ring solenoid. 

turns and is wound in the form of a ring. The m.m.f. of the 
solenoid is M = 0.4 ml gilberts. 

If I cm. is the mean length of the path and A sq. cm. is the 
sectional area of the path, the reluctance is 

I 



S« = 



T 



r 



II 
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nod the flux innide the ring is 

^ M 0.4x71/,. 
♦ = -T^ = — T-TT— lines. 
R l/A ^^ 

The flux density in the ring is 

3i = J lines per square centimeter, 
and the magnetizing force is 

9c = aj = * = 2ij[!^ 

A I 

and is the m.m.f. per centimeter. 

If the solenoid is wound on an iron ring of permeability /i, the 
reluctance is reduced and becomes 

the flux is increased to 

^ OAwnl 
^^ = -7-" 
Am 

and the flux density or induction density is increased to 

the magnotiiing force remains the same as before, 

c\^i *i 0.4 ml 



^ 



An I 



(2) Fig. 50 rt^prcsont^ a solenoid of n turns carrying a current of 
/ iun|H^n^; the m,m,f. is M = 0.4 ni/ gilberts. If Z cm. is the 
U'ugth of tho soloi\oid iuid .4 sq. cm. is its sectional area, the 
HuotmuH> of tho ^v\th through it is 

The maui. nxiuinxl to dri\-e the flux * throu^ this rductance 
ifi » ♦-.-gilberts. 
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But the flux going out at one end has to pass, around through the 
air and in at the other end as shown. The reluctance of this 
return path is difficult to calculate and is not of great practical 
importance; its length is greater than I and its sectional area is 
very much greater than A and so its reluctance is small compared 
to cfii. Thus in the case of long solenoids of small section the 




©©©0©0©©©©©© 





Fig. 50. Solenoid in air. 

reluctance of the return path may be neglected and the assump- 
tion may be made that the whole m.m.f. M is utilized in driving 
the flux through the reluctance ^i. Thus 

M OAiml 

^ " S^i l/A ' 

the induction density in the solenoid is 

aa ^^ _0.4im7 
^ " A ~ "1M~ 

and the magnetizing force at any point inside the solenoid is 
9C s Sd = ' dynes, as in equation 94. 
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If an iron bar of length I and permeability fi is placed in the 
solenoid the reluctance of the path through the solenoid is re- 
duced in the ratio - and the reluctance of the return path is no 
M 

longer negligible in comparison to it and its value must be calcu- 
lated. (Fig. 51.) 

(3) In Fig. 52 a solenoid of nl ampere turns is woxmd on an iron 
ring of permeability fi and a section of length k is cut from the 
iron. If h is the mean length of the path through the iron and 
its sectional area is A sq. cm. the reluctance of the path through 
the iron is 

the reluctance of the path through the air is 
and the total reluctance of the path is 



The flux through the path is 

^_M _ OAiml (93) 

A,ji^A 

The flux density in the iron is 3S = -j and is the same as in the 

air. 
The magnetizing force or m.m.f. per centimeter in the iron is 



and in the air it is 



II Afi 
A 



The m.m.f. consumed in the iron is 

Ml = ^k = ^ Zi 
Afi 

and the m.m.f. consumed in the air is 
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Fig. 51. Solenoid wound on an iron bar. 




A sq.em. 



Flo. 52. Ring with an air gap. 
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(4) Fig. 53 represents the magnetic circuit of a bipolar dynamo. 
It consists of a number of parts of different materials as follows: 

1 yoke y of section A^, length Z^, and permeability /a^, 

2 pole cores CjC of section Ae, length t, and permeability fic, 
2 pole pieces p,p of section Ap, length Ip, and permeability jUp, 
2 air gaps g^g of section Ag, length Ig, and permeability I, 

1 armature a of section A^, length l^, and permeability /!«. 
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Aimatore la Aa /'a 
Fta. 53. Magnetic circuit of a dynamo. 



The reluctance of these parts are, respectively, 



§«.= 



2U 



^' = £- 



^'=t:' 



3l<.= 



A^' 



31 ^_L ^. 

and the reluctance of the whole circuit is 

31 = 91, + 91, + 3lp + 31, + S^«. 

The m.m.f. M is provided by field coils placed on the pole cores 
as shown, and the flux throuigh the circuit is 

M • M 

*,~ 9l~9l,+ 9i<, + 9l, + 9l, + 9l<,' 



i 
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and is equal to the m.m.f. divided by the total reluctance; and 
the m.m.f. is 

= M^ + Mc + Mp + M^ + Ma, 

where Mg is the part of the total field m.m.f. required to drive 
the flux through the yoke, etc. 

The m.m.f. Mg required to drive the flux across the air gaps is 
sometimes as much as 80 per cent of the total m.m.f. 

(5) Determine the reluctance of the ring in Fig. 54 made up of 




Fia. 54. 



three parts of lengths U, k and U cm. respectively and sectional 
areas Ai, At and Az sq. cm. and permeabilities in, iit and m. The 
iiLjn.f . of the solenoid is M. 

The reluctance of section (1) is ^li = -7 — 

Ami 

1 
the reluctance of section (2) is ^ = 

the reluctance of section (3) is Slj = 



A2M2 

Aim 

M 
the flux through section (1) is *i = sj- ; 

the flux through section (2) is *» = ^r > 
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M 
the flux through section (3) is *3 = ^ ; 

the total flux through the ring is 

^ = ^1 + ^ + ^ 
^ M M M 

oR^ OOj oR^ 



\o)ii oRj SRs/ 



(96) 



But the flux is equal to the m.m.f. divided by the reluctance of 
the ring, or 



and therefore 



"-f-T 



1 



oHj ooj oa^ 



(97) 



(6) Fig. 55 shows a ring of iron with a piece set in made up of 
three parts of different permeabilities. The lengths, sections and 







wm 



Aa 



E^aas 



Fig. 55. Series parallel magnetic circuit. 
IM'rmoabilitios are indicated and the reluctances of the various parts 
aro l^li = -.''-, ^ = -i-, ^ = -1-, and Sa^ = -r^. Deter- 

'^iMi A2M2 iis^s Ai^i 

n»in(5 the reluctance of the circuit. 

I^it M = the m.m.f. applied to the ring, 
<I> = flux through the ring, 
M\ = m.m.f. consumed in section (1), 
Mi = m.m.f. consumed in section 06, 
tium Ml = *3li, and Mt = ^^^. 
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The reluctance of the section ab consisting of three paths in 
multiple must be found. The flux $ passing through it divides 
into three parts which are inversely proportional to the reluc- 
tances of the paths, 



Mt 



Mt 



**=ii' *»=ii' *«=^!' 



therefore, 



and 



\oa^ 00$ 004/ 



Ml, 

^06 



3i-fc = 



1 



<yV3 003 ofV4 



The reluctance of the whole circuit is 



^ = — = = ^ + 0>i^ 



= ofii • 



2fi^ o)^S 9^4 




FiQ. 56. Energy stored in a magnetic field. 



47. Energy Stored in the Magnetic Field. When a current 
i C45.8. units flows in the solenoid, Fig. 56, wound on an iron 
ring, a flux is produced. 



* = 



I 
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where n is the number of turns in the solenoid, 

A is the sectional area of the ring, 
I is the mean length of the ring and 
fi is its permeability. 

When the current increases by a small amount di the flux in- 
creases by an amoxmt d0 = — ^— ^ di, and the work done is equal to 
the product of the current and the increase of the flux, 
dw = mcUf) =^ j—^'^di ergs. 

The work done while the current is building up to its full value 
/is 



W^fd^^^^fUdi 



= p^ 2 ergs (98) 

= Ljergs, (99) 

where L — - — % — - is a constant and is called the inductance of 

the circuit. 

This amount of energy is stored in the magnetic field of the 
solenoid and may be expressed in other forms. 

The energy stored is 

but the magnetic force in the solenoid is 

irrJ 

C»V J — I 

tlxereforo, 

or since the induction density is 

tile energ>' may be expressed as 

W^^Al 
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The product Al represents the volume of the magnetic field 
and therefore the energy stored in the field per unit volume is 

or 

or 

« = e— 61^ (102) 

When the magnetic field is produced in air the field intensity 
3C is equal to the flux density o&, and the energy stored per cubic 
centimeter is 

« = g^ergs, (103) 

or 

w = — ergs (104) 

48. Stress in the Magnetic Field. The force between two 
magDetic poles is not exerted at a distance but is transmitted 
through the medium separating them and the medium is stressed. 

There is a tension along the lines of force or induction tending 
to shorten them and draw the boxmdary surfaces of the field 
together and so decrease the magnetic energy stored in the field; 
there is also a pressure at right angles to the lines tending to 
spread them apart, aad so decrease the flux density in the field 
and, therefore, also the energy stored. Since the medium is in 
equilibrium these two forces are equal in magnitude. 

The pull on the boxmding surfaces is usually expressed in dynes 
per square centimeter and may be foxmd as follows: 

The energy stored in a magnetic field in air was found to be 

Q- ergs in Art. 47. 

OF 

Fig. 57 represents a horseshoe magnet with its armature re- 
moved a distance x. If eft is the flux density in the field between 
the magnet poles and the armature and A sq. cm. is the area of 
the two pole faces, the volume of the field is Ax cu. cm. and the 
energy stored in it is 

W = ^—Ax ergs. 

O T 



i 
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If a pull P is exerted on the armature and it is moved through 
a distance dz, the work done ia P dx and this is equal to the in- 
crease in the energy stored in the field; 
therefore, 




and 



Pdx^^Adx 



P = ~; . . (105) 



this is the pull of the magnet on the 
armature. 
The pull per sqtiare centimeter is 



p as* 



(106) 



FiQ. 57. Pull of a magnet. 



and this is the tension along the lines 
of induction in the field and is also 
equal in magnitude to the pressure at 
right angles to the lines. 

49. Permeability Curves. If an 
iron ring, Fig. 56, which has been 
completely demagnetized, is gradually 
magnetized, by increasing the current in the exciting coil from zero, 
the magnetic induction in the ring increases with the magnetizing 
force as shown in curve 1, Fig. 58. With feeble magnetizing 



lurve 2 




MosnetUIns Force 0< 



Inductloa Density Q^ 



Fig. 58. Permeability curves. 

forces the gradient of the curve is small and the permeability is low; 
as the force increases the curve becomes very steep and nearly 
straight and the permeability increases rapidly and becomes very 
large; as the force is further increased the curve rounds off and 
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the gradient bet-onips small again antl a largr* iruTrasc in ma^;- 
netiiing force m requiml to produco any raivsidtTrihlr iiifroasf 
in density, the permnability dpcreasps to a It^w valiio aad tlio 
material is saiil to \w sat u rat pel. Riifh a nirvi' is t;ill(Hl a ''|-ht- 
meability cun'e/' **mu^ietizatiun curvv'^ or ''s^aturation curyo'' 
of the matf rial. 
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Curve 2, Fig. 58, shows tho rt'lidiua fiitwirii IIh^ iMrnK*:tMlity 
fB . . 

cH 
the permeability is low; ixs \]\v dmsily is ituTrusvd tiiv prr- 
meability increases until i1 nnrhrs a nirixiinuni ;it tln^ puint ^^ 
where the tangrnt from the uri^iu tnui [m%s rur\r 1; iihovi' thin 
point the prrmeability di'tTfa^^i^s rLi;:un. 

In Fig. o9 are shoiMi pi*rnit':il.jillly runi s fnr rri:il( ri.tls ihihI In 
electrical machine design. For cast iron thr miu\i!niun valur- at 
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II occurs at a density of about 4000 lines per square centimeter or 
26,000 lines per square inch, and for steel at about 6500 lines per 
square centimeter or 42,000 lines per square inch. Densities be- 
low these points are not of great importance. These curves are 
plotted with induction density B expressed in lines per square 
inch on a base of ampere turns per inch instead of magnetizing 
force 3C. This results in a change of scales only since B lines per 
square inch = (2.54)* cS, and T ampere turns per inch corre- 
sponds to a magnetizing force 3C = ■ ' ^ . — 

J.54 

The curves showing the relation between permeability m and 
induction density B in lines per square inch for the same materials 
are shown in Fig. 60. 
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Fig. 60. Permeability curves. 



60. Hysteresis. If the exciting current in the solenoid in 
Art. 47 after being increased to its maximum value / is gradually 
decreased again, the flux density decreases very slowly and when 
the current i and therefore the magnetizing force 9C is zero it has 
a value or, Fig. 61, which is called the residual magnetic induc- 
tion. If now the current is reversed and increased the residual 
induction b decreased and reaches zero when the magnetizing 
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force is oc\ this force is called the coercive force. If the current 
is still increased until it reaches its maximum value / again, the 
induction density will have the same maximum value as before* 
If the cycle is completed by again reducing and reversing the 
current the closed curve arcaincia shows the relation between 31 
and 9C. This closed curve is called a hysteresis loop. 




Fig. 61. Hysteresis loop. 



The area of the hysteresis loop represents a loss of energy since, 
from Art. 47, the work done in increasing the flux threading the 
solenoid by amount d^ is 

dw = jQd*ergs, 

where n is the number of turns on the coil and t is the current 
in amperes flowing when the flux threading the coil is ^. If the 
ring has a constant section A sq. cm. and length I cm. then, since 

* = __ and d4 ^ A dB, the work done is 

da, = ^aCd§ft, (107) 
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and the work done during a complete cycle is 

Al is the volume of the ring in cubic centimeters and therefore 
the hysteresis loss m ergs per cycle per cubic centimeter is 



«* 



^lif^^^ ^^^^ 



and is thus proportional to the area of the hysteresis loop. 

The area of the hysteresis loop and thus the hysteresis loss per 
cycle increases faster than the maximum induction density. 
Steinmetz gives the following equation for the loss per cycle per 
cubic centimeter in terms of the maximum induction, 

cok = T)3Si« ergs, (109) 

where iq is called the hysteretic constant of the material. For 
average armature iron the constant has a value about 0.003. 



CHAPTER III 

ELECTRIC CIRCUITS 

61. Ohm's Law. When an electromotive force is applied 
to the terminals of a conductor, a current is produced which is 
directly proportional to the e.m.f. and is inversely proportional 
to the resistance of the conductor; 



7 ^ 

I = P amperes, 



(110) 



where 



/ is the current in amperes, 
E is the e.m.f. in volts, 
R is the resistance in ohms. 
This is Ohm's Law. 

A conductor has a resistance of one ohm, when ail e.m.f. of 
one volt is required to drive a current of one ampiere through it. 

When therefore a current / flows through a resistance R, 
electromotive force is consumed; 

E = IR Yolta (Ill) 

62. Joule's Law. Whenever a current flows through a re- 
sistance, electric energy is transformed into heat energy. The 
power or the rate at which energy is transformed in the circuit 
is equal to the product of the current and the electromotive force 
consumed in driving the current through the resistance of the 
circuit. 

P ^ EI watts, 
but E ^ IR and, therefore, 

P = PR watts; (112) 

thus, the power consumed in the circuit is equal to the square of 
the current multiplied by the resistance. This is Joule's Law. 

The power consumed in the resistance of circuits represents a 
loss of power except in such cases as the incandescent lamp, when^ 
it is utilised in producing light, or the electric heater, where the 
beat developed is applied to a useful purpose. 
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B3. Resistance. The resistance of a conductor varies di- 
rectly as its length and inversely as its sectional area; it also de- 
pends on the material of which the conductor is made; 

R = Pj (113) 

where I is the length of the conductor, 
A is the sectional area, 
p is the specific resistance or resistivity of the material. 

Wires are usually specified by gauge numbers, their lengths are 
given in feet and their sectional areas in circular mils. A circular 
mil is the area of a circle one mil or one thousandth of an inch in 
diameter. The specific resistance is then the resistance of a 
wire one foot long and one circular mil in section. 

64. Conductance. The reciprocal of the resistance of a con- 
ductor is called its conductance and is represented by the letter 
G, where 

= 1. 

The reciprocal of the specific resistance or resistivity of a material 
is called its conductivity and is represented by the Greek letter 

7, where 

1 
> = -• 
P 

Conductivity is expressed in per cent of Matthiessen's standard of 
conductivity. Electrolytic copper sometimes reaches a value of 
101 per cent of this standard, but conunercial copper ranges from 
97 to 99 per cent conductivity. Aluminum wire has a con- 
ductivity of 60 or 61 per cent. 

S6. ^ect of Temperature on Resistance. The electric re- 
sistance of materials varies with their temperature. The varia- 
tion of the resistance of metal conductors can be expressed by the 

following formula, 

Rt = Ro{l + od), (114) 

where Ro is the resistance at a chosen standard temperature, Rt 
is the resistance at a temperature t degrees higher and a is the 
temperature coeflBcient of resistance. It is the increase in re- 
si^tnnrc pi^r deeree rise in temperature expressed as a fraction of 
the n?dst4incc at the standard temperature. If the centigrade 
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scale is used and Ro is the resistance at 0^ C, the value of a fur 
copper is 0.00428. This value can be considered as constant 
over the range of temperatures from 0** C. to 100** C. With the 
Fahrenheit scale of temperature and Ro taken as the resistance 

at 32^ F., the value of a is v! = 0.00249. If the tempera- 

l.o 

ture ti* C. is chosen as standard the formula can be written 

Rt^Rt,\l+a{t-ti)U (liri) 

where a is not the same as before but is smaller because the m- 
crease of resistance is expressed as a fraction of the resistance nt 
h^ C. which is larger than the resistance at 0** C. When h degree 
is taken as the standard room temperature of 25° C. the value of 
a is 0.00386. 

If the resistance at ti^C is known, but the corresponding; 
value of a is not known, the resistance at temperature t can be 
found from the formula 

/ l+0.00428n 
**-*ni+ 0.00428 J ^^^^^ 

This is derived by eliminating Ro from the two equations, 

B, = B» (1+0.004280, 
and fi,, = «o(l + 0.00428 <i). 

Example. If the resistance of a copper conductor at 25" (^. 
is 10 ohms, determine its resistance at 65° C. 
From formula 115 the resistance is 

ftw = 10 { 1 + 0.00386 (65 - 25)} = 11.55 ohms; 
or from formula 116 

„ ,^ /l + 0.00428 X 65\ „ „ . 
*- = ^° (l+ 0.00428X25 ) = ""^ •'^'^- 

The temperature coefficients for all pure non-magnetic metab 
Me practically the same as for copper and the formul® above may 
be used. For alloys the temperature coefficient varies from the 
values given for pure metals to zero. In certain compositions it 
has a value approximately zero over the range at temperatuns 
naet in ordinary practice. Such alloys are very useful in the 
nianufacture of standard resistances, as ammeter shunts, etc*, 
^re the resistance must remain constant. 

Iron has a temperatiu^ coefficient of resistivity of 0.006 per 
<l*?ree centigrade. 
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Carbon, unlike the metals, has a negative temperature co- 
efQcient and it is not constant. The resistance of insulating 
materials decreases very rapidly with increase of temperature, 
but the variation is irregular and cannot be expressed by a simple 
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Fio. 62. Variation of resistance of slot insulation with temperature. 



equation. Fig. 62 shows the variation of the resistance of an 
insulating material with temperature. The resistance is ex- 
pressed in megohms or millions of ohms. 

56. Resistance of Conductors. The resistance of a circular 
mil foot of pure copper wire at 25° C. is 10.55 ohms; therefore, 
the resistance of a copper wire at 25° C. is, by formula 113, 



R = 10.55 



length in feet 
section in circular mils 



= 10.55 



V 



cir. mils 



(117) 



In the case of rectangular conductors, as bus bars, the section is 
expressed in square mils and the value of p is then the resist$,nce 
of a square wire, one mil on each side and one foot long. 

The following table gives the specific resistance of copper at 
different temperatures and the corresponding values of the tem- 
perature coefficient. 
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Temperature 
in degrees cent. 


Resistance 
of one circular 
mil ft. in ohms 


Resistance 

of one sq. mil 

ft. in onms 


Temperature, 

coefficient 

a 


0° 
25° 
50° 


9.6 
10.55 
11.7 


7.55 

8.3 

9.12 


0.00428 
0.00386 
0.00352 



In this table and in wire tables generally the conductivity is 
assumed as 100 per cent. If the conductivity of a given wire is 
less than this the specific resistance must be changed accord- 
ingly; thus the resistance of one circular mil foot of copper of 

10 55 
98 per cent conductivity at 25° C. is ^r^ = 10.76 ohms; the 

resistance of one circular mil foot of aluminium of 60 per cent 



conductivity at 25° C. is 



10.55 
0.60 



= 17.58 ohms. 



WIRE TABLE 



Gaun number. 
Brown A 
Sharpe 


Diameter 

in 

inches 


Area 
cm. 


ResLstanoe 

per 1000 ft. 

at25*C. 


Current 
capacity, 
rubber 
covered 


Current 
capacit>, 

other 
insulatioa 


0000 


0.460 


211,600 


0.0499 


210 


312 


000 


0.4096 


167,800 


0.0629 


177 


262 


00 


0.3648 


133,100 


0.0794 


150 


220 





0.3249 


105,500 


0.1000 


127 


185 


1 


0.2893 


83,690 


0.1261 


107 . 


156 


2 


0.2576 


66,370 


0.1591 


90 


131 


3 


0.2294 


52,630 


0.2006 


76 


110 


4 


0.2043 


41,740 


0.2529 


65 


92 


5 


1819 


33,100 


0.3190 


54 


77 


6 


0.1620 


26,250 


0.4022 


46 


65 


8 


0.1340 


17,960 


0.6396 


33 


46 


10 


0.1019 


10,380 


1.0171 


24 


32 


12 


0.08081 


6,530 


1.6170 


17 


23 


14 


0.06408 


4,107 


2.571 


12 


16 


16 


0.05082 


2,583 


4.089 


6 


8 


18 


0.04030 


1,624 


6.501 


3 


5 



67. Drop of Voltage and Loss of Power in a Distributing 
Circuit The distributing circuit in Fig. 63 delivers 20 kilowatts 
at 220 volts to a receiver circuit 1000 feet distant; if the sizf* *>i 
the conductors is No. 1 B. & S. determine the voltage required at 
the generating end of the line and the power lost in the line. 
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Eg is the generator voltage, 

E is the receiver voltage = 220 volts, 

/ is the load current, 

r is the resistance of each conductor. 



No.1 B,A s. 




^^^ 



1 r 

Fig. 63. Distributing circuit. 

The power delivered is 

EI = 20,000 watts; 

the current is therefore 

J 20,000 ^ ^ 
= 220 =" ^-9 amperes; 

the resistance of each conductor at 25° C. is 

r = 0.126 ohms; 
the voltage drop in each conductor is 

6i = /r = 90.9 X 0.126 = 11.48 volts; 
the generator voltage is therefore 

Eg = E + 2Ir = 220 + 22.96 = 242.96 volts; 
the drop of voltage in the circuit is 

2ci = 2/r = 22.96 volts 

= OAOQQ ^ ^^ P^^ ^^^* ^ ^'^^ P®^ ^^*- 
The loss of power in the circuit is 

2 7V = 2 X 90.9* X 0.1261 = 2090 watts; 
the power delivered by the generator is 

Egl = 242.96 X 90.9 = 22,100 watts; 
therefore the power loss is 

^^- X 100 per cent = 9.45 per cent; 

A4b| lUU 

and the efficiency of the transmission is 90.55 per cent. 
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If the drop of, voltage had been limited to 10 volts what size 

of wire would have been required? 

The drop in voltage is 

1000 
27r = 2 X 90.9 X 10.55 -^^ = 10 volts; 

cm. 

therefore the required section in circular mils is 

1000 
A = 2 X 90.9 X 10.55^ = 192,000 cm. 

68. Current-carrying Capacity of Wires. The energy con- 
sumed in the resistance of a wire raises the temperature of Uie 
wire until the point is reached where the heat radiated and con- 
ducted from the wire is equal to the heat generated in it. When 
the wire is bare th6 heat will escapie easily into the air, but when 
it is covered with insulating material the heat cannot escape so 
easily and for a given current density the temperature rise will 
be greater. This increase in temperature decreases the resist^ 
ance of the insulating material and so decreases its insulating 
properties; in extreme cases the insulation may be charred nncl 
rendered useless. The last two columns of the table in article 5(1 
pve the values of current which can be carried safely by diEfer- 
ent sizes of wire. With rubber insulation the allowable cunrnt 
is about 25 per cent less than with weatherproof insulation be- 
cause the rubber is more easily affected by heat. When the in- 
sulated wires are inclosed in conduits the current-carrying capac Ity 
is less than that given in the table. 

69. Examples. (1) Determine the resistance of a copper wire 
of 97 per cent conductivity, 100,000 cm. in section and 50 ft. 
m length at 50** C. 

The resistance is 



fl = 



11.7 50 



0.97 100,000 



= 0.00605 ohms. 



(2) Determine the resistance of an aluminum bar 0.75 in* 
X 0.375 in. X 100 ft. at 25° C, if the conductivity is 60 iner cent. 
The resistance is 

8.3 100 ft. 



B = 



0.60 750 X 375 



= 0.00492 ohms. 



(3) If the resistance of the shunt-field winding of a genemlor 



i 
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is 30 ohms at a room temperature of 25° C. and after rumiing 
imder load is found to be 31.5 ohms, determine the average tem- 
perature of the winding. 

If t is the average temperature of the winding when hot, formula 
115 gives 

iJ« = fi» |1 + 0.00386 {t - 25) {, 
or substituting 

31.5 = 30 { 1+ 0.00386 {t - 25) J ; 

the rise in temperature is 



t-25 = 



31.5 
30 



-1 



= 13°C.; 



0.00386 

and the average temperature of the winding is 
« = 25 + 13 = 38°C. 

This method is used in measuring the temperature rise in the 
field and armature windings of electrical machines to replace the 
inaccurate indications given by the use of thermometers. 

60. Kirchoff's Laws. Two laws enunciated by Kirchoflf are 
of great value in solving problems dealing with continuous cur- 
rent circuits. 



+♦= 



I 

— ^- 



Ri 
-VsAAr 



^\' 



vwvv 

Rt 
FiQ. 64. Kirchors first law. 



First law. The sum of all the electromotive forces around a 
closed circuit, taken in their proper direction, is equal to zero; 
here the e.m.f. consumed by resistance is considered as a counter 
e.m.f. opposing the current. 

Second law. The algebraic sum of all currents flowing toward 
a distributing point is equal to zero. 

The first law is illustrated by the circuit A BCD in Pig. 64. Be- 
tween the points A and B an e.m.f. E is applied which drives a 
current / around the circuit in the clockwise direction against the 
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e.m.f. e of the battery between C and D. Ri and B» are resist* 
ances connected in the circuit. 

The electromotive force acting in the direction of the current 
ia E — e and is consumed in driving the current / through the 
two resistances Ri and R2 and by Ohm's law. 

B - e = Jfli + IR2. 
If IRi and IR2 are considered as e.m.f. 's opposing the current. 




Fig. 65. Kirchoff's second law. 



then the sum of all the e.m.f.'s around the closed circuit A BCD is 

E - e - IRi - IR2 ^ 0. 

The second law is illustrated by the circuit ABCD in Fig. 65. 
The current / divides at B into two parts 7i and h; 7 is numeri- 

I f^» 
— •— -^ 



vAAAA/ 

R. 

Fig. 66. Resistances in series. 




cally equal to the sum of 7i and 7s, and therefore the sum of all 
currents flowing toward the distributing point B is 
7-(7i + 7,)=0. 

61. Resistances in Series. If a voltage E is applied across 
a circuit consisting of a number of resistances /?i, B» and Rt con- 
nected in series (Fig. 66) the total resistance of the circuit will 
be equal to the sum of the resistances of the different parts. 



I 
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The drop of voltage across the resistance Ri is 

El = IRi 

where / is the current m the circuit. 
Similarly 

Et = /%, 



and 
but 



Ez = IRi, 

E = El + Ei + Ez 
= I{Ri + Ri + Ri), 

% 

and the resistance of the whole circuit is 

i2 = y = /Ji + ft + Ri' 



(118) 



62. Resistances in Parallel. Determine the resistance of 
a circuit consisting of a number of resistances Ri, Rt and Rz 
(Fig. 67) connected in parallel. 



+ 4- 



-^ 




FiQ. 67. Resistances in parallel. 

If an e.m.f. E is applied to the circuit a current I will flow 
which will divide up into branch currents 7i, 1% and /«. By 
Ohm's law 

E 



and 



where R is the resistance of the whole circuit, 



h 


MJJ 


It 


E 


h 


E 


J 


E 
= R' 
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tf€SI^ 



/ = /, + /, + /, 

E 



R = 



^{k'^k^k) 



1 



£i Rt Hi 



(119) 



be eonductenc^s G, Oi, G^ and G^ are used instead of the 

^ a» B*f rT ^^^i TT ****^ rctiult Cftfi be writtx^n 
It ill lit 'U 

^^l^ .1 



O^Oi + Gt + Gi; 



(120) 



; iSt the conductance of a circuit consisting of a number of 

did branches is equal to the sura of the c<>nductances of tht* 

iche& 

I, The Poteationieter. The potentiometer shown in Fig. 

grvi?s a myalls of obtaining a variable voltage Ei from a 

itMiX supply voltage £ in a continuous current circuit. 



1 



^AAAAAAAAAAAAAAAVVVVN 



_Rt 



I, 



Hi 



Flu, 68, PoLeuliornyter, 



iHiTTonikii Um voltagp Ei acnms tlie circuit AB and the cur- 
h in tbi» eirctiit in tertiis of the applied Ei and the resist- 
^ Ht^ Ht and k» m Indicated in the figure. 
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and 



and 



IiRi = ItRi, 
E -=IRn + IiRi 

^IiR, + h{Rt + Rz); 



but /2 = /i§' 



therefore, 
and 

and 






it2 



£.=/,iJ.=_ ^«> 



it2 



The power lost in the potentiometer is 

Pi = h^Ri + PRz; 
the power output is 

P = Ii'Ri; 
the efficiency of the potentiometer is 

^ = 2!itPHtx 100 per cent -^^ X 100 per cent 

input output + losses 

- ^ X 100 per cent = , ,p .^/S ■ no X 100 Per ce°*J 



p + p - *"- »^ j^j^^ + /^2^ + PH^ 



Ri 

is =ii 

and therefore 



but ^« = ^»g ^<i ^ = -^» + ^* = -^>(l + §)' 



7 ^/2 
'J = — : /PX2 ' '/p ■ pxs . X 100 per ce'i* 




;,= j„,+(D'«. + («i+^)-«.j 



^ X 100 per cent. 



This mot-hoil of varying the voltage supplied to a receiver circuit 
t$ very inefficient. 
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64. Inductance. When a current of electricity flows in a 
circuit, lines of magnetic induction interlink with the circuit; if 
the current remains constant the flux threading the circuit is 
constant, but when the current vari^ the flux varies propor- 
tionally and in doing so generates in the circuit an e.m.f. pro- 
portional to the rate of change of the interlinkages of flux and 
turns or to the product of the turns and the rate of change of the 

flux. This e.m.f. has a value 

jf . 

e =— n^c.g.s. units, (121) 

Jf . 

where n is the number of turns in the circuit and^ is the rate 

at 

of change of the flux interlinking with the turns. The negative 
sign is used because the e.m.f. produced opposes the change in 
the current and, therefore, the change in the flux. 

The number of interlinkages of flux and turns for unit current 
in the circuit is called the inductance of the circuit and is repre- 
sented by X, thus, 

X = ^c.g.s. units, (122) 

z 

where i is the current in c.g.s. units, 

<f> is the flux produced by current i, 
Tut> is the number of interlinkages for current t. 
Equation 122 may be written, 

n^ = Xi; 
differentiating this gives 

and therefore the e.m.f. generated in the circuit due to its in- 
ductance is 

e=— n^ = — X-iT c.g.s. imits. . . . (123) 

It is equal to the product of the inductance of the circuit and the 
rate of change of the current. When e is expressed in volts and 
i in amperes the inductance is in henrys and is represented by L 
to distinguish it from the inductance X expressed in c.g.s. units. 
Equation 123 may then be written 

e=-L~ volts (124) 
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The henry is defined as the inductance of a circuit in which a 
counter e.m.f. of one volt is generated when the current is chang- 
ing at the rate of one ampere per second. 

The relation between the two units of inductance is found as 
follows: 

e = — X -^ c.g.s. units 

di 
= — X j^ 10^ volts, £ and i in c.g.s. units, 

di 
= — X -IT lO"* volts, X in c.g.s. units, i in amperes, 

= — L ^ volts, 

and, therefore, 

1 henry = lO"* c.g.s. units of inductance. . . (125) 

66. Inductance of Circuits Containing Iron. If a solenoid 
with n turns is wound on an iron ring of section A sq. cm. and 
mean length I cm., the flux produced by a current i c.g.s. units is 

it> = —J — hues, 

I^ 

where /* is the permeability of the iron; the flux per unit current is 

01 = 7 = — -J — Imes, 
and the inductance is 

X = n^i = J — - c.g.s. umts. 

It is proportional to the square of the number of turns as seen in 
the last example, but it also depends on the permeability of the 
iron and is therefore not a constant quantity. When the cur- 
rent in the solenoid is small, the iron is unsaturated, the per- 
meability is high, the flux per unit current is large imd therefore 
the inductance is large. When the current is large, the iron is 
saturated, the permeability is low, the flux per imit current is 
small and therefore the inductance is small. 

The inductance of circuits containing u*on or other magnetic 
materials is not constant, but decreases as the density of the 
induction increases, since the permeability decreases. (See Art. 49.) 
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66. Example, (a) Find the inductance of an endless solenoid 
in the form of a ring, Fig. 49. 

n = number of turns in solenoid = 1000. 
r = mean radius of the ring = 10 cm. 
! = 2irr = mean length of the flux path through the 
solenoid. 
A = sectional area of the solenoid = 5 sq. cm. 
i = current in solenoid in c.g.s. units. 

The flux through the solenoid is 

_ m.m.f _ 4imi .. 
reluctance l/A ' 

the flux per unit current is 

<f> Awn A 

*»=? = -r-' 

the interlinkages of flux and turns per unit current is 

4im«A 



£ =7Ut>l = 



I 



and is equal to the inductance of the circuit in c.g.s. units; thus, 
the inductance of a circuit is proportional to the square of the 
number of turns. 

Substituting the values given above the inductance of the 
solenoid is 

^ 4 X 3.14 X (1000)^ X 5 -^. 

X = 7z — =-T^ rx = 10* c.K.s. umts: 

2 X 3.14 X 10 ^ ' 

and the inductance in practical units is 

L = 10* X 10-* = 0.001 henry. 

(b) Find the energy stored in the magnetic field of the solenoid 
when the current has reached a value 7 = 10 c.g.s units. 

The energy stored when any current i is flowing is equal to the 
work done in building up the current i against the counter e.m.f. 

di 
of inductance ^ = ~ •'^ j: J ^^ ^ therefore 



X^ergs. 
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When the current is i = / = 10 c.g.s. units, the energy stored is 
Tr=X^=10»X^ = 5XlO'erg8 

= 5 X 10^ X 10-' = 5 watt-seconds. 

67. Mutual Inductance and Self-inductance. The mutual 
inductance of one circuit upon a second circuit is the number 
of interiinkages of the second circuit with the flux produced by 
unit current in the first circuit. It is equal to the mutual in- 
ductance of the second circuit upon the first and is represented 
by m. 

A and B, in Fig. 69, are two electric circuits of rii and n% turns 
respectively interlinked with one magnetic circuit of reluctance 91. 




Fig. 69. Mutual inductance. 



The flux produced by unit current in A is 

. 471711 

and the inductance of A is 

^ ^ 471711* .. 

Xi = ni<l>i = -^- c.g.s. units; 

if all the flux produced by A passes through B, then, the mutual 
inductance of A upon B is by definition 

m = n2</^ = t^g^c.g.s. units (126) 



J 
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Similarly the flux produced by unit current in fi is 



«2 = 



cfi 



i the inductance of B is 



Xj = n20a = 



91 



dn if all the flux produced by B passes through A, the mutual 
[uctanc€ of B upon A is 

m = ni^=i^, (127) 

i is equal to the mutual inductance of A upon B. 
rhe leakage flux, that is, the flux which passes out between the 
circuits and links with only one of them has been assumed 
be very small. In this case 

X.X,= i5l-*xi^=(i^y=m«. . . (128) 

[f the leakage flux is not negligible, the flux <^ produced by 
it current in A can be divided into two parts 0i#, and 0,,, 




Self and mutual inductance. 



K- 70, of which ^jf, interlinks with B and ^«j forms a local 
ikage circuit about A and does not interlink with B\ 0,, is 
e self-inductive flux produced by unit current in A, 
The self-inductance of a circuit is the number of interlinkages 
th the circuit of the flux produced by unit current in it, which 
es not interlink with any other circuit; it is the number of 
terlinkages of the circuit with the stray flux of the leakage flux 
oduced by unit current in itself. 



92 



ELECTRICAL ENGINEERING 



but 



ni4>i = Xi = inductance of A, 
Ti^Mi = ^ = mutual inductance of A upon B, 
ni0,j = X,j = self-inductance of A, 
<t>i = <t>Mi + 0«,i and therefore 



and, similarly, 



^1 



— = ?!^ + 



cC2 



911 



ni 



ni 712 



(129) 



(130) 



When there is no mutual inductance the inductance of a cir- 
cuit is the same as its self-inductance. 

68. Self-Inductance of Continuous Current Circuits. The 
self-inductance of continuous current circuits is only apparent 
when the current is increasing or decreasing. The two most im- 
portant cases are when the current is starting and when it is 
stopping. 

Starting of Current. When a constant electromotive force E 
is impressed on a circuit of resistance R and inductance L the 
current does not inmiediately reach a steady value on account of 
the opposing e.m.f. due to inductance. If at time t after E is 
Impressed the current is changing at the rate 



the e.m.f. of inductance is 



di. 
It' 



eb= — L 



di 



By Lenz's law it opposes the impressed e.m.f. and is therefore 
iiej^ative. 
The e.m.f. acting on the circuit is 

di 



E + et= E -L 



and the current is 

therefore 

or, transp)osing, 



I = 



dt 

E - L di. 
R dt' 



' _E^_Ldi^ 
^ R R dt 



di 
', E 
'-R 



Rdt 
L ' 
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i« integral of this is 

hcjE log, C is the constant of integration. This reduces to 



E 



m 

L 



Rt 



}^m 1^0, 1 = 0, and C = - |- 
ubtitutmg this value the current is 

rbm < = ot and i - n* 

ti4 ih^' carrt*nt has reaehej its steady value, which is independ- 
ttt iif the inductance of the circuit; calling this value / and sub- 
liiutitig 

t = /(l-€"^') (132) 

rhe eifivv^i^ion y is called the time constant of the circuit. 

Li 

Si/rpping of CurrefU. If the impressed electromotive force E is 

fiOMnred frcjm a circuit of resistance R and haductance L, when 

E 
ft ttc&rr>iiig a current 1 = -at and the circuit is closed through a 

it 

PiBsUiioe Rif the current will not at once fall to zero. 

Thf (Mni. of inductance at time t after the circuit is closed is 

i"id it opiioaea the decrease of current. 
The cuifcnt in the circuit at this instant is 

L^ 



V, tnuupoting, 



1' =_ 
i 



R + Ri 
{R + ft.) 



dt. 



i 
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the integral of this is 

log.i=-^+^'« + logC, 

where log C is the constant of integration. This reduces to 

when t = 0, i = I, and C = I. 
Substituting this value, the current is 

i = Ie ^ ; (133) 

or 

» = !« ^ (133a) 

The e.m.f. generated in the coil, at the time t, is 

e6 = i(R + Ri)=E^-^'€''~^\ . . (134) 
When < = 0, the generated e.m.f. is 

^ = S« + «>; (134a) 

therefore the e.m.f. generated in the circuit is greater than the 
impressed e.m.f. in the ratio — ^ — -^« 

£1 

If, when the impressed e.m.f. is removed, the circuit is short- 
i ircuited, Ki = and the generated e.m.f. is 

that is, the e.m.f. does not rise. 

But if the circuit is broken Bi = oc and e^ = oc , and danger- 
ous e.m.f.'s are generated in the circuit. A large value of Ri 
causes the current to decrease rapidly, but it also causes a high 
e.m.f. to be generated. 

The energy supplied to the circuit while the current is start- 
ing is 

W = n Eidt, 

di 
but £ = iBi + L^; 
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reforo, 



W = r(lii + Lj\dt=r Ri*dt + J' Lidi; 

tiiii I Hi^ fU is tlie eoerisy transformed into heat in the electric 

niit, aiid i Li di is the <mergy stored in the magnetic field. 

The €!n*Tgy in the* mtignctiu field is 

Lidi^L^ 

i IS indeiH'ndotit of the resistance of the circuit. 
T\ii^ tn:igiirtic energy is rt turned to the electric circuit while 
1^ cunrnt ii^ stopping hi id prevents it from inmiediately falling 
ziro. It is transformed into heat in the circuit and is 



i = le 



R±Ri, 



r mt«igral of this itt 



r'—L-'di; 



«-^/M/e + /^.)-,-(^^)[e-^( ->] 



72 
W = L 2- as before. 

H the circuit w broken this amount of energy must be dis- 

aiKHl mid product's a sp'irk. 

69. Example. Tho shunt field winding of a 6-pole, 125-volt, 

r!*rt-cumrit ^»*tii*nitor hii^s 500 turns per pole and carries 12.5 

Sfunr^; Un^ rt'sistiince of the field winding is 7.5 ohms and the 

125 
g^Unci' of the fidd rh<*o«tat is -^ £ "" 7.5 = 2.5 ohms; and the 

rz per pi4e 19 6.3 X H)' lines; determine: 



I 
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(a) the inductance of the field winding; 

(b) the time taken by the current to reach yV f^ value and J 

full value, after the field switch is closed; 

(c) the initial rise of voltage, if the field circuit carrying a 

current of 12.5 amperes is closed through a resistance of 
25 ohms; 

(d) the energy stored in the magnetic field when the current is 

12.5 amperes. 

(a) The interlinkages of flux and turns with a current of 12.5 
amperes or 1.25 c.g.s. units is 

6 X 500 X 6.3 X 10«; 
therefore the inductance is 

^ 6 X 500 X 6.3 X 10« , «: . ^ ,«» * 

X = ToH = 15.1 X 10* c.g.s. umts, 

1.^0 

or 

L = 15.1 henrys. 

(b) At time t after the field switch is closed the current is, by 
equation 132, 

t = /(i-r^), 

where / is the final value of the current = 12.5 amperes and R is 
the resistance of the field circuit includmg the rheostat = 10 
ohms; therefore, 

i = 12.5(1 ~€"^V- 
Let time for the current to reach tV of full value or 1.25 amperes 

be ti sec, then 

1.25 = 12.5(1 -€-«-wi.) 

and h = 0.16 sec. 

Let time for the current to reach J value or 6.25 amperes be i% sec, 

then 

6.25 = 12.5(1 -€-«••«««) 

and fe = 1.05 sec 

(c) If the field circuit carrying a current of 12.5 amperes is closed 
through a resistance of 25 ohms, the initial value of the back 
voltage due to inductance is, by equation 134a, 

et = 125 ^^^^ = 437.5 volts. 
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(d) When the current is 12.5 amperes the energj- stored in 
e magnetic fickl is 

W = L^= 15.1 X~^ = 1460 watt^cconcK 

70. Example* Determine the inductance of the circuit in 
g. 71 eOEiwi?^ting of two pandlcl wires .4 and B carrying ecjual ' 
rmnts but in apposite directions. 

R ^ radiuM of each wire in centimeters. 

D = distance between cc^ntrt's in centimeters* 

A 




Fm. 71. Inductance of parallel lines. 

hen a current / c,g*s* units flowy in the wires iht^ field inten- 
f al the point P di*<tant x i m. from A and D—x cm. from B m 

2/ 2 / 

^ = — + jj _ JyneSi by equation 90, 

4 thi* flux density is 

2/ 2 / 
31 = ^C ^ — + f i --■ lines per square centimeter; 

f ftiat in a section of width dx and length 1 cm. is 

d^ = fB^/x lines; 
d the total flux k^tween the wnres jxr centimeter length is 

-2/riogx-log{D-j-)1 
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but only half of this flux surrounds each wire and therefore the 
iaductaace of each wire per ceotunetcr length is 



Li = -J- = 2 log — jj — e.g.a. units. 



(135) 



, The flux inside the conductor has been neglected, but its in- 
ductive effect can be calculated very easily ]f it is assumed tliat 
the current is, distributed uniforraly over the section of the wire. 
In Fig. 72 the Bection of wire A is shown enlai:ged. 




Fig. 72. Flux iuaide a LH>nductor* 
The flux density at distance x an, from the centre of A is 

where /' is the current inside the radius x cm, and its value is 

x^ 
r = /^^c.g.s. units. 

The flux in the ring of radius Xj width dx and length 1 em. is 

.. 27' 2Ix. ,, 

X it 

this flux surrounds only the current 7' and is equivalent to a 
smaller flux surrounding the current 7 of value 
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I tlw flux equivalent to the ilux inside the whole section is 

I Hid indllotaBee per centimeter due to the flux inside the con- 
tor in 

Xs = ^ = ^ c.g.s. units (136) 

Ti<* inductanco of each wire per centimeter is therefore 

X- A + Xi = 2kg^^jP? + |c.g.8.units, . . (137) 

the inductance per mile of wire is 
- 2,M X 12 X 5280^2 X 2,303 logio ^^ + O.S^lO-^henrys 

= /(K74logio^— -f 0,0805W»henry8 (138) 

1* The Sine Wa?e of Electromotive Force and Current. If 
coil abed in Fig, 73 rotat<\s with a constant angular velocity 
i tuuform magnetic field between the poles N and S, an alter- 




Fto* 73^ Gooitraliaii of an alternating e.m.f. 

iail e,ni-f, nill Ik? genernU^d between the terminals t and t\ 
Sdrriiift to the figurt* it can \w seen that in position (1) the e.m.f. 
emtcd tn the cuH h zvtq, i^'mee the conductors forming it are 
riiijf paraJlr^I to the linra uf magnetic flux and therefore are 
axiUiip tiiitu; in |Kisitiun (2) it is positive and increasing; in 




I) '> i . 
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(3) it is positive and has reached its nfiRYimnm value since the 
conductors are cutting perpendicularly across the flux; in (4) it is 
positive and dc*cre;ising; in (5) it is zero; in (6) it is negative and 
iiHireasing; in (7) negative and maximum; in (8) negative and de- 
creasing and in (1) is zero again, having gone through one com- 
plete cycle* This cycle is represented in Fig. 73. 

If * = the maximum flux inclosed by the coil, n = the number 
of turns on the uuil and w = the angular velocity in radians per 
second^ then at time t sec. after the position of maximum in- 
closure the coil has moved through angle 6 = ot radians, and the 
flux inclosed is 

<t> = ^ cos (at; 

the e.m.f. generated in the coil at this instant is 



e = — n^($coswO 

= (OTV^ sin o)t absolute units 
= «n$ 10~® sin o)t volts. . 



(139) 



When fl = rt J the e.m.f . has its maximum value 



and therefore 



Eo = am* 10-« volts, 
e = Eo sin cat; . . 



(140) 

and the e.m.f . generated in the coil varies as a sine wave. 

The number of cycles through which the e.m.f. passes in one 
second is called its frequency and since one cycle represents 360 
electrical degrees, the frequency may be expressed as 



/ = 2^ cycles, 



(141) 



and therefore 



0) = 2irf. 
Substituting this value of w in equation 139 gives 
e = 27r/n4» 10-8 sm 2Tft 
= Eo sin By 

where = 2 ir/f is the angle turned through in time t sec. after the 
position of zero e.nuf.; the maximum value of the e.m.f. is 

^o = 27r/n<l»10-«volts (142) 



^ 



r- 
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1 a two-pole alternating-current generator one cycle corre- 
ids to one revolution of the coil and 

/ = rev. per sec, 

one electrical space degree is equal to one mechanical space 
•ee. With a p-pole alternator the e.m.f. passes through one 
e for each pair of poles and the frequency is 

/ = I rev. p)er sec, 

ont> i^kn^tneal space degree is less than one mechanical space 

'7 

m m the ratio-- 
P 
a iion4nductivc^ resistance of R ohms is connected across the 




Flo, 74. Ht'^'u^tance in alternating-cuiTent circuits. 



mmJtH uf the coil rn Fig. 74 an alternating current will flow ui 
ml of inslantaiii?ous value 



R 



Eo sin 6 



R 



Eo:^ 



= Jo sin d. 



re 7o = -^ is the maximum value of the current. 



. (143) 
The cur- 



and voltage waves pass through their zero and maximum 
les together and are therefore in phase. They are represented 
ihe t^'i rune^ in Fig. 74, 

L The Average Value of a Sine Wave. The average value 
he ordmat« of a sine wave i = Jo sin d can be found by in- 
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U^gratiog over one-half wave; it is 

1 C' 

hvv ^ ~ I -^0 sin ^ cte 



= -"[l + l]=?/o = 0.637/0 (144) 

2 
that is, the average value of the ordinate of a sine curve is - 

t\mvi^ tht: maximum ordinate. 

73. The Effective Value of a Sine Wave. The effective value 
of iin altonifiting current is the value of continuous current which 
wou]d hn\o tlie same heatmg effect. 

WIk'O im alternating current i = Iq sin^ flows through a 
rcsistanci* R, energy is transformed into heat at the instanta- 
neous rate i^R watts; the average rate of transformation of energy 
is 



= ^r(l-cos2^)(» 
7o*Rr sin2fl1' 

=-27r"~2-j. 



-f-{^h <-) 

thu^ the lUt* mating current i = /o sin d has the same average 
l^ratiug vSevi or consumes the same average power as a con- 
tinuous rum^nt — ^ ; the value / = — ^ is therefore called the 
V 2 V 2 

effective vsJue of the alternating current i = /© sin d. 
The effecti\T value of the alternating e jni. 6 = ^o sin ^ is 



\2 



(146) 



Th^ efft^th'ie \'alue of any alternating quantity is the square 
iKMi %J Uh* mmn of the squjueil instantaneous values taken over 
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X)mplete cycle; it is equal to the maximum value divided by 
)nly in the case of sine waves. 

temating-current voltmeters and ammeters indicate the 
bive values of voltage and current regardless of the wave 

. laductauce In Alternating-current Circuits. When a cur- 
flows ill a conductor a magnetic field is produced in the space 
lunding it; as long as the current remains constant this field 
not react on the rk^ftric circuit, but when the current varies 
]iDt linking uith the circuit also varies and induces in the 
ucu^r an e.m.f. opposing the change in the current and con- 
•ntly tlie change in the flux. This action is due to the 
ia of %he magnetic field and is analogous to the action of the 
iet*l in mechanics. The inertia of the fljrwheel opposes any 
ge in speed just as the inertia of the magnetic field opposes 
change in current. Energy is stored in the fljrwheel as the 
1 iacreages and given hack as it decreases and the only loss 
ergy Is tliat due to frirtion. Similarly energy is stored in the 
letic field as the curniit increases and is returned to the elec- 
eircuit as the current decreases, and the only loss of energy 
it due to hysteresis and eddy currents in the iron parts of the 
letie rircuit. 
(e euci^^ stored in the fljrwheel is 



^-'i. 



(147) 



e 7 is its moment of inertia and w is its angular velocity. 
le oiergy stored in the magnetic field is 



IT = -^ watt-seconds, 



yt Lis tlie inductance of the circuit in henrys and i is the 
■fit in aiBpcrc:^, 

le inductance of the coil opposes the change in current by 
riUQg a beick e.m.f . 

^=-^di- 
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If an alternating current i = Jo sin ^ = /o sin 2 rft is flowing 
through a circuit of inductance L hemys and negligible resist- 
ance an e.m.f. of inductance will be set up 

r di 



= -L^(/osin27r/0 

= -27r/L7oC08 2T/i 

= 2irfLIo sm (2Tft - 90); 



(148) 



it is a sine wave of e.m.f. lagging behind the current wave by 
!*0 degrees. (Fig. 75.) 




Fig. 75. Inductance in alternating current circuits. 

In order to drive the current through the circuit an e.m.f. 
must be applied to the terminals^ which at every instant will be 
t'qual and opposite to the back e.m.f. e^; its instantaneous value 
b 

c=-6fc = 2ir/L/osin(2ir/< + 90), . . . (149) 

!i sine wave of e.m.f. leading the current wave by 90 degrees. 

This e.m.f. is consumed by the inductance of the circuit. Its 
maximum value is 

Eo = 2TfLIoy (150) 

where the term 2t/L is called the inductive reactance of the 
firouit and is denoted by A". It is of the nature of resistance and 
h expressed in ohms. 
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lus, in a circuit of reactance und negligible resistance the 
ixs«*d c*m*f, is 90 degrees ahead of the current, or the cur- 
lag3 90 degree* Ix-hincl the impressed e,mi, 
. Resistance and Reactance in Series. If a cireuit con- 
\ a rc*si®tance 12 and a reactance X in series and carries an 
tialing curnmt i = To tsin 2 irft^ determine the vahie of the 
vsmd e.mi. and its phase relation with the current (Fig. 76-) 






Carre ©,e=1tH-L|| 






^^-/oar*^ (i). er-L ^ 






^ j\ Our™ ®. fiir-'lR 


y7 




\,,^^-V^.Sj/CQr« QXiV 


/7 


X' 


'YxV y 


1 


w/L 


■ A^^\\Q 


V ' J^" 




Oarre # C * L ffNT j/ 


^ 



KiG, 76* Iti^Unoe and reiustajiCT^ b acrLua, 

drive a curreot i = /o sin 2 r/f (curve 1) throngh a resist- 
\ R ftd e,mJ. is required efjual to 

€r = %R = hR sin 2r/i (curve 2)» 
i€ wmve in pknm with the current with a mtixiunim value 

he indiietanc4» of the circuit sets up a back e,m,f,, 

^ = -L^ ^ 2ir/L/,sin (2t/« - 90) (curve 3), 
at 

\Mt %'^ve Ug^ng 90 degrees behind the current with a maxi* 
6 valui^ 2 t/ZJo = I9X. 

ovcfcomc til is back e.m,f. due to induetAuce an e*nji. 

1 be tmpressed on the circuit equal and opi>osite to c^. 

» /♦ X sin (2 wfi + 90) (curve 4), 
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This is a sine wave 90 degrees ahead of the current wave, with a 
maximum value lax and is the e.m.{. consumed by the reactance 
in the circuit. 

The instantaneous value of the impressed e.m.f. (curve 5) is 
the sum of the instantaneous values of Cb and e,, thus 

e = eR + ex = Ri + L^ (151) 

= Jo /2 sin2ir/« + loX sin (2ir/t + 90) 
= IoRBm2Tft + loX coa2irft 
= loiRsmS + XcoaS) 

= /nVfl^-fX^l y =8ing+ / cos d] 

= IoZ&n(e + <l>), . ' (152) 

where Z = VR*+X^ is called the impedance of the circuit and 
is expressed in ohms and 4> is the angle of lead of the impressed 
e.m.f. relative to the current. 

sm ^ = y rand cos ^ = 



Vr^+x* VW+x^ 

The impressed e.m.f. is therefore a sine wave leading the cur- 
rent by an angle ^. Its maximum value is 

Eo = 7o Vr^+X* = 7oZ, .... (153) 

and its efifective value is 

« 

V2 \/2 

where I is the effective value of the current. 
The component of E in phase with the current is 

E 
El ^ IR ^ -^R ^ E CQ&4>) 

and the component of £ 90 degrees ahead or in quadrature ahead 
of the current is 

£, = 7X=|x=:Bsm<^. 
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76. Capacity in Altemating-current Circuits. The charge 
on a ccmdenser or the quantity of electricity stored in it is pro- 
portional to the difference of potential between its terminab; 
thus, 

where q is the charge, 

e is the difference of potential between the terminals, 
and C is the capacity of the condenser. 

A condenser has a capacity of one farad when one coulomb 
of electricity stored in it produces a difference of potential of 
one volt between its terminals. 

If an alternating e.m.f . 6 = -B© sin 2 ir/l is impressed on the 
terminals of a condenser of capacity C farads, a current % flows. 
At any time t the charge on the condenser is 

but the charge is the amount of electricity which has flowed into 
the condenser and its value is 



'= / i(ft. 



and therefore 



/ 



Differentiating with respect to t gives 

and substituting the value of e, 

1 = C^(Eosin2ir/0 

^2irfCEoCOs2irft 

= 2 irfCEo sin (2 irft + 90), . . . . (154) 

and thus Hie current flowing into the condenser is a sine wave 

leading the impressed e.m.f. by 90 degrees. Its maximum value 

is 

Io = 2TfCEfi 

= f, (166) 




<151) 
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TV mj»tan^ value of the imp,^d e.m.f. (air« S) k 
*• .iMKrf the mBtontaneous values of «|, aade, thus 

«-«* + «x = fit + i|" .... 

» /o /Jain 2ir/( + UX sm (2rft + 90) 
= /♦ R sin 2 Vi + /».¥ cos 2 »/( 
■•/•(«6m« + Xcos9) 

-/„Z6m(ff + ^) ^j^ 

Tl... i,,.,.r,.H««l ,..m f. is therefore a sine wave leadiag the «u^ 
i> <•< l.y <ui .iflKl.. 0. Its maximum value is "« »oe «u- 

Ao^/oVfl^+X*^/^. .... (J53J 
"•"'I iIm t'fft't'tjvi. value is 

V2 V2 ~ ^' 

«lu;r.. / in (lu. pfr,viiv,.- valu^. of the cumnt. 
I lu' .ominmont of E in pha* with the curmit a 

*•• = '« = !« = ««»♦; 

if*. 



*-/x = |A.= r, 
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. Capaci^ ux Altemating-current Circuits. The charge 
iM)ii(if^i^^r oT the iiuajitity of electricity stored in it is pro- 
omil to the difference of potential between its terminals; 

q^Ce, 
e g is the charge, 
e m the difference of potential between the terminals, 
C IB the capacity of the condenser. 

ctmdenBer has a capacity of one farad when one coulomb 
ectridty stored in it produces a difference of potential of 
wit between its terminals, 

an alternating e.tn,f , e = Bo sin 2 ir/l is impressed on the 
imJii of a condenst^r of capacity C farads, a current % flow s, 
ny time t the charge on the condenser is 

q = Ce, 

the charge is the amount of electricity which has flowed into 
-■ondenser and its value is 



'^ Cidt, 



thfjofore 



/ 



idl^Ce. 



^itntiating witli respect to t gives 

eubstituUnK the valuta uf e, 

=■ 2irfCEaC082irft 

= 2T/CBo8m(2ir/« + 90), .... (154) 

Unui tbe current flowing into the condenser is a sine wave 
ins tlte inaptcsed c.m.f. by 90 degrees. Its maximiiin value 



h = 2t/C£« 



(155) 



I 



i. 
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where cr = iR is the e.m.f . consumed by the resistance of 

the circuit, 

di 
ex = L-TziB the e.m.f. consumed by the inductance of 

the circuit, 
ex, = ^ is the e.m.f . consumed by the capacity of the 
circuit. . 
Assuming that the impressed e.m.f. leads the current by angle 
4>, its equation is 

e = Eosm{2irft + <l>), (159) 

and 

Eo8m{2irft + 4>)^Ri + Lj^ + ^ 



^Ri + L-^ + ^, . (160) 



Differentiating with respect to t, 

dt^ di 



2ir/£oCOs(27r/< + *)=ii$,+ L^' + ^, . (161) 



but 

di dH 

i = /osin2ir/<, ^ = 2 tt/Zo cos 2 ir/< , "jii = — (27r/)*/osin2ir/i 

when t = 0, i = 0, ^ = 2ir/7o, ^2 = ^> 

when 

t = 2^/ ^ i=/ocos<^, ^ = 2ir/7osin<^, ^ = - (27r/)2/oCOS<<>. 

Substituting these values in equation 161, when t = 0, 
2irfEoCOS<t> = 27r/K/o, 



and 



when t = 



£^0 R 



/o COS ^ ' 



(162) 



= 2ir/K/osin<^ — (2ir/)VoCOS<^ +->?cos^, 
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J2 sin ^ =2 t/L cos ^ — s— j^, cos ^, 



(tefore, 



2ir/£r - 



sin^ = 

C06^ = 



2ir/C 



ft 

ft • • ■ • 

Vft» + (.Y-JC«)*' 
ft 



■\/ft« + (Jf-.Y.)»* 
i from equation 162 



(les) 

064) 
(165) 



/o COS (^ 



= Vr+(X-A%)' -Z, , . (166) 



ejt* 



t\w impedanec of the circuit. 




Fio. 79, Sioewave. 

riw? iiDpreseed e^m.f. is thereforo a Blue wtive of miixtmtiin 
\m E^^ I^. ^ r^ V/^» + (X - A%}S and leads ttie current 

Y — X 

i*e by m angle ^ = tan^* * — ^^' 

tf X, > Xt ^ is negative and the impressed i\mJ. lags behind the 
rrmt 

W A\-X, <^ = and the e,mi, is in phase with the current, 
J tbf imfK^hmee of the circuit m Z = B. 
f^ Vfcctor Representation of Hannanic Quantities. A sine 
iVt ttmj- \x* olHained from a circular locus as shown in Fig, 79. 
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The radius of the circle is the maximum value of the sine 
function and is called its amplitude. If the radius vector is 
rotated at uniform angular velocity w in the counter-clockwise 
direction, its vertical projection at any time t\s 

y = Rainwi = RsinSy 

where time is measured from the horizontal. Plotting the values 
of y on SL base of angle for a complete revolution of the radius 
vector gives the cycle shown. 
To represent the sine function 

e = Eosm 6, 

a circle of radius Eq is taken and the vertical projections of the 
H'volving vector are plotted on base of angle 6. (Fig. 80 (a).) 




Fia. 80. Vector representation of harmonic functions. 




'i\) rc^prescnt a sine function 

i = 7o sin {d — 4>), 

u vWvU^ of radius 7o is taken, but since i does not pass through 
iiMo until angle 6 = <l>, the sine wave is displaced to the right by 
fiti^lo ivH nhown and the e.m.f. wave e = EosinB leads the cur- 
t( III. wave* i = /o sin {0 — <^) by angle <!>, Instead of using com- 
j»hi|n circloH to represent sine waves, their radii Eo and 7o can be 
kimmI iiH ill Kig. 80 {b) or since alternating quantities are repre- 
utiitiMl by th(Mr effective values instead of their maximum values 
(4*0 two vtu^torH OE and 07, Fig. 80 (c), are used to represent the 

E 

I wo wliMi wavtiH in Fig. 80 (a). OE = E = —^ ^^ ^^ effective value 



^ 
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the emS^ e = Eq sin 6, and 01 = I = -7= is the effective 

V2 

Jue ot the current i = /© sin (^ — ^). The vector 01 is be- 
tid the vector OE by angle 4* and so indicates the relative phase 
the two quantities. The counter-clockwise direction is taken 
the direction of advance in phase since it was adopted at the 
ternational Electroteclmicol Congress at Turin and is now 
mrkrd. 

80» Power and Power Factor. In continuous current cir- 
Jt^ the power consumed i^ the product of the impressed e.m.f. 
d the current, and is 

P = EI watts (167) 

alternating-current circuits the power varies with time; its 
itantaneous value is 

p = ei watts, (168) 

iere e and i are the instantaneous values of the e.m.f. and 
m^nt in the circuit. 




Ficj, ai. Power in a non-inductive circuit. 



Two eases will be considered, first, when the current and e.m.f. 
^ in phase and, i*econd, when the current lags behind the e.m.f. 
Cose /, If an e.mi. c = Bo sin ^ is impressed on the terminals 
a circuit of resii^tance R a current i = 7© sin ^ will flow in 
lase with the e.mX 
The bstantaneom power in the circuit is 

p - ei - Eo 7o sin«^ = ^ (1 - cos2^). . . (169) 

tie valu£8 of e, t and p for a complete cycle are plotted in Fig. 81. 



114 



ELECTRICAL ENGINEERING 



The power varies with twice the frequency of the current 
from to EqIo, but never becomes negative. The area beneath 
the power curve represents the energy consumed in the circuit 
during one cycle. 

The average power is 

-^[^ 2-J 



2 



Eo 7o _ i-Tj. 
—j=z»—pr = EI; 

V2 V2 



(170) 



therefore, the average power in an alternating-current circuit is 
equal to the product of the effective values of the e.m.f. and the 
current, if they are in phase. 
Since 

P = E7 
and 

£ = /«,' 
therefore, 

P--PR, (171) 

and the power is equal to the square of the effective value of the 
current multiplied by the resistance. 

Case IL If an e.m.f. e — Eo sin 6 is impressed on a circuit 
contaming a resistance fi, and an inductive reactance X, the cur- 

X 

rent will lag behind the e.m.f. by an angle 4> = tan""* -^ and its 

instantiineous value will be 

i = /osin(^ -- 4). 
The instantaneous power in the circuit is 

p = ei = EqIq sin sin {0 — 4) 

IP T 

«)j. . (172) 
The values of e, i and p for one cycle are plotted in Fig. 82. 



= ^''{C08*-C08(2tf 
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EtJ 
fe HiBJcimum value of power m -^- (1 + cos ff)^ which is leas 

m \n Ca^ I, and the power curve falls below the base twice in 

P 




Fto, S2. PowKsr iu an Uidiictivo circuit. 

»d cycle, Thfl energy corisuineil per cycle is the differenco 
l»twe*!D ibe poeiitive and negative areas intercepted by the power 

'The average power is 



}d$ 



**■ Jo 

EoloT 



IT • COS ^ — 



2 

sia ( — ^) 



sin ( — 



*)] 



= -g- cos <i 

^fr/cos*; (173) 

m^m^^ the average power is the product of the effective valuea 
I the luni* and current multiplied by live eosine of the angle of 
ha* Mereaee between them. 
Rum the vector diiigram, in Fig, 82, it is seen that 

Ecos<^ = El = IR, 
«kd UkPi^cire the power is 

P = EJ = PR, 



1I« 
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amd h equal to the in-phase component of the e.m.f. multiplied 
hf the current or is equal to the square of the current multiplied by 
the nmisUmce of the circuit as found in equation 171 ; thus, all 
the power consumed in the circuit is consiuned by the resistance. 
Bnctaacf* or self-inductance does not consume power since the 
r^ stored while the current is increasing is given back while 




-*E 



FiQ. 83. Power in an inductive reactance. 

it m derroasing and the e.m.f. consumed by self-inductance is 
ft wnltU^ss t*«m.f. Similarly condensive reactance does not con- 
Bxmw i^Hiwrr since the energy stored while the e.m.f. is increasing 
i» givrii hiivk to the circuit while the e.m.f. is decreasing and the 
ihmJ* con?^amed by condensive reactance is wattless. 




Fia. S4. Power in a condensiye reactance. 



Thesp n suits are illustrated in Fig. 83 and Fig. 84. 

In Vlg. S3 are plotted the values of e, i and p for an inductive 
tnrcult without resistance in which the current lags 90 degrees 
hrhind tbr impressed e.m.f. The power curve cuts oflf equal 
mt^m ub<n and below the base line and therefore the average 
pQVivr \\A lero. The area below the line represents the energy 
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baek by the magnetic field while the current is decreasing 
itK maximum value lu to zero and the area above the line 
eeote the energy stored in the magnetic field while the cur- 
ia incri'asing uguin to its maximum value. The amount of 

y k each c<iee is L -^ watt-seconds. 

Fig, M are plotted the values of e, i and p for a circuit con- 
}g n eomie»i?tive reactance but without resistance. The cur- 
ieivds the impres-sed e.mi. by 90 degrees and the average 
f U afoain »pro, m that no energy is consumed in the circuit. 
;Kjisjti%'e area cut oil by the power curve represents the energy 
i in the electrostatic field of the condenser while the e.m.f. 
civjA«ng and the negative area represents the energy re- 
d to the circuit while the e.m.f. is decreasing. The maxi- 

amcunt of energy in each case is C-^ watt-seconds where 

the maximum e*m.f. 

;. 8S illustrates various methods of representuag the power 

'ire»it; in (a) it is the product of the impressed e.m.f., the 






eJx 



1 ^r^' 



FiQ. 85. 



Ei-IR-EOm# 

Power tri dtemating-current circuits. 



sil oad thv eosine of the angle of phase diflference between 

k 

*P^ EXlXcos4>; (174) 

) it 10 the product of the current and the in-phase component 

P^IXEvm^ = IXEi = PR; . . . (175) 

Hi In Ute pnxluet of the e.m.f. and the in-phase component 
teum*iit, 

P^ EXlcosiff (176) 

le apparent fiower lu a circuit is the product of the impressed 
A Wd the current and is expressed in volt amperes or kilo- 
unpeica 



^ 
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The power factor of a circuit is the ratio of the true power to 
the apparent power and is 

P EI cos <l> ^ ,,„, 

Ei^~~Er"^''''^*'^ ^^^^) 

therefore, the power factor is the cosine of the angle of phase 
difference between the current and the impressed e.m.f.; it is 
usually expressed in per cent and may be either leading or lagging. 

When the current is in phase with the e.m.f., the power factor 
is unity or 100 per cent. 

When the current leads the e.m.f. by 60 degrees the power 
factor is 50 per cent leading, since cos 60° = 0.5; when the current 
lags behind the e.m.f. by 60 degrees the power factor is 50 per 
cent lagging. 

The sine of the angle of phase difference between the current 
and the impressed e.m.f. is called the inductance factor of the 
circuit. 

81, Examples. (1) If an alternating e.m.f. of effective value 
E is impressed on a non-inductive circuit of resistance ft, a cur- 
rent / will flow in phase with the e.m.f., where 

^ R 

The vector diagram is shown in Fig. 86. 

(2) If an alternating e.m.f. E is impressed on a circuit of re- 

E 

a<;tance X and negligible resistance, a current I —y will flow 

lugging 90 degrees behind the e.m.f. (See Fig. 87.) 

(3) If an alternating e.m.f. E is impressed on a circuit of re- 
sistajice R and reactance X, a current I will flow lagging behind 
the e»m.f. by angle <^, where 

tan = "5 * 

The vector diagram for the circuit is shown in Fig. 88. The 
e^m.f. consumed in the resistance is Ei = IR volts in phase with 
tint current and is represented by the vector OEi, 

The e.m.f. consumed by the reactance is E2 = IX volts leading 
tlif* (current by 90 degrees represented by OB2. The impressed 

e.mi. ihOE = E and is the vector sum of Ei and E2; therefore 

E= VeJ+e? = VjS' +7x' = iVWTx^ = iz, 



1 
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Fia. 86. 



Fiq. 87. 






Fio. 88. 



X. 



Fia. 89. 



1 » 

£ El — I — ^t 



l la. 90. 



■^I 





-^I 



i 
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where 

Z = V 

(4) Fig. S 
condenser o 

pressed on 

leading th(^ 

(5) Fig. 
sistance R 

The e.ni 
phase with 

The e.ii 
lagging 90 

The imi 

lagging b< 



2 ^iri*-r: •TL. l 



(6) If u 
taining a 

eondensi\ 

the magi, 
vector di. 

01 = 

OEi = 

in phase 

0^2 = 

actance n 
OEz = 

actance :i 
0£= J 

e.m.f. coTi 

three con. 

<l>; theref(' 




^ - ^x'lini^^^^' 
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m the v«tor diugram 



liratis £ by an angle ^, where 

/, -7,_1/Xe-1/X 



tan^ — 



/i 



1/ft 



lie impiidance of the circuit is 



[>) Ftiwl thi^ tnugiatudes uf the currents in the various parts 
hi* fjfeuit II) Fig, 94 and their phase relations with the im- 

I 



T' 




s 



and lagi^ behind the impressed e.m.f. by an 

Y 
lb ^, whtm Un ^ = y ; 

S 

t * --=z^^==^r and ItiadB thi* LMn.f. by an angle ^, where 



vw+x? 






» v^/i* + /i' + 2 /j/j c^9 t^i + 0i) (see vector diagram) and 
I blimd tile e*m.f. by an angle <^, where 

tan A = (l55_*L_": j^2_?!5^ 
/i cos^i -f /iCOS^' 

Ihfr powi^ eooBTiraed m tlif! circuit is 

-= h^Hi + h^n^ watts. 



( 
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82. Numerical Examples. (1) If an alternating e.m.f. of 200 
volts at a frequency of 60 cycles per second is impressed on a 
circuit consisting of a resistance of 10 ohms in series with an in- 
duckmce of 0.1 henry and a capacity of 100 microfarads, (a) deter- 
mine the current in the circuit and its phase relation with the 
imprt'ssed e.m.f., (b) the e.m.f. consmned in each part of the cir- 
cuit, (c) If the impressed e.m.f is maintained constant and the 
fr^uency is varied determme the maximum value of the current. 

(a) The inductive reactance of the circuit is 

X = 2t/L = 2 X 3.14 X 60 X 0.1 = 37.6 ohms; 
the cundensive reactance is 



X.= 



1 



w 



2t/C 2X3.14X60X100 



= 26.4 ohms; 



the impedance of the circuit is 
Z = VR^ + iX- XcY = VlO* + (37.6 - 26.4)* = 15 ohms; 



and therefore the current is 
E 200 



^=S 



15 



= 13.3 amperes. 



The current lags behind the e.m.f. by an angle 4>, where 
X-Xc 37.6 - 26.4 



tan0 = 



10 



= 1.12 



and 



R 
= 48''18'. 

(b) The e.m.f. consumed in the resistance is 

Ei = IR = 13.3 X 10 = 133 volts; 

the e.Qi.f. consumed in the inductive reactance is 

£, = /.XL= 13.3 X 37.6 = 600 volts; 

and the e.m.f. consiuned by the condensive reactance is 
E» = IXc=^X 26.4 = 350 volts. 

The impressed e.m.f. is 

E = VEi* + {Et - E»)* = Vl33* + (500 - 350)* = 200 volts. 

The vector diagram is shown in Fig. 95. 








ind imm 






rjnJ- 



wiOithciB 

rbeeJiLf.ooi-iiiiiidii^U« 

K, «/R- 20X10 =^30"^^^- 

^ = [X = 20 X2 X 3.U X ^ X Kh\ 



jiCkfi 



the e^. eo»«u«d in the condensive m«.t.^HV .* 
& - IX. = 20 X — ^'^^Ul 



s. 
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The vector diagram for the circuit is shown in Fig. 96, and the 
current and e.m.f. waves are shown in Fig. 97. A series circuit 
in which the inductive reactance and the condensive reactance 
are equal at a certain frequency is said 
E, -ix-et8T.il. to be in a state of resonance for that 

frequency. In commercial circuits the 
capacity is usually so small that reso- 
nance cannot occur at ordinary frequen- 

^ j-ioAm-wi ^j^^ j^y^ when any high frequency e.m.f.'s 

E-Ei-iR-jooT*. ^^Q produced in the circuit resonance may 

occur and very large e.m.f.'s may appear 
and break down the insulation. 
' E,-ij{««M8v.i«i (2) If an alternating e.m.f. E = 200 

Fig. 96. Resonant circuit, volts at a frequency / = 60 cycles per 
second is impressed on the circuit in Fig. 
98, determine the value and phase relation of the main current 
and the currents in the three branches. 

The first branch is a resistance B = 40 ohms; the second 
branch is an inductance L = 0.1 henry and has a reactance 
X = 2TfL = 37.6 ohms at 60 cycles; the third branch is a ca- 
pacity C = 100 microfarads or 10~* farads and has a reactance 

Xe = o— TTy = 26.4 ohms. 

The current in the resistance is 

^ £ 200 ^ 

/i = ^ = ^ = 5 amperes, 

in phase with the impressed e.m.f.; the current in the inductive 
reactance is 

Y ^ 376 ^ amperes, 

90 degrees behind the impress^pcl o.m.f.; the current in the con- 
densive reactance is 

90 degrees ahead of the impreHsed e.m.f. 
The main current is 
/ - V/j^+t/i-ia)' = V5* + (5.3 - 7.6)2 = 5.5 amperes, 
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leading the impressed e.m.f . by an angle 0, where 



and therefore 



i. 1 Iz ~~ I2 2.3 ^ .^ 
tan 4> = — J — = "F- = 0-46, 

</» = 24*^42'. 



If the e.m.f. impressed on the circuit is maintained constant 
and the frequency is varied find the magnitude of tfie main cur- 
rent when it is in phase with the e.m.f. 

The current at any frequency is 



/ = vjx« + (/, - hy 






the angle of lag of the current behind the e.m.f. is 

^ , ,7,-7, , _, \/X - \/Xr 
^^tan-'-^^=tan^ 1/fi 

Wlien the current is in phase with the e.m.f. 



= and X = X, or 2 x/L = 
the frequency is therefore 
1 



1 



i = nzh^- 



2Ty/LC 2X3.14V.1X10 
The mwi current at a frequency of 50 cycles is 

r 7 ^ 200 _ 

7 = 7i=^=^ = 5 amperes; 

the current in the inductive reactance is 

200 



2t/C' 

= 50 cycles. 



7 -^- 



X 2 X 3.14 X 50 X 0.1 
the current in the condensive reactance is 
E 200 



= 6.36 amperes; 



7, = ^ = 



1 



= 6.36 amperes; 



2 X 3.14 X 50 X 10-* 
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id the current in the lead between the first and second branches 
aero. 

(3) If an alternating e.m.f. E of the wave shape shown in Fig. 
(a) is impressed on the terminals of the circuit AB find the 
rrents in the various branches. 

The e.m.f. wave consists of a fundamental sine wave of eflfective 
Jue 100 volts at 50 cycles and a fifth harmonic of efifective 
Jue 10 volts. 




i! id) 

FondamenUl Oarreata 
and B.M.F. 



Fifth Hannoalo 
Oanent and ICIf.F. 



FlQ. 99. 



The resistance of branch (1) is 10 ohms; the reactance of 
ranch (2) is 10 ohms at 50 cycles and 50 ohms at 250 cycles; 
le condensive reactance of branch (3) is 10 ohms at 50 cyclen 
id 2 ohms at 250 cycles. 

The current /i in (1) consists of a fundamental of W- = lU 
nperes and a fifth harmonic of H = 1 ampere in phase willi 
leir respective e.m.f. 's. 

The wave shape of the current in the resistance is the same as 
lat of the impressed e.m.f. 

The current 1% in (2) consists of a fundamental of W = '** 
nperes and a fifth harmonic of i% = 0.2 ampere in quadrature* 
?hind the e.m.f. 's producing them. The fifth harmonic is nut 
?arly so prominent as in the resistance circuit and thus reatt* 
ice tends to smooth out irregular waves and make them mur*^ 
?ariy approximate to sine waves. 
The current /j in (3) consists of a fundamental of \%^ = 10 
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(2) The reactance of a circuit consumes a component of e.m.f. 
in quadrature with the current, leading in the case of circuits of 
large inductance and lagging in circuits of large electrostatic 
capacity, but it does not consume any power. 

The inductive reactance of a circuit is 

X = 2 wfL ohms, 

where / is the frequency of the impressed e.m.f. and L is the in- 
ductance in henrys. Commercial circuits are operated at a fixed 
frequency and so / is constant. 

The inductance of a circuit in air or any non-magnetic material 
is constant but in an iron-clad circuit it varies with the current, 
decreasing as the current increases since the permeability of the 
iron decreases as the flux density in it increases. 

Since inductive reactance consiunes a component of e.m.f. in 
quadrature ahead of the current it is taken as a positive reactance. 

The condensive reactance of a circuit is 



Xc = 



1 



2t/C 



ohms. 



where C is the capacity of the circuit in farads. The capacity of 
a circuit does not vary with the current or e.m.f. and thus the 
condensive reactance is constant so long as the frequency is con- 
stant. 

Condensive reactance is taken as a negative reactance since it 
consumes a component of e.m.f. in quadrature behind the cur- 
rent. Thus when inductive reactance and condensive reactance 
are connected in series they oppose and the reactance of the 
circuit is 

X= Xl - Xc= 2t/L - 2^ohms. 

In series-parallel circuits the reactance is a complex function of 
the resistances and reactances of the various branches. 
The reactance of any circuit is 



X = 



wattless component of impressed e.m.f. 



current 



_ quadrature component of impressed e.m.f . 
"" current. 



(179) 
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() The impedance of a circuit includes both the resistance and 
ntictance; it is 

Z = v'BMTjT* = i'^P'-f sf_d_^;'°f- . . . (180) 



current 



[) The admittance of a circuit is 

current 



K = 



(181) 



(182) 



impressed e.m.f . ' 
Ftkt rrt^iprocul of the impedance and thus 

V- _ 1 _ ^ .... 

' z Vr^ + X^ 
lilt admittance has two components, conductance and sus- 

Ig. 101 shows a circuit of impedance Z = VR^ + X' in 
th the current lags behind the impressed e.m.f. by an angle 



t R 



I"'" 




h-Ei-EOoa^ 



Fig. 101. 



Thr current / can bt* resolved into two components in phase 
b quiulniture witli the impressed e.m.f. E, The in-phase or 
vr cumpoDc*Qt of current is 



nt 



E R 

/i = / cos <f> = ^ cos = B «5 = EG, 



R 



^"Z^^H^+X^ 

m eagyiuctante of the circuit. 

be qtimlrainrLt or wattless component of current is 

E X 

/i = Isiufb = ^sin<^ = £^ = EB, 

e fttecpptance of the circuit. 



(183) 
(184) 

(185) 
(186) 



( 
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The total current 



/ = Vi^2 + j^2 ^ VeG^ + EB^ = E v'g* + BS 
but, by equation 181, / = EY, and therefore 

Y = V(?2 + B^ 

(5) Th(» ccmductance of a circuit is, from equation 184, 



(? = 



power component of current 



impressed e.m.f 
(6) The susceptance of a circuit is, from equation 185, 



B 



wattless component of current 



(187) 
(188) 

(189) 



impressed e.m.f. 

In the solution of series circuits it is not necessary to employ 
the t^rms admittance, conductance and susceptance but the 
Hiilution of series-parallel circuits is very much simplified by their 
Uj5e. 

84. Example. In the circuit in Fig. 102 determine the main 
riirrt rit nntj tlie currents in the two branches in magnitude and 
pluLsr n^hition with the impressed e.m.f. 



i«|r. 




(1) 
(2) 



Fig. 102. 

(I) Using the constants R and X: 
E 



/2 = 



VRi" + Xi* 
E 



tan 01 = -g^ ; 



VW+X? 
tfiiPii tin* vtjctor diagram 

m 

Hrul 

(4) ina 4> = 



tan 4>t = 



_X2. 



ft' 



/ = V/x2 + /2' + 2/1/2 COS 

/i sin 01 + I2 sin <t>2 



^^. 



') 



I\ COS 01 + 1% sin 02 
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ubstituting values obtained from (1) and (2) in the equations 
and (4) the magnitude and phase relation of / can be obtained. 
II) Using the constants G and B: 

Ii = £VGl2 + Bl^ tan«i = ^; 

h ^EVG?TWy tan<fe = ^'. 
►m the vector diagram 

/ =BV(Gi + G2)2+(Bi + f^2)* 
B1 + B2 



I tan 4> ^ 



Gi + Gi 



S. Rectangular Codrdinates. The simplest method of deal- 
with alternating-current phenomena is to express the e.m.f/s, 
rents, etc., as the siun of two components, one along a chosen 
; and the other perpendicular to it. 

n Fig. 103 which represents the e.m.f. and current in a circuit 
mpedance z = V r* + x* the axis is chosen in the direction of 



r 



>-=-AAAA/^^ 1 E Q <i-lc<Mi^-Ey ^ p 



ei 



0- 



Fig. 103. 



e,-E8In^-Ix 
I 




t,-I Sin f 
' -E6 
I 



current and the e.m.f. is resolved into two components, ei in 
se with the current and ej in quadrature ahead of the current, 
he absolute value of the e.m.f. is 

E = Vei« + e2^ 

it leads the current which was chosen as axis by an angle ^, 

re tan ^ = - • 

ei 

hus when the e.m.f. is expressed as the sum of two components 
ight angles both its magnitude and its phase are known. 
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To distinguish between horizontal and vertical components 
the prefix j = V— 1 is added to all vertical components and 
the expression for the e.m.f . above is 

E = €1+362 (190) 

The dot is placed under the E to show that it is expressed in rec- 
tangular coordinates and serves to distinguish it from its absolute 
value. 

Since Ci = E cos 4> = Ir and e2 = -B sin ^ = Ix, 
E = Ecos<t>+jEsm4> 
= Ir+jlx 
= /(r+ix), (191) 

and ttierefore the impedance in rectangular coordinates is 

z = r+jx (192) 

In Fig. 103 the e.m.f. is chosen as axis and the current is behind 
it in phase by an angle 4> and has two components ii in phase with 
the e.m.f. and ij in quadrature behind it. 

The current may be written 

I =ti-ii2, (193) 

and this equation indicates that the current has a value 

and that it is behind the chosen axis (in this^ase the e.m.f.) in 
phase by an angle 0, where 

tan 6 = -• 
ti 

Since ii = I cos 4> = Eg and 12= / sin ^ = Eb, where y = 

V^M— P is the admittance of the circuit, equation 193 ma> 

be written 

/ = / cos 4> — jl sin 4> 

' ==Eg-jEb 

= E{g-jb), : (194] 

and therefore the admittance in rectangular coordinates is 

y^g- jb. 

Admittance and impedance are not alternating quantities anc 
their components are independent of the axis of reference bul 
they can be represented in rectangular coordinates as shown. 
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k current multiplied by an inipodance gives an e*m.f. displaced 
m il in phase by an angle who^ tangmt is the ratio of the re- 
Anise to the resistance, 

K cuirent divided by an admittance gives an e.m.f. displaced 
phase by an angle whose tangent is the ratio of the susceptance 
thai canductancc* 

iimilsriy an e.m.f. divided by an Impedance or multiplied by 
admitUtnee gives a current- 

[iy definition a vector multiplied by j is turned through 90 
^M'S in the counter-clockwise direction; when multiplied by 
t is turned througli 18C^ degret^ and its sign is reversed. 

rbcrcforc 
1 






(195) 



Faking this value for j tdtcniating quantities expressed in rect- 
^tar co6rdinivtc*8 referred to a given axis can be added, sub- 
cted, multipliefl and divided and the results obtained are 
m.'-s»i*d in rceiangular coordinatt^s referred to the same axis. 



i-4f+i*i 




j. ^r 



Rq. 104* Power in r^tAngular ermrdinaU^, 

[i id not neiKiasiiry to choo«*e either the current in a circuit or 
f e.m.f. as axia and any oWu^v line may lie taken as shown in 
:. ItM, but tht^ t\mA must now be expresst^d ii^ the sum of two 
aponent^ along and perpenilicular to the new axis, 

E = ei+jet, 

1 mimbirly the current is 



I 



:EL-'r^ 



••' " '^r&wc: X 



JH^ 
~-«^ 



^ ^~ 




•*% 
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and the susceptance is 
b = 



€fii — eiU Bill — C\Vi 



^1* + e2* 



E^ 



The power factor of tlie circuit is 

cos <^ = COS (<^i — ^j) 

= COS <^i COS 02 + sin <^ sin ^ 









EI 


The 


power 


consumed 


in the circuit is 
P = £/cos« 

^^^ EI 

= eiii + e2i2, 



(196) 

and is the sum of the products of the components of the e.oi.f, 
and current which are in phase. The products of the components 
of the e,m*f, and current which are in quadrature, namely, (?,ia 
and esi'i, do not represent power consumed. 
The power m:iy also l>e represented as 



or 



P = Pg = eiii + eiii. 



(W7) 



^ -El - 




Fia. 105. 

86. Examples in Rectangular Coordinates. (1) Find the cur- 
rrnt in the circuit in Fig. 105 in terms of the impressed e.m.f. ami 
the fSQDstatits of the circuit. 

5i= Hn+jxi). 

Er^ I(rt+jXi). 

E =Ei + Et^I\{ri + rt)+j{xi + Xt)l. 
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The impedance of the circuit is 

Z = (ri + r2)+i(xi + X2) 
and its absolute value is 

Z = V{ri + r2r+{xi + X2)\ 
and the absolute value of the current is 

E 



7 = 1 = 



the power factor of the circuit is 

cos <t> = — ^ • 

The vector diagram is drawn taking the current as the axis. 
(2) Solve the circuit in Fig. 106. 







Fia. 106. 



where 



ff> = ..2 2 T.i ^^^ ^1 = ..»!' -..2 ' 



E 



ri» + xi«' 



/«= , _,: • =E{gi- jbi) 



the main current is 

and its absolute value is 

The admittance of the circuit b 
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nd its absolute value is 

y = VOrt + (,,)* + (61 + 6«)*. 
"be power factor of the circuit is 

< C08« = ^- 



rWN^— TW^ 



.1 ^'. 

f VW^- 



-rr 






»1 1-1 



M 



l«r— «c 




Fig. 107. 

he vector diagram is drawn with the e.m.f . as axis. 
(3) Solve the circuit in Fig. 107. 



li- 



= Et{g^^HH\ 



/= U-^ h = Et\{gt + g^) - 3 QH-]-bt)), 



id therefore 

bere 
R 



^UR+jX), 



gl + ff» — J V _ l>J + 6» 






andX = 



0/. + «/.)» + (61 + 60* 



td 



B = £, + ^.= /(r, + B+iX). 
be impeUunoe of the circuit is 

Z = ri + ie+jX 

id its absolute value is 

Z = V(r, + fl)» + X\ 

be absolute value of the current is 

T ^ 
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The power f act^or of the circuit is 



cos = !I±-?. 
Z 



The vector cLiasram is drawn with Et as the 
(4) If an e.m.f. £* = 14 +y38 is impress*.^' 

current / = 6-1-^2 flows, find the imped^p T u *''""'* ""^ ' 
The impedance is ^ °^ *be circuit. 



The impedance is 

_14+i38 6-y2 

- 6+j2 ^r:rj2 

160+J200 

40 '^ ^+J5; 



thn resistance of the circuit is 4 ohms and t h« : j 

is 5 ohms. ''^ aductive reactance 

(5) In Fig. 108 a condensive reactance x i 
the terminals of a receiver circuit of variahio • ^ ^^^^^^^^ across 

"■e impedance z = r + 




Z-r+is 



Fla. 108. Constant potential to constant current. 

jx. If an inductive roaetance x^ = x. is connected in fV, 
linos and a constant «..m.f. £, is impressed on th« ♦ • ^"^P'^ 
that the current in the receiver circuit is JnZ T^T^^' ^^""^ 
of the impedance and power factor ^"^siant mdependent 



^ - o.m.f. at temunals of receiver 
I = -^ = current in receiver, 



~jXc 



- current in condensive reactance, 



h~ I + Ic = current in the line, 
. 1 = ^ + j/iXi = e.m.f. impressed. 
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Substituting the values above 

Ei = E+jxi(I+Ic) 



\ ? JXcJ 



in absolute values 



.E 


since Xe 


= Xi, 


= Jhu 






S,= 


= /x. 




/ = 







ce El is constant / is constant independent of the impedance 
1 the power factor of the receiver circuit. This circuit there- 
? transforms power from constant potential to constant cur- 
t. 

(7. KirchofiTs Laws Applied to Alternating-current Circuits. 
choflF's two laws enunciated in Art. 60 apply directly to al- 
lating-current circuits when dealing with instantaneous values 
».m.f.'s and currents; they also apply to the effective values of 
i.f.'s and currents when combined in their proper phase rcJa- 
is. Thus the vector sum of all the e.m.f.'s around a closed cir- 
t is zero if the e.m.f. consumed by resistance is considered as a 
nter e.m.f. in phase opposition to the current; and the vector 
1 of all currents at a distributing point is zero. 




CHAPTER IV 
DIRECT-CURRENT MACHINERY 

86. The Direct-current Dynamo. A direct-current dynamo 
cwnHiBtB of an electric circuit, connected to a conmiutator and 
tapptd by brushes, revolving in. a magnetic field which is produced 
by «ti'itionary electric circuits. 

Such a machine is illustrated in Fig. 109 and comprises the fol- 
low iat^ parts: 

1. Yoke ^ 

2, Pole pieces > Magnetic circuit 
3* Armature core J 

4. Armature winding ) ^ , . ... . .. 

^ . ^ ^ ° J Revolvmg electnc circuit. 

5. (Commutator ) 

(K Hrushes and brush holders. Collecting apparatus. 
7. Mrld winding. Stationary exciting circuit. 

89, Yoke. The yoke serves mechanically as the frame of the 
macliiut* and magnetically to carry the flux from pole to pole; it 
lA u^tiiilly made of cast iron but in machines where great weight 
in i)lijr<*tionable it is sometimes made of cast steel which has greater 
j^iiv u^rili and permeability. 

90t Pole Pieces. The pole pieces or pole cores are usually 
matie af cast steel or sheet steel and are bolted to the yoke. For 
psninll machines the yoke and poles are sometimes cast in one piece. 
All m\'\d poles must have laminated pole faces bolted to them in 
ordiT to reduce the eddy current loss due to local variations of the 
niajEn*'tic density in the pole faces as the armature teeth move 
ucnK^-^ them. 

Till* pole cores carry the field windings of the machine. Solid 
pt4*\< /in* made circular and so have the greatest section for a given 
ptTint* tcr and require the smallest length of field copper. Lam- 
iniUi^d |K)les must^ however, be made rectangular. 

Tho stx*tion of the pole face is made much greater than that of 
Hic iiule core in order to reduce the flux density in the air gap. 
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in fields of opposite polarity in order that the electromotive forces 
generated in them may act in the same direction. One side o\ 
a coil is placed in the top of a slot and the other side in the bottoir 
of a slot in a similar position under the next pole. 

According to the way in which the end collections are broughl 
out to the commutator bara and the coils are connected together 
drum windings are divided into two classes, multiple or lap wind 
ings, as iUustrated by coils a and h in Fig, 112 and the windings li 
Figs, 113 to 115, and series or two-circuit windmgs, as illustratec 
by the coils c and d in Fig. 112 and the windings in Figs. 116 anc 
117, 



r 




Flu. 112. Armature coila. 



\ 



96. Multiple-dmm Windings. In the multiple winding thi 

tw*> Icnniuals of a coil aR^ connected to adjacent commutator bars 

¥i^. 11^ represents a multiple winding for a six-pole machine witl 

T2 TOiiduclOTs and S6 slots. The sides of a coil are placed in slotj 

1 and 7 and the tenninals are connected to bars 1 and 2. Th< 

•«» wmding is shown in Fig. 114 and the directions of the cur 

**i** *ft shown by aiTowheads, The brushes arc placed on th< 

***aA iMnitm\ po\uis and therefore directly under the centres o 

^^ ^A«m aa^d aa many sets of brushes are required as there an 

^^t^i^ t\i^ wfing from a positive to a negative brusl 
s wsHh tjl to cofiduetors ate taken and there are therefon 




- '^ 
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putbs in multiple through the armature ^vinriing from the posi- 
^ to the negative terminal of the macliine and each conductor 
THTft only one sixth of the current passing through the armature. 



QeunUcir 




CD C 



z] m 



FIqb^ 113 ttful !14. SiX'pctle mtiltijik drum winding. 
IT DitmLpn- irf {MLihi^ is equal to the number of poles as in the ring 



Detiemlly in multiple windings tlte coil piU-h is almost equal to 
r fniU' pitch and the \vindings are called fulf-piteh windings. 
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When the coil pitch is less by one or more teeth than the pole pitch 
the winding is called a fractional pitch or short-chord vending. 



Generator 



^A^ 




.- ^ Motor .psr 




N 




S 




N 




S 




N 




S 



Fig. 115. Six-pole multiple-drum winding. Fractional pitch. 

Fig. 115 shows a fractional pitch, multiple-drum winding. Frac- 
tional-pitch windings have shorter end connections than full-pitch 
windings and have a smaller inductive e.m.f. generated during 
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commutation since the two coils in one slot are not commutated 
at the same time and thus the inductive flux is that due to half 
the ampere turns acting in the case of a full-pitch winding. 

96. Equalizer Rings. In multiple-wound machines, if there 
is any irregularity in spacing the brushes or if the air gaps under 
all the poles are not of the same depth, the e.m.f.'s generated in the 
different sections of the winding will not be equal and the im- 
balanced e.m.f. will tend to cause current to circulate through the 
windings even when the machine is not carrying any load. To 
reduce the circulating currents similar points imder the different 
pairs of poles which should normally be at the same potential are 
joined together by heavy copper connections called equalizer 
rings (Fig. 114) and these prevent the current from circulating 
through the windings. 

97. Series-drum Windings. In the series winding the ter- 
minals of A coil are connected to two commutator bars approxi- 
mately twice the pole pitch apart. Fig. 116 represents a series or 
two-circuit winding for a six-pole machine with 44 conductors and 
22 slots. One side of a coil is placed in the top of slot 1 and the 
other side in the bottom of slot 5 and the terminals of the coil are 
connected to commutator bars 1 and 8. 

Tracing out the winding from the positive brush Bi to the neg- 
ative brush Bt one half of the armature conductors are taken in. 
There are therefore but two circuits in multiple between terminals 
independent of the mmiber of poles and the winding is called a 
two-circuit or series winding. 

Only two sets of brushes are required to collect the current but 
when the current is large it is usual to employ other sets of brushes 
as shown at S3, B^, Bi and B^ and as many sets of brushes as there 
are poles may be used. 

Series windings are used in small high-voltage machines or where 
it is desirable to use only two sets of brushes, as in small railway 
motors; but in large multipolar machines with many sets of 
brushes the ciurent does not divide equally between brushes of 
the same polarity and conmiutation is imsatisfactory. 

The number of coils in a series winding must be one more or one 
less than a multiple of the number of pairs of poles, or 

iv = c|±i, 
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Fib. 110. Six-ji«ly series drum winding, retrogressive. 

where N = inimber of armature coils, 

p/2 = numbers of pairs of poles, 
and C « ft {^onstant whole number. 

Each coil may have any number of turns. 
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Fza. 117- Six-pole eeries-dmm winding, progressive. 



Ar = c|-i, 



(198) 



' vrbding starting from bar 1 goes once around the armature and 
'onnected to bar 2. It is therefore called a prc^ressive winding. 
«. 117.) 




a&MMS&tSG 




|-r^ 1^ fT 



r 



N 



^W 11^ ^vpub Uiititq^Jivdrmxi wip4ing| (lu|>ic%, doubly reeairant 

K 

N^cf^+h .,,,.. (199) 

till* wttvUing iitartiDg from bar 1 and going uuce^ around the armaturv 
iti (M^mu'vtctl tn tht* bar before 1 and it is csiled a retrograssivo 
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W. Double Windings. If space is left between adjacent 
Is of a multiple winding, a second winding may be placed on 
J same core. The second winding may be entirely separate 
m the first, that is, each of the two windings closed upon itself; 
after passing through the first winding the circuit enters the 
end and after passing through the second reenters the first* 
the first case the winding is duplex doubly reentrant and in the 
end case duplex singly reentrant. Duplex multiple windings 
kre twice as many circuits in multiple between terminals as there 

poles. Such windings are suitable for large low-voltage ma- 
nes used in electrolytic work. The brushes must be wide 
mgh to collect current from both sections of the winding at the 
Qe time. Fig. 118 shows a duplex doubly reentrant winding 

a six-pole machine with 72 conductors and 36 slots. 
Jimilarly the series winding may be made double by placing a 
end winding in alternate slots and connecting it to alternate 
nmutator bars. The second winding is in multiple with the 
it and there are four paths in multiple between terminals. 
W. Commutator. The commutator is one of the most im- 
rtant parts of a direct-current machine. It consists of a nimibcr 



Oommaiator 
Hlwr 



Commutator 
Dar 






3 



Mlcaalte 
Bloc 



i 







Fig. 119. Commutator. 

bare of hard-drawn copper, insulated from one another by thin 
^ts of mica or other insulating material, and built up into the 
rm of a cylinder. (Fig. 119.) The bars are held together by a 
st-iron spider from which they are insulated by micanite " V " 
igs. The terminals of the coils forming the armature winding are 
nnected to the bars either directly by soldering them into slots in 
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the bars or by means of vertical connectors called commutator 
risers. In order that the brushes, which collect the current from 
the eommutator, may run smoothly without vibrating or chat- 
tering the commutator surface must be perfectly round and 
smooth. 

The function of the conunutator is illustrated in Fig. 120. The 
current from the machine is I amperes and the current in each 

conductor is 7c = o^Diperes. During the time taken for the brush 

to move across the insulation between bars 2 and 3 the current 
in coil c must change from le in one direction to 7e in the opposite 



m 
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FiQ. 120. 


Commutation 



d 1 b 



8 I 2 



Tl 



zio 



(3) 



direction. This reversal of the current is called commutation and to 
bo aatisfactory it must be effected without sparking. The brushes 
are shown placed on the neutral line and the coils short circuited 
are not cutting any flux and therefore have no e.m.f. generated in 
them due to rotation. If the short-circuited coil had no induct- 
ance the current would reverse completely due to the contact re- 
sistance between the brush and the commutator. 

In (1) the current in coil c is Jd in (2) it is zero since current le 
from bar 1 goes through one half of the brush-contact area and 
current 7c from bar 2 goes through the other half, and the drop of 
voltage on both sides is the same and therefore there is no voltage 
available to drive the current through the resistance of the coil. 
Between (1) and (2) the resistance from bar 1 to the brush is greater 
than the resistance from bar 2 to the brush and so part of the cur- 
rent from 2 flows through the coil c. Between (2) and (3) the 
resistance from bar 2 to the brush is less than from bar 1 and part 
of the current from 1 flows through coil c. In (3) the current in 
c is h but in the opposite direction from that in (1) and commu- 
tation is complete. 



DIRECT-CURRENT MACHINERY 



157 



The self-inductance L of the coil opposes any change of current 

di 
y generating a back e.m.f. L -r- volts; when the current is large 

ad the time o{ commutation short this back e.m.f. is large and 
le current will not be reversed when the brush breaks contact 
ith bar 1 and sparking will occur. 

To counteract the effect of self-inductance the brushes in a gen- 
nitor are moved ahead of the neutral in the direction of rotation 
nd back in a motor. The short-circuited coil is then m a field 
fhich g^neratr.*5 in it an e.nii. due to rotation which opposes the 
lick v.mS* of st^lf-inductance, or, as it is usually called, "the re- 
eUmm voltage of the coil, *' and assists commutation. The prob- 
in of commutation is discussed fully in Art. 110. 

100- Brushes and Brush Holders. The brushes collect the 
urrent from tlic mo% iiig commutator and from them it passes to 
be receiver circuit. 

Bmshi*s were at first made of copper because it had a low re- 
islanee and large current-carrying capacity but commutation of 
iirgi* currents was not satisfactory. Carbon brushes were then 
[itroduccd and commutation was greatly improved due to the 
-ctiiJO of the high-rc^ititance contact film between the brush and 
^jmmutator, A much Ixtter contact surface was also obtained 
ad the wear on the lomrautator was reduced. But since carbon 
fill only carrj^ about 40 amjjeres per square inch while copper will 
arry 300 amperes i>er t^ciu:ire inch a much larger brush area is 
i^^uirinl and a hirger commutator. 

In onler to maintain a p:ood contact between the brush and 
«*inmutator a s^pnng it^ usrd exerting on the brush a pressure of 
bout 2 J pountls piT sfiuari' inch of contact area. 

The brush holders arc made of brass and carry part of the cur- 
rent but leads are conncctrd directly from the brushes to the main 
9*ds of the machine to prevent any drop of voltage which might 
cenr due to poor contact between brushes and holders. 

101. Field Windings, The field winding is a stationar>' 
U'ctric circuit consist iiig of one or more coils of wire placed on 
M-h uf the field poles. Tliey are supplied with current and pro- 
ide the magnet«moti^*c force necessary to drive the magnetic 
Ui thKmgh the machine. The method used in calculating the 
ujuVr of ampere turns required to produce the flux m a machme 
y worked out in Art* 107, 
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103. Generation of Electromotive Force. The electromotive 
forc*^ generated in the armature of a direct-current generator or 

motor is 

g = Zn^ ^ 10-« volts, 
Pi 

where Z = number of conductors on the armature, 
n = speed of armature in r.p.s., 
^ = flux crossing the air gap from one pole, 
p = number of poles, 

and pi = nmnber of paths in multiple between terminals. 

In one second each conductor cuts n^ lines of force and thus 
the average e.m.f. generated in each of the Z conductors is 

e = 7i*p 10"® volts. 

2. 

E(4ween the terminals there are — conductors connected in series 

Pi 
and therefore the e.m.f. between terminals is 



6 = Zn<^-^10-« volts. 
Pi 



(200) 



This is the electromotive force equation of a direct-current gener- 
ator. In a motor it is called a back electromotive force since it 
opposes the impressed e.m.f. and therefore the current in the 
motor armature. 
This equation may be written 



6 = Kn^, 



(201) 



whrre K ^ Z — 10"® is a constant of the machine. 

Pi 

Tlip electromotive force is therefore directly proportional to the 
fipe( fl and to the flux crossing the air gap. 

lOi. Effect of Moving the Brushes. The equation 

g = Zn4>^ 10-« 
Pi 

only holds if the brushes are on the no-load neutral points. 
When the brushes are moved ahead of the neutral points or 
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hind them the e.m.f. between terminals is decreased. ThUs 
\y be seen by reference to Fig. 126. With the brushes on 
e neutral points the e.m.f. 's generated in all the conductors 

seri*^ l>f*twt< 11 ttTminuls act in the same direction and com- 
ae to give the miiximum e.m.f. When the brushes are moved 
f-iitl the e.m.f. lietwiH^n terminals is only that generated in 
nductors a-b or d-c siiicf' the resultant of the e.m.f.'s generatod 

conductors a-d aiul h-c is zero. Thus advancing the brushrw 
m^ponds to a decrea^se in the nimiber of armature conductors. 







Fi*i. 120. IsiTiHJt of moving the brushes. 



105, Saturation Curve, The flux f> crossing the air gap can 
*■ varkxl by vuryin^ tlir current in the field winding. This is 
rcampUshed hy tonninting a field rheostat in series with the firld 
riDding. WTien the n:f;ii4Uince is increased the current decrea'^es 
ihI Iht' flux dpcreas^vs :ls shown in Fig. 127, which is the saturation 
urve of a niui*hinit plott^^^d with flux per pole on a base of fiehJ 
unvfitp 

At first the flux incniisAe ♦almost directly as the current, whili^ 
be ircm partit uf the circuit are unsaturated, but as the flux Avn- 
ity increas€*5 the mapjni'tic circuit becomes saturated and a greater 
BCffsaat* of currrnt \^ n tiulrcd to produce a given increase of flux 
han on the lower part i^f the curve. 

Sbce the t*.oi.f. gi tuTutnl varies directly with the flux, by mul- 
iplyfa^ tUr ordinnk^i ui tiip curve (1) in Fig. 127 by the constant 
Ka, mrvf* (2) \^ obtJiimnl of the same shape as before giving the 
giHiimtcd ^JmA. or ierniLDal e.m.f. at no load on a base of field 

WKlEt. 
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This curve is the no-load saturation curve or magnetization 
curve of the machine. 

Shunt-excited machines are operated at a point slightly above 
the knee of the saturation curve to secure stability, that is, in 
order to prevent large changes of e.m.f. being caused by slight 
changes of field current. 
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P^a. 127. No-load saturation curve. 



106. Magnetic Leakage. Since there is no material through 

wtiirli mujj;in"tic flux cannat piiKs, it is not possible to eotifioe !ill 
the tlux pi(Mlun'(l in a genemtur to tlio magnetic circuit. In prae- 
tieo tlu* mum circuit is made of so low a reluctance that only n 
small j>orti<m of the* flux leaves it 

Fig. 128 sluAvs \\w leakage flux about the mngnHio circuit of a 
bipolar generator and Fig, 129 shows it in the case of a multipolar 
gi^nt*rator. 

Tlic prhieapal part of the leakage occum bf?tween the pale tip^ 
because the m.m.f. consumed bf^twtn^ thrm? pubt^s is fitmi ft) Ut 
Sn per cent of the total mm,L\ it in, t- ' \\% 
drive the flux aeroats the twi* gajjt^ rfl 

armature core. As a result tht^ flux y . ^ \i\ pi>||i« 

m greater than the flux erceuiing the? gitf/ iruii inv iiMMiniitt Ity vxw 
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aicioimt depending both on the mechanical constmction of the 
raadiim* nod on the load. 

Th« dispf^rsion eof fficient or lealoige factor is the ratio of i\m 
flux through the fit Id poles to the flux crossing Wm^ gap into t!ia 
annaliir©, that is, the ratio of the total flux to thL* usefu! flux; thus 
Urn leakage factor is 

_ 0pole 

wvmm from about 1.1 to L5 depending on tlie construction of 
thi» madiino but uaualJy has a value of from L15 to 1.2 at no Itmd. 




UniJ^r load the annaturt! also exerts ii m.mi. which in part h 
lemagni^tizijig and opposes the fit>l(l m.mi. and in part is cro^ 
iiftffnrliani- find inrrea.st'S the reluctance of tiie magnetic circuit. 
See ArL l(Jt>.) 'YXxxm under load a greater proportion of the t^tal 
%mS, iif the firld IK re<|uired for the air gaps, twth and armaturt* 
biti Hi no load and Iherefort* the leakage fhix Is intrrtt^ed and at 
he Mim lime the main flux in dc^rtiistxl. The leakage factor i^ 
fif n^fim* fffvitrr iintier load than at no loarh 

107- Betermlnition of the No-Joad Saturation Curve of a 
►ytijifljo. i\. \:ii\ Hhuwa the ditnenHiotit* of the magnetic cir- 
... .J #:.,., 1. i^,o,|£|iowatt, I50*volt, 28<> r4i,ni, generator. The 
Um hV2 eondueton* and in multiple wound* 

riir ¥ijiiu#*r i^irmliid in the annaturft betweai brushejj ia 

Pi * 



i 
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where n is the speed in r.p.s. = %%^, 

Z iy the number of armature conductors = 512, 
^^ is the flux crossing the air gap, 
p is the nimiber of poles = 6, 

pi is the number of paths in parallel through the arma- 
ture winding = 6, 
g is the terminal voltage at no load; 



and 



therefore. 



m 



g = 512X WXf 10-8<|>^, 
^g = 42,000 g. 





Ma. 130. Magnetic circuit of a dynamo. 

To produce the rated voltage, 150 volts, a flux is required in the 
air gap of 42,IKI0 X 150 = 6,300,000 lines. 

Tht* leakage factor of this machine would be about 1.2, so that 
the flux required in the poles is 

cfj^ ^ \:2^g= 1.2 X 6,300,000 = 7,560,000 lines. 

The following table (Fig. 131) gives the values *p and *^ for 
values of terming voltage from to 175 volts, assiuning that the 
leakage faetor is constant. 

The next step is to determine the lengths and sections of the 
various parts of the magnetic circuit and the ampere turns re- 
quired per pair t^F poles to drive the flux through them. 

The yoke is miide of cast iron and has a section of 80 sq. ins.; the 
length of the magnetic path through it is taken as the estimated 
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ngth of the mean flux line through it and can best be obtained 
)m the drawing; it is in this machine 30 ins. 



Voltage 


Flux in the pole. 


Flux in the gap, 











25 


1,260,000 


1,050,000 


50 


2,520,000 


2,100,000 


75 


3,780,000 


3,150,000 


100 


5,040,000 


4,200,000 


125 


6,300,000 


5,250,000 


150 


7,560,000 


6,300,000 


175 


8,S20,000 


7,350,000 



FiQ. 131. 



The flux passing through the yoke is one half of that in the pole 
id for a terminal voltage of 150 volts, it is 

*.=!' = ^^^^ = 3,780,000; 

e flux density in the yoke is 

J5„ = -j^ = ^ Q^ — = 47,250 lines per square inch. 
-^ 
cm the permeability curve for cast iron (Fig. 59) it is found 
at 100 ampere turns are required to drive this flux density 
rough one inch length of the yoke, therefore the niunber of am- 
re turns required per pair of poles for the yoke is 30 X 100 = 
00. 

The field poles are made of sheet steel and are of rectangular 
ction, 11 ins. wide by 7.75 ins. deep along the shaft; the section is 
X 7.75 = 85.25 square inches; the length of the path through 
ie pole is 9.3 ins. and per pair of poles is 18.6 ins. 

The flux density m the pole for 150 volts is^^l^^ = 88,800 

»ffl per square inch; from the curve for sheet steel (Fig. 59) it is 
wmd that 28 ampere turns per inch are required and 18.6 X 28 
= 520 ampere turns per pair of poles. 

The mcreased section of the pole face is neglected. 

The air gap is the most important section in the magnetic cir- 
'^ because the largest part of the field magnetomotive force is 
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consumed in driving the flux across it, and its section and lengt 
must be calculated very carefully. 

The section of the air gap can be taken as the area of the pel 
face; from the drawing it is found to be 100 sq. ins. 

If the length of the air gap is taken as the radial length frot 
pole face to armature a large error will result because the averag 
length of tin* lines crossing the gap from pole to armature is greate 
than the radiiil length as seen in Fig. 132. 



Pole 



\pM\pf\pjf PM 



Armature 
Fig. 132. Flux in the air gap. 



The radial length must be multiplied by a constant greater thai 
unity in order to give the correct length. Carter has derives 
values for this constant depending on the ratios of tooth widtl 
to slot width and slot width to gap length. For machines of or 
dinary design tlie constant ranges from 1.1 to 1.2 and a value o 
L17 has been taken in the present case. Therefore the corrected 
lenjifth of the air gap is 0.188 X 1.17 = 0.2014 in. under each pol 
and for a pair of poles is 0.4028 in. 

The flux crossing the gap corresponding to 150 volts is 6,300,00 

ft OAA AAA 

lines and the flux density is ^ ^JL — = 63,000 lines per square inch 

The number of ampere turns required to drive a flux densit; 
of B lines pc r square inch through a length of one inch in air i 
found as follows: 

If Sl^ =^ linens per square centimeter, I cm. = the length of th 
path and nl ^ the ampere turns required, then 

^ 0.4 xn/ 



l>ut 
therefore, 



a%- 



B 



(2.54)2' 



I 



Z = 1 in. = 2.54 cm. and m = 1; 



B ^OAjnl 
(2.54)2" 2.54 
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aod the number of tuupere turms required is 
B . 2.54 



n/ = 



(2,54)^ ^ 0.4 X 3.14 



= 0.3133 5. 



(202) 



111111 the Eunpert? turns required per pair of poles for a density of 
lifKlOO Xmm pcT squiirt^ inch for ibe two air gaps is 0.4028 X 0.3133 
Xti3,000 = 7968. 

ITii* ttH^th fonn the next Bection; they are projections of the 
nmmtUJt:^ core and an^ matie of ^heet steel. 

Tiie leiii^tii of the path through the teeth per pair of poles is 
UicT the depth of a slot = 2 X 175 = 3.5 ins. 

The sf'ctioD of the path through the teeth is taken as the mean 
irufi Miction of one t^ooth multiplied by the number of teeth under 
one pole; the mean width of a tooth is 0.62 in.; the over-all length 
*i tht* anuatiire core is 8 ins, Imt from this must be subtracted 3 
vfnt Fpaces ^ in* in width and an allowance of 10 per cent must 
be nx^tiv lis a stacking factor, t?iiicc the armature is built up of thin 
shifts inHulat^d with vaniish; tlius, the length of iron in the tooth 
u t^ — 3 X \\) X 0.9; the number of teeth under one pole 
«lbiriiig for fringing is 11; therefore the iron section of the path 
tlinHH^ the teeth \^ 

!1 X 0.62 X (8 - 3 X A) X 0.9 = 43.4 sq. ins. 

The flux paastng through the teeth is the same as that through 
thie liar p^p = 6,300,000 lint^, ami the flux density in the teeth is 

mmfm 



^A 



145,2(K} lines per square inch; this requires 1500 am- 



ptti* timM per inch length and a total of 1500 X 3.5 = 5250 ampere 
tons per pair of pole^. 

the Bux density in the tet^th is above 100,000 lines per square 
bdi it is necessary' to take account of the fact that the path through 
tiii teeth h pandlek^d by an air path consisting of the slots, the 
^mi darts and the insulation Iw^tween punchings; this path has 
wiially a larger »i*clioii tliaii the path through the teeth and 
nwiitHiiiitly at high densitie>i, where the permeability of the 
im h br, & considerable amount of the flux will follow this 

In Ihil etae the art*n of th»^ parallel air path is 58 sq. ins. and 
fro® f\g^ 60 the permeability of the iron for a flux density of 
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145,200 lines per square inch is found to be 30; the permeance 
the path through the teeth is 



2i = 



Am 43.4 X (2.54)* X 30 



h 



3.5 X 2.54 



= 942, 



and the permeance of the air path is 

4^ 58 X (2.54)« ^ 
^ k 3.5X2.64 ' 

the flux of 6,300,000 crossing the gap divides between the tv 
paths in proportion to their permeances, and therefore the actu 
flux passing through the teeth is 

6,300,000 X g^^f^ = 6,300,000 X gj^^ = 6,040,000; 



and the corrected density in the teeth is 



6,040,000 
43.4 



= 139,30 



the number of ampere turns per inch corresponding to this is 12( 
and the number per pair of poles is 1200 X 3.5 = 4200. Tl 
error introduced in this case by considering that the teeth carrii 
the whole flux would be 5250 — 4200 = 1050 ampere turns whi( 
is an error of 25 per cent. 

The last section is the armature core below the slots; its secti( 
is the product of the net length of iron in the armature by tl 
depth of iron below the slots; it is (8 - 3 X W) X 0.9 X 5 = 31 
sq. ins.; the length of the path through the armature is estimate 
from the drawing to be 12.3 ins. 

The flux carried by the armature section is 



^g 6,300,000 



= 3,150,000 Imes, 



and the flux density is 

3,150,000 
31.5 



= 100,000 lines per square inch. 



The number of ampere turns per inch required is 75 and the nui 
ber per pair of poles is 12.3 X 75 = 860. 

The results of the calculations above are tabulated in Fig. 13 
the total number of ampere turns required per pair of poles to pi 
duce a flux across the air gap of 6,300,000 lines and a voltage 
150 volts is 16,548. 




DIRECT-CURRENT MACHINERY 



169 



Pvtol 
mMhioe 


Material 


lencth. 
inohee 


Section, 
sq. in. 


Flux 


Flux 
density, 
lines per 

sq. in. 


Ampere turns 
per inch 


Ampere 

turns 

per pair 

of poles 


Yoke 

Pbl«<2)... 
GHm(2).... 
Tmahii)... 
Annature.. 


Cast iron... 
Sheet steel. 
Air.. . 


300 

is.e 

0403 
3.5 
13.8 


80.0 
85.25 
100.0 
43.4 
31.5 


3.78xlOi 
7.5«XlO» 
«30xl0» 
«04X10» 
3.15X10* 


47.250 
88.800 
63.000 
139.300 
100.000 


100 

38 

63.000x0.3133 

1200 

75 


3000 
520 
7968 
4200 
860 


Sheet steel- 
Sheet steel.. 



Total ampere turns per pair of poles « 16.548. 

Fig. 133. 

Similar calculations have been made for voltages from 25 to 175 
volts and the results are tabulated in Fig. 134. 

The curve in Fig. 135 is plotted with the voltages as ordinates 
and the ampere turns per pair of poles as abscissse; it is the sat- 
uration or magnetization curve of the machine when runnmg 
without load. 





Ampere 


Ampere 


Ampere 


Ampere 


Ampere 


Ampere 


Vohs 




turns for 


turns for 


turns for 


turns for 


turns per pair 




yoke 


poles 


air gaps 


teeth 


armature 


of poles 


25 


90 


23 


1328 


7 


18 


1,466 


50 


210 


62 


2656 


18 


37 


2.973 


75 


450 


84 


3984 


42 


67 


4,627 


100 


990 


139 


5312 


185 


123 


6,749 


125 


2100 


260 


6640 


1275 


258 


10,483 


150 


3000 


520 


7968 


4200 


860 


16,548 


175 


5400 


2046 


9296 


7430 


2760 


26,932 



Fig. 134. 



106. Buflding up of E. M. F. in a Self-ezcited Generator. In 
a self-excited generator at rest there is no flux crossing the gap 
except the residual magnetism. When the armature is rotated 
only a small e.m.f. is generated in it and a very small current is 
produced in the field winding. If the magnetomotive force of 
this current is in the direction of the residual magnetism, it will 
increase the flux and the e.m.f. will increase and gradually build 
op to its full value. 

If, however, the current opposes the residual magnetism, it will 
eaose it to decrease and the e.m.f. will not build up until the field 
winding is reversed. 
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If there is no residual magnetism, the e.m.f. cannot build u 
until power is supplied to the winding from some outside source t 
fttart the flux. 
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AnH;>«ce Tuma per Pair of Poles 

FiQ. 135. No-load saturation curve. 

109. Distribution of Magnetic Flux. Fig. 136 shows appro: 
iiimtely the distribution of flux in a two-pole machine with tl 
lirltls excited but without current in the armature winding. Cun 
1 hIiows the m.m.f. acting at each point of the armature circun 
fi'iiacc; under the north pole it is positive and has a constai 
value; under the south pole it is negative but of the same maj 
iiitudc; beyond the pole tips its value may be represented by tl 
t^t might line which passes through zero midway between the pole 
Tlio m.m.f. is expressed in ampere turns and is denoted by A//. 

The flux density produced by this m.m.f. is at every point d 
nrtly proportional to the m.m.f. and is inversely proportional 1 
the reluctance of the path. It is of constant value over the po 
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ce if the air gap is uniform but falls off rapidly beyond the pole 
[B due to the intTea.s*4 reluctance of the air path and to the 
^hTiHe in the nLm f acting. Midway between the poles it is 
ro* It is represented by B and its values are plotted in cur\e 
The total flux en tr ring the annature is represented by tlie 
t^a under eurve 2 and this is the value of f> which appears in llie 
mi. eqmition. 



— /si^gj^fty^g^sx 


-yXf " ^^Vi~ 


■Ilt^^ 


-;- -|t 


^ 


^^ 



po oooooooooo ooo o 
I N 1 




urve (2), B . 

Carve (1). M/ 
O OOOOOOOOOOOOO Ol 






ooo^ 



Distribution of flux and m.m.f. at no load. 



When, however, tlu^ armature is carrying current it exerts a 
lagnetomotive force, ealled armature reaction, which combine;^ 
"ith the magnetoniolive force of the field winding and chanR* ^i 
oth the distribution and the total value of the flux entering th«* 
rmatun*, 

Fi^ 137 {a) show!^ the distribution of flux produced by tit** 
rmature m.m.f. acting alone, and the values of the m.m.f. of tlie 



Onrre (1). Ma 

Ourre (2), B 




••••••a 



!*u;, I nr. Armature m.m.f. and flux. 



EOMturc at all fiinntn around the circiunferencc are plotted m 
ttnne 1^ Fig 137 {b) The brushes are placed on the no-loud 
eutnU {)otnt^ Tlie ]j rmature m.m.f. Ma is a maximum in line 
n|h the brushes and fails off as a linear function to zero undi r 
it tmiTt of the pellet. The distribution of the flux produced liy 
be BimaiuTi? m.m.f. \s shown in curve 2, Fig. 137 (6). 
R(5, 138 (n) repr€*5ent3 the conditions when the m.m.f. *s of field 
tid atTDature ore acting together and with the brushes still on Uie 
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no-load neutral points. Curve 1, Fig. 138 (6), shows the resultant 
m.m.f, acting at each point. Its ordmates are represented by M 
and they are the sum of the corresponding ordinates M/ and Ma- 
The m.mi. across the pole face is no longer constant but is de- 
creased over one half and increased over the other half by the 
same amount. The flux density B (curve 2) at each point is still 
proportional to the m.m.f. and inversely proportional to the 



-Curve (1).M-M/+ Ma 
-Curve (2). B 





Fic3. 13S. Dijitribution of flux and m.m.f. under load, with the brushes on 
the ntj-load neutral points. 



reluctance of the path, but, since part of the path is made up of 
a magnetic material, due to the effect of saturation, the increase 
of flux in one half of the pole is less than the decrease in the other 
half and consequently the total flux is decreased. 

If it were not for the effect of saturation the ordinates of curve 
2j Fig. 138 (fc)j could be obtained by adding the corresponding or- 
dinates of Fig- 136 (b) and Fig. 137 (6). 

The neutral points arc n<} longer midway between the pole^ but 
have been shifted in the counter-clockwise direction in Fig, 138 (a) 
and to the right in Fig. 138 (6). To prevent sparking the brushes 
must be moved up to or a little beyond the load neutral points. 
In a generator the brushes must be moved forward in the direction 
of rotation and in a motor must be moved backward against the 
direction of rotation as indicated in Fig. 138. 

With the brushes midway between the poles the direction of 
the armature ra.m,f. is at right angles to the field m.m.f. and it 
therefore does not weaken it but only causes a distortion of the 
flux and a slight decrease due to saturation. In this case the 
m.m.f. of the armature is cross magnetizing. 

When, liowever, the brushes are moved into the fringe of lines 
at the pole tips, as in Fig. 139 (a), the two m.m.f. 's are no longer at 
right angles and as iseen in Fig. 139 (6) the part of the armature 
m*m.f. which ia subtracted from the field m.m.f. is much greater 
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ui the part which is added to it and therefore the resultant 
m.f. is reduced and the flux is both distorted and decreased. 
Referring to Fig. 139 (a) the armature conductors may be sep- 
itM into two groups; namely those between a and d included in 
^ double angle of advance a with their return conductors from c 
& and those under the pole between h and a with their return con- 
ctors between d and c* The first group acts in direct opposition 



0entfator 




(11. M-M/H- Ma 
Ooxre C2), B 




Motor 

139. Distribution of flux and m.m.f. under load, with the brushes under 
the pole tips. 



the field m.mJ. and decreases the flux crossing the air gap. 
ley are therefore ealk^d the demagnetizing ampere turns of the 
mature. This demagnetizing m.m.f. increases as the shift of the 
ushes is increased and it also increases directly with the armature 
rrent- 

'ITic second group exerts a m.m.f. at right angles to the field 
mi, and distorts the flux as in Fig. 137 (a) but only causes a 
gbt decrease due to Kituration. They are called the cross-mag- 
tizmg ampt^re turns of the armature. 

Fur f^pnrkless commutation without the use of interpoles the 
ushes must be moved ahead of the neutral points in order that 
e coils jfhort circuited l)y them may be cutting the fringe of flux 
the pole tips. E.m.f.'s are thus generated in the coils opposing 
e back e.m.f/s due to inductance, and they aid in reversing the 
iment. As the armature current is increased a point is finally 
sw^hed where the armature m.m.f. is so strong that it over- 
ilaaees the fieUl m.mi. at the pole tips and therefore no reversing 
ki is left and commutation is not possible without interpoles. 
is of no use to move the brushes further ahead because that only 
creases the demagnetizing component of armature m.m.f. and 
i^r^ses the flux more. In direct-current machines without 
tMpulcs the armature lunpere turns per pair of poles at full load 
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ibmud not eLXE!€«ii SO p^r cent of the fieU ampere turns per pdr d 

F^ 140 ?how5 the effect of morin^ the brumes to the centre 
at zhe p«}Ie§. The whole armature m.m.f. is demagnetizing and 








1^ i (0. ^h2^c^batioa of dux and m m f . with the brushes under the centre! 

of the poles. 

tht* li'ix k nniuo^ to a anall vahie. There is no difference ol 
p^vtratLU b^'twvt^^a the bni^shes ance the sum of the e.mi.*s gen- 
t*f:^tt^i in one half of the conductors in series between the bnishcj 
vs exivotly e^xual and opposite to that gi^ierated in the other half 




Fig. 141. Commutation. 

lln, Commutation. Commutation is the most importan 
|>(*i!il(m in dinH^t-current machinery. 

Via, Ml n»pn\*?ents the armature winding of a bipolar gen 
i'fiii.*H. Tlu» current entering by the brush Bt divides into tw( 
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qual parts Ic which follow the two paths through the winding 
nd unite again at the brush Bi. Any coil c while moving from 
?; ta Bi Larries n current /«. After passing Bi it carries an equal 
urnrnt h but in the (opposite direction and, therefore, while pass- 
ig under the brush By the current changes from Ic to — /«, that 
I, it is commutatiKl or reversed. 

The factors whieli affect commutation are, Ic the intensity of 
tie current to be eommutated, T the time of commutation, u the 
[distance of the contact of the brush with the commutator, r the 
?sistance of the armature coil short circuited, L the self-induct- 
n(^ of the coil, and finally the direction and intensity of flux cut 
y the coil during commutation. 



nnnnnn 



Ic' 'I 



HF 



-cLU 



Bi+ 



2Io 
Fig. 142. 

The current to lie commutated is that carried by each con- 
luctor of the armature winding. If / is the load current of the 
oachine and }h i^ the number of paths in parallel through the 
liiDding, the current per conductor is 

/ 



Ic = 



Pi 



ifiA increases directly ;\s the load current. 

The time of commut:ition is the time during which two adjacent 
^mmutator bars arc* short circuited by the brush. In Fig. 142 
^muuumtion of the current in coil c begins as soon as the brush 
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touches bar 2 and must be completed when the brush breaks con- 
tact with bar 1. If the width of the brush is d ins., the thickness 
of insulation between bars is 6 ins., and the peripheral speed of the 
commutator is V ins. per sec., the time of commutation is 

rp d-d 
T = y sec. 

Since 5 is very small, the time of commutation varies directly as 
the width of the brush and inversely as the speed of the 
machine. 

The resistance of the brush contact plays a very important part 
in commutation; it tends to reduce the current in the short-cir- 
cuited coil to zero and then to build it up in the opposite direction. 
It would produce complete commutation if it were not opposed 
by the effects of the resistance and self-induction of the coil. Its 
function is illustrated in Fig. 143. If the resistance of the total 
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V 'I 



' l',.^I^..M 



rt Ti 



Bi + 



2Ic 
Fig. 143. 



brush contact is fc, then in Fig. 142 the drop of potential between 
thi^ l)rush Bi and bar 1 is 2/crc. As soon as the brush touches bar 
2 commutation begins and the brush-contact resistance must be 
scpiimted into two parts, n the resistance from the brush to bar 1 
and Ta the resistance from the brush to bar 2. If at the instant 
represented in Fig. 143 the current in the coil is i, then the current 
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flowing from bar 1 to the brush is /, -^ i and the dn>p of jxneniuJ 
is (It + ri; the current from l«ar 2 to the brash is /, — • and 
the drop of potenttii is /e — J "i- Since the resistance n is in- 
ireasiDg while rj b decreasing, the currvnt from bar 2 \i*ill incrt^ase 
rlule that from bar 1 will dt-crease and the current in the coil will 
lecrease. Neglecting the re^istAnce and self-induction of the cinl 
he current flowing in the (x*\l will be zero when n and rj are eiiu:d 
nd when therefore half of the time of c<->mmutation h:is pcvv^nh 
ny further increase in the re>L<tance rj will c:iuse pi\rt of the 
irrent from coil 6 to flow through coil c in onler to re:wh the 
ush Bi by the path of least resistcuice. As the n^ist;mce ri 
ill increases, more and more current flows through c until ri 
fomes infinite as the brush bre:iks contact \**ith Ixir 1 and the 
tal current /« from 6 flows through c. Commutation is then 
mplete. 

In Fig. 145, curve (1), the current in coil c is plotteil on a time 
se for half of one revolution; it is reversed in the time T, n»p- 
^nted by OT, during which the coil moves across the brush Bi, 
i it must var>' according to a straight line law. This c;m Ix^ 
)ve(l as follows: 

[f Fig. 143 represents the condition t seconds after the beginning 
commutation, neglecting the resistance and st^f-inductnnce of 
' coil, the drop of potential from the commutator to the brush 
ist be the same at both sides, or 

(Ic + ri = (/e - r,; 



r , T 

n = Tc jrz~i ^^ ^^ = ^' 7' 



rpfore, 




(/. + t-)r.^^=(7,-0r.^. . 


. . (203) 


'''ing for i this gives 




1 — ie j, 1 . • • • 


. . (2(M) 



If 



^^h is the equation of a straight line. 



^^t^ 2' *' "" ^' ^^ ^^^^ i = T,i^ - I^. 
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If t>i^ tfsiiibuu» of the coil b taitfm. into afoonmt, tfae drop 
*A p</UfntUJ a^irom rj ^Fig. 144^ must be greater than tbe drop 



CT\ 
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Ti r, 



Bi + 



2i« 
Fki. 144. 



I 

J 



v^Tivm Tx liy the amount required to mamtain the current % through 
the reMinUnce r; therefore, 



T T 



wd 



i = ic-7 



r, en - 2Ti) 



r(Tt-t''} +nT^' 



(205) 



Whfm i = ^, i = 0, and when i = T,t = — [^. 

Tho current therefore passes through zero at the same instiint 
as b(^fure and m completely revei^-d in tlie Siime time, but the 
variation does IK^t fulh>w a straight line law but a curve as ^hovra 
in curve {2), Fij^, 145, The effect of the coil resistance is very 
Hmall and may Ix* neglected. 

Th(^ eiT(*ct of the self-ifiductant-e of the armature coil must next 
be considered. Armature coiIb are partially surrounded by iron 
and then^fore have a large self-inductance, which is proportiouiil 
U\ the Ht [uiire tjf the number of turns in the coil. With full-pitch 
tlrutn wirulingH botli the coils in one slot wih be short circuited at 
one time and the inductive flux linking with each of them will be 
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lost twice as large as in the case of fractional pitch windings. 
is is partly a mutual inductance effect but may all be included 
ler self-inductance. (See Fig. 146.) 
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Tt&e of CoiaaniUtloft 



, Curve U) 




TT 



l\ 



-!<. 



Flu- H5, 



lleaih? citrppnt in a coil of sclf-inductanco L lumrys is changing 
tlie rnie -tt amperes \wt tiocond, rin r.rrvi. L \Mlts is gen- 
U-d In a din*ctiun op|M>sirig tlu' changi* of tnimnt. 




Fig. 146. Inductive flux in a full^pitch drum winding. 



n Fig. 144 the drop of potential from bar 2 to the brush is the 
ae by the two paths, one through the resistance rj and the other 
ough the coil in series with the resistance ri; and thus 

(/fi + i) '■' + ^* + ^ ^ = ifc - i) ri, 



i 
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or, mibstituting ih** values of ri and rj found above, 

T di T 

(h + i)rc jT^ + n + L -j^ = (/c - i) j» 



aiul 



■ft i ^^T^ ( I rJ.T(2t^T) 



This ftjuaiion cannot be solved easily. Due to the effe 

seU-inducUuice thr current i does not decrease so quickly 

etitre (t) but faUoi^'s curve (3), shown in Fig. 145. It wil 

T 
bsve fidlen to aero at time < = « ^^ ^ will have grown to a 

tj 1^ than /f at time i — T. Commutation will therefore d 
complete and when the brush breaks contact with bar 1 the cu 
/c — i\ from coll b will try to jump across to the brush an< 
cau^ a spark. 

In order to K^von^e the current completely in the time T 
m^^^ssary to hav€ an e.m.f. generated in the coil to assist 
mutation. The brushes of a generator are therefore moved i 
in the direction of rotation so that the coil when short circ 
is cutting the fringe of lines from the pole tip. 

Tlie intensity of this field is not constant but increases a 
conductor Jipproaches the pole tip; therefore, the e.m.f. pro< 
by it f^m ^aric*^. 

If at the time n^presented in Fig. 144 there is an e.m.f. e 
crated in the coil agisting commutation, equation 206 cs 
^mtten 

This Kiuation cannot be solved in general but it is possible 1 
tc'rmine the %*aUie of e requireii at any instant to cause the ci 
to vary a,^ a li»t*ar function of time from /« to — /« in the tii 
On this assumption 

. ^T -2t 
I = Ic—j, — 

and 

di^_2Ic 

dt T' 
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iibstituting these values in equation gives 

e = /.pj^-r(l-2^)j, (208) 

ch gives at the begiiming of commutation < = 0, 

e<, = /c(Y''-'-). (209) 

at the end of couiniutation t = T, 

cr = ^("jf + r) (210) 

Tjis e-m-f- is proportional to the current le but is independent 
he brusli rt^^istauee r^. 

f the e.m.f. generated in the coil is less than that required to 
Drse the current completely in time T, commutation is imperfect 
I there is a tendency to spark, and if the e.m.f. is so large that 
current is more than reversed there is a tendency to spark due 
3vercommutation. 

rile contact resistance helps to prevent sparking when the 
uf. generated in the coil by rotation is either too great or too 
*U to produce perfect conunutation. 

Mien commutation is produced by the high-resistance brush 
ttact without the aid of any e.m.f. generated in the coil, it is 
led "natural" or ''resistance*' commutation; when it is as- 
;cd by an e.m.f. generated in the coil, it is called "forced " or 
oltagc " eoftunutation. 

Se^stance commutation can never be perfect unless the self- 
hidance of the coil is negligible, but at light loads it will reverse 
' current without injurious sparking. Assume that the brushes 
a pc^nemtor dc4ivering half load are set on the corresponding 
atral line and that commutation is satisfactory. If the load 
inctpa:^\l the increased m.m.f. of the armature causes the neutral 
e to move ahead so that the coil short circuited is cutting a 
Id of such a din?ction as to tend to maintain the current or even 
increase it* The nncrsal of the current is therefore retarded 
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timi time h$ a greater tendency to spark than before. If the 

luml IS fi?due^l the neutral Ime falls behind the brushes and a 

Vutltigpt ^i^btiiig commutation is generated in the coil. 

If this lottd is all removed from a generator when the brushes 

ty^ tntt all thr no-load neutral there will be sparking due to the 

fii4;i thiAt the short-circuited coil has an e.m.f. generated in it which 

i* . 
bullibi up A current i and stores energy L •;zm the field. This 

ijiii^niy a|>iM*nrs as a spark. 

ViilttAg^ commutation is also limited in its application and as 
Ihi' vHU rint in the armature is increased a point is reached (usually 
tiKiut twt^iitji -five per cent overload) beyond which sparkless com- 
mut«ititui is impossible, since when the current is increased a 
-itRmKor field is required to reverse it, but the stronger current in 
thi' lii-mature increases the m.m.f. of the armature and moves the 
iMfUtral lijve ahead of the brushes and at the same time decreases 
thi^ Hux. The brushes have to be advanced further and the de- 
HUMCUoU^iug effect is increased. When the armature m.m.f. is 
Inrgi^ t^ntnigb to overbalance the field m.m.f. the flux at the pole 
iip m w\[H^d t>ut and voltage commutation is impossible. Moving 
fcht* ImiHlu s further ahead only decreases the flux. 

Tci take* full advantage of voltage conunutation it would be 
tUHH^HNnry U> vary the position of the brushes with varying load 
hut t\m iH not practicable, and therefore the brushes must be set 
Ui glvi* good commutation at some intermediate load and the 
niwiHt:uirr of the brush contact must be relied on to prevent spark- 
)vi|i ab4>vi^ and below this point. Modem machines are designed 
tit giVD good commutation at all loads from no load to twenty- 
(Ivr piT cpTit overload with fixed brush position. 

111. Interpoles. Interpoles are small poles placed midwaj 
hi^t wrtm the* main poles of either motors or generators. They arc 
mnffiii'lii't'tl liy a winding connected in series with the armatun 
himI rarryin^ the load current. It has been seen that the brushei 
uf motors must be moved back under load to obtain satisfactorj 
i'liiiuTiutntiuii* This is possible with motors which run only in on( 
ilihMlitm, Imt with all reversible motors the brushes must be fixec 
nit lilt' iitj-load neutral points. Perfect commutation under thes( 
mjntliti<'us wii^ not possible until the introduction of the interpoli 
iir r'uniiniitaling polo. Fig. 147 shows an interpole motor oi 
Hftin'rHiofi Tlse brushes are fixed on the no-load neutral points 
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interpoles have the same effect as moving the brushes since 
move the poles magnetically. 








3 







ri*i, 147. Thtrr]M>(*^ gfnorahiror Tnnhir. 

ieiii.]iii. of tlie iiiUTpoli' vviatlinK n)Uwt uppujar tlu' ni.m.f. of 
Lnnatuft* ntiti imint Ut* stnuisi t iii)Ui;ii \i\ uvrrlnilaiut- it and 
itceiilidd undtT tlie intiTpuli* of ihr prujwT inttiiriJty tn rt-verse 




Fto. i%K ¥\\ix dixtrihiitioti lit iiiTt-riiuh' p^hrniUir cki ntnfur. 



wnmt u} the short-oireuiU'il rtiil. Siu< c' tiit* intfipolt* wind- 

I ID series with tht* urnuitim^ tlu^ ri»rtimutnlinj: \\v\k\ int'reasi^s 

faul ond ii(iiisfa<.!tor>' eummutntion up ti^ wnA Ivryntid the 
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overload limits of output set by armature heating can be 

Interpoles are not so necessary on generators as on motors 
they are very useful in the case of a generator which supplit 
rapidly fluctuating load since the interpole m.ULf. follows exa 
the fluctuations of the armature m.m.f. and so prevents spark 
Fig, 148 shows approximately the flux distribution in an inter] 
gf*ni rator or motor. 

112. Sparking. When a current i amperes flows in a coi 
inductance L henrys, energy is stored in the magnetic field : 
rounding the coil of value 

0) = L ^ watt-seconds. 
At the beginning of commutation the current in coil cisle 

/2 

the t nergy stored in its field is L -^ watt-seconds. While the < 

rt^nt is falling to zero this amount of energy must either be gi 
htivk to the electric circuit as useful work or wasted as heat in 
rc-ms^tance of the short-circuited coil. At the end of conmiutai 

iht* same amount of energy L-^must be stored in the field b 

(niri' nt h flowing in the opposite direction in order that the ( 
n^rrt from coil b may flow freely through coil c, and that there i 
l>(^ no tendency to spark. 

If when the brush Bi (Fig. 144) breaks contact with bar 1 

curn^nt has only decreased to a value i, the energy L ^ store 

tin* (ii'ld of the coil will appear as a spark and the current /« fi 
the c*oil 6, since it cannot immediately flow through the cc 
ngai list the inertia of its magnetic field, will try to follow the bi 
and will produce an arc which will increase the sparking. Bel 
this fvrc is the energy stored in the magnetic field of all the ( 
tm iinr side of the armature, since any decrease in the curren 
r(>il b is accompanied by a decrease in all the coils in series witl 
Thin energy is not, however, available instantaneously due to 
uxcvi iii of the magnetic field, and commutation is complete bej 
the current has time to decrease appreciably. At the instan 
hn^nkitig contact with bar 1 the current density in the brush 
nut I in the edg(^ of the bar is very high and a very high tem] 
nturo will bo produced locally which may volatilize a small amo 
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)pper. If this condition is allowed to continue the commu- 

• will become roughened and the brushes will be gradually 

•oyed. 

the current in coil c has just reached zero when the brush 

ks contact, there will be no spark due to energy stored in the 

of c but that due to the current from b will remain. 

an e.m.f. had been present in the coil in the direction neces- 

to reverse the current and of such strength that the current 

reached a value i greater than /c, then at the instant of break- 

«ntact the excess energy L-^ — ^ would tend to produce a 
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3. Voltage Characteristic or Regulation Curve. The voltage 
Eicteristic of a direct-current generator is the relation between 
^rminal e.m.f. and the current output, 
le e.m.f. generated in the armature is 

g = Zn* ^ 10-« = Kn^ volts. (Art. 103.) 

ike the case of a separately excited generator where the speed 
d the field current // are both kept constant. 
; no load the flux crossing the air gap under each pole is ^o and 
.m.f . generated is 

is also the terminal e.m.f. at no load. 

\ the generator is loaded the terminal e.m.f. decreases due to 
causes, (a) armature reaction and (b) armature resistance. 
) When current flows in the armature, the armature m.m.f. 
pases the flux crossing the air gap and therefore decreases the 
rated e.m.f. 

lis has been shown in Art. 109. If the brushes are moved 
d in a generator or back in a motor in order to obtain satis- 
)ry commutation, the m.m.f. of the armature turns between 
X)les opposes the field m.m.f. and therefore decreases the flux. 
*e are the demagnetizing ampere turns. The m.m.f. of the 
s imder the poles distorts the flux and causes a slight de- 
se due to the high saturation of one half of the pole tips. They 
railed the cross-magnetizing ampere turns. These two effects 
XHnbined under the term armature reaction. 
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Thus armature reaction is due to the m.m.f. of the armati 
currenta and causes a decrease of the flux crossing the air gap a 
thon?fon^ a decrease in the generated e.m.f. The armature m.n 
antl the drop in e.m.f. caused by it increase as the load curre 

jncrea^'8. 
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Vui. IVA. Voltage characteristics of a separately excited generator. 

(1)} It i« m cessary to distinguish between the e.m.f. & g 
erated in the armature and the terminal e.m.f. E. At no k 
thoy art* the Bitme but when current flows in the armature part 
il^f* Ki^THTiitrd e.m.f. is consumed in driving the armature cum 
/ tliroiif^h Hic resistance of the armature winding and brushes 
This rL*siataiicc drop is Ir and increases directly with the curre 

The terminal e.m.f. is E = & — Ir. , . (2 
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[b Fig. 149 ac shows the relation between the generated e m.f. 
Mid till' iirmatun^' current /. It is called the internal charac- 
istie of the gt*norator. be is the drop in generated e.m.f. at full 
d du(? to armature reatition. The ordinates of of represent the 
i,f. consumed hy the armature resistance. The ordinates of ag 
I the difFen^nces lietween the corresponding ordinates of ac and of. 
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Fig. iMh Voltage characteristic of a shunt generator. 

thweftjrp shows the relation between the terminal e.m.f. E and 
t bmuture current and is called the external voltage character- 
k or n*£ulat]on curve of the generator. 

114, Regulation. Tho regulation of a generator is defined as 
r risp in vt>ltage when full load is thrown off expressed as a per 
lit of full-Eoad voltage. 
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If od repnesenta fuU-loacl current, gd is the terminal voltage a1 
full load and bg is the rise in voltage that would occur if the loac 

were removed; therefore the regulation is -^ 100 per cent. 

So far only the se^parately exeited generator has been considered 
In the shunt gener^itor^ arniiiture reaction and armature resist 
ance cause a decrease? hi tenninal e.in.f- under load, but a thin 
condition must al;sO be taken into aecouot. The field circuit i 
connected across the annatiire te^rminals and the current in it i 
proportional to the terminal e.mi. Thus, when the termina 
e.mi, decreases due to armature redaction and armature resistance 
the field current also decreases and eauses a further decrease ii 
the flux and therefore the terminal e.m.f, of a shunt-excited gen 
erator is less tlian it would be if the machine were separately ex 
Cited. (Fig. l.>0.) 

Tlie loatl current can be increased by deereasijig the resistano 
in the load cnrcuit up to the point M in Fig. 151 which is the com 
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pleti^ voltage eharactiTistic of a shunt generator, om is the mas 
imuni current output. If the load resistance is decreased furthei 
the armature current increase's for an instant and then decrease 
as its ni.m.f. wipes out ]>art of the llux and causes the generate 
e.m.f. to decrease. Finally when the load resistance is zero an< 
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generator is short circuited, the flux is reduced to such a value 
the generated e,m,f. is only large enough to supply the re- 
ince drop in the armature. The armature current is then os 
the terminal e.mi, is zero. 

be maximum current om is many times full-load current and 
only be reached with small machines of bad regulation. 
LB, Field Characteristic. The field characteristic of a gen- 
[>T b the curv^e showing the variation of field current with load 
mt to maintain a constant terminal voltage at constant speed. 
I a !^lf-<*xcit-ed genonitor, Fig. 152, the terminal voltage can 
aaintained conBtant m the load current increases if the field 




Fiti. 152. Shunt generator. 

mt is iiicreas4,'d to such a value that the increase in field 
Lf, will not only overcome the effect of armature m.m.f. but 
produce an incrciisc^ in flux to provide the extra e.m.f. to sup- 
tiie armature resistance drop. 

1 Hg, 153 ad is the field characteristic of the generator, Fig. 
oa IS the field current required to produce the rated terminal 
a^ E at no load. When a load current og is supplied by the 
^rator a larger field current oc is required. The increase in field 
^nt i = ac exerts a m.m.f. which overcomes the effect of the 
attire m.mi. and produces an increase hi the flux to provide 
the armature resistance drop Ir, The generated voltage is 

S = J5 + /r 



(212) 

Ig. 154 3hoii**s the saturation curve of the generator, od is the 
1 gmf^rated at no load by the field current If = oa and it is 
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Fig. 153. Field characteristic. 











— 


^ 








-^ 








/ 










'^ 












• 


— - 


— ' 
















a 


— 






/^ 




7 


/ 




















eg 


/ 




















1 


















? 


/ 






— 
















-i 






















5 












V 














I 








4-X* 






















Jh 















a 6 c 

Field Current 1/ 

Fig. 154. 



DIRECT-CURRENT MACHINERY 



191 



?. of is the voltage which must be generated in the armature 
n suppl>Tng full-load current I = og. df is the increase in 
crated e.m.f. required to overcome the annature resistance 
) 7r; this requires an increase in field current ab=x. The other 
iponent of field current be = y ia required to overcome the 
2t of the armature m.m.f . 

he total increase in field current required to maintain constant 
[linal voltage is 

ac = x + y = i. (Figs. 153 and 154.) 

' N is the number of turns on the field winding the increase in 
I m.m.f. is Ni ampere turns. 

he increase of field current under load is obtained by gradually 
ting out resistance from the field rheostat Re in series with the 
1 winding. 

Tiis regulation must be done by hand and cannot take care of 
den changes in load. 

16. Compoond Generator. Increase of field m. m. f. under 
i can be obtained automatically by placing a series winding on 
field poles in addition to the shunt winding. The series wind- 
carries the load current and so the field m.m.f. increases under 
1. 

uch a generator is called a compound-wound generator. If 
series winding is designed so that the terminal voltage is the 
le at full load as at no load the generator is flat-compounded; 
he terminal voltage at full load is higher than at no load the 
erator is over-compounded. 

n Fig. 155 are shown the regulation curves or voltage charac- 
Lstics of a machhie (1) self-excited, (2) separately excited, (3) 
-compounded and (4) over-compounded. If a generator is flat- 
apounded so that it gives the same terminal voltage at full load 
at no load it will be slightly over-compounded below full load, 
f the field characteristic of a self-excited generator is known 
g. 153) and the number of turns on the field winding is A^, the 
nber of turns required on the series field to produce flat-com- 
rnding can easily be calculated. The increase in field m.m.f. 
lull load is A'l ampere turns where i is the increase in field cur- 
t from no load to full load. Since this m.m.f. is to be produced 

the load current /, the number of turns required is A% = -7- • 
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The compounding of a machine can be varied by connecting a 
resistance in shunt to the series winding as shown at iS in Figs. 
156 and 157. 




ULoftd HlxMd HhcmA FallLoftd iMLcMd 
AmpcTMlxMid Cormt I 

Fia. 155. Voltage characteristics. 



In a generator supplying a rapidly fluctuating load the shunt 
to the series winding must be designed with its inductance in the 
same ratio to the inductance of the series winding as its resistance 





FiQ. 156. Compound gen- 
erator (short shunt). 



Fig. 157. Compound generator 
Qong shunt). 



is to the resistance of the series winding in order that the variable 
current may divide up in the correct proportions to give the re- 
quired compounding. 
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In compound-wound machines the shunt winding may be con- 
nected across the armature terminals, Fig. 156, called short shunt, 
or outside of the series winding, Fig. 157, called long shunt. The 
characteristic curves are not affected to a great extent by the dif- 




FiG. 158. Series generator. 

f erence in connection since with the short shunt the voltage across 
the shunt winding is higher than with the long shunt by the re-I 
sistance drop in the series winding and the current in the series 
winding is less by the amount supplied to the shunt winding. 
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Fio. 159. Voltage characteristics of a series generator. 

117. Series Generator. The series generator, Fig. 158, is 
excited by a series winding carrying the load current and has no 
shunt winding. 

Its voltage characteristics are shown in Fig. 159. At no load 
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thert IB no current in the field winding and the only voltage gen 
erated is that due to the residual magnetism. It is shown as ok 
As the load current increases the flux increases and the generatec 
e.mi. incre^ises until the magnetic circuit becomes saturated anc 
the decreasing permeability and increasing leakage flux cause th( 
gcneratt'd e.m,f. to fall oflF. This is shown in curve (1) which L 
tlje internal cliaractemtic. Theordinates of the external charac 
tcristie or regulation curve (2) are less than those of (I) by tin 
resistaiYce drop in the armature and series field. 

The terminal voltage of a series generator can be varied by con 
necting a resistance in shunt to the field winding. 

118. Parallel Operation. In power houses in which the loa( 
^■a^ie8 at difforent ht>urs of the day a number of generators an 
usually installed, \Mien the load is light one generator is operate( 
and supplies the drnmnd and when the load increases a second ma 
t^hiiu^ i.s started up and connected in parallel with the first and iti 
excitation is adjusted until it takes its proper share of the load 
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J^fi, 100. Parallel operation of shunt generators. 

Fig. 100 sIktws tA^'i* shunt generators (1) supplying power anc 
i2) really to U- counetsted in parallel with it. Before closing th( 
ftwitcrlii^N Si jukI St wliich connect the second machine to the loa< 
it In iivvv^^nry that itft polarity be correct and that its termina 
vottagi* bt* the same or a little higher than that of (I). 

If thc^ field rheostat of (2) is so adjusted that the voltage of (2 
IN tht* Kiime as the vtiltuge of (1) and switch Si is closed, then, i 
there a^ uo voltage across S2, it may be closed. But if the voltagi 
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B Sj is found to be about double the terminal voltage, the 
of (2) must be reversed before closing switch 8%, After 
ig St the field rheostat of (2) must be adjusted until (2) takes 
roper share of the load. If the voltage of (2) is the same 
le voltage of (1) when the switch is closed, (2) will not take 
load but will run idle. If the voltage of (2) is less than the 
jgK" of (1), madjint* (2) will run as a motor driving its prime 
^ and will draw powtr from (1). If, however, the terminal 
kge of (2) IS higher than that of (1), machine (2) will supply 
of the load and will relieve (1) until the voltages of the two 
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Ampere* 
(1) Oenerator (1) 
(2)0«iM>i»tor (2) 
(8) Station 

Fig. 162. Voltage characteristics. 



hv jf^ame. Fig, 161 rrprr sents the voltage characteristics of 
two machines plotUd u\\ the same base. If the terminal 
\$^ i.s K (1) supplit*i* 11 rurrent I\ and (2) a current 1% and the 
t*um?nt i^upplii^d hy the station is 7 = 7i + 72. The machine 
tlw* flattiLT charat't**ri^tie will supply the greater amount of 
JT, If the two machines are rated at the same current out- 
(^ can l>e made to take its share of the load by cutting out 
litia' frum it^ field rheuslat and so raising its voltage char- 
eMc and ins^^rting re.si:f?tMnce in the field circuit of (I) and 
mR ttii eharai'teri^tic as .^hown in Fig. 162. 
^nt gpm^mtors will ui>* rnto in parallel and divide up the load 
ropoitjoii to thtdr fupueities if their voltage characteristics 
imilar, that is^ if their terminal voltage falls from no load to 
lend by tht* mint- immnni Lind in the same manner. If the 
ictcrifftks are difTcTeiit i\ i>roper division of load can be ob- 
Nlby regubting fin- M\\ rheostats. 

L9. Piimllet Operation of Compoond Generators. Fig. 163 
nMwo mmpiuml-Wi^tiDi] j;enerators connecteil in parallel and 
ilyisig poviTT to a loud eireuit. Their voltage characteristics 
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are shown in Fig. 164. Assume that the prime mover of (1) ni 
for an iastant at a slightly increased speed; the voltage of ( 
rises and it takes more than its share of the load; the voltage 
(2) falls because its load is decreased and its series excitation 
decreased. Machine (I) therefore takes more of the total loj 
anfl its voltage rises higher until it supplies all the load and 
addition drives (2) as a motor. Since the current in (2) is i 
vt*r«ed the m.m.f. of its series winding is also reversed and it ni: 
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Fig. 163. 



Amperes 

Fig. 164. Voltage characteristics. 



as a (lilTrrential motor driving its prime mover at a high spe 
imtit thi load on (1) becomes so great that the protective app 
rut us (Ji>**tis the circuit and shuts down the system. 

Tu get over this difficulty the equalizer connection ee, Fig. 16 
is ijsi'il. It is a conductor of low resistance connecting in multip 
thi? Hc rit'ji windings of the two machines. Now if the prime mov 
of (1) rurLs above normal speed the voltage of (1) rises and it tak 
tin inoretiscd load. The increase of current does not all go throuf 
tfif !^i*rit^s winding of (1) but divides between the windings of ( 
Htirl (2) in inverse proportion to their resistances and so preven 
any iit'{ rcaso of the voltage of (2). Thus with an equalizer co 
111 ('lion (2) will still hold its load. The resistances of the seri 
wituUngs jnust be adjusted so that the load current will divi( 
Im^Iwih ti them in such proportion that each machine will supp 
its iMopiT share of the load. 

Hofore connecting machine (2) in parallel with (1) which 
d(^iiv*Tiiif^ power, first close switches S2 and S3, Fig. 165, ai 
adjust x\iv shunt field of (2) until its terminal voltage is the same ; 
Ihnt i)f (t). The excitation of (2) is now provided partly by i 
f^iuml fir Id and partly by its series field carrying part of the loj 
current. After checking the polarity to see that it is correct clo 
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tch B^ and tuijust the shunt field of (2) until the machines di- 
p thf? loud in pmpurtion to their capacities. 
'rum thf' abuvp disruis^ion it is seen that two compound-wound 
cratoni connected in parallel form an unstable system unless 
i?quali3»r connection m placed between their series windings. 




E^uoltzer Connection 






(myw 



Fig. 165. Parallel oipenHluti of compound generators. 

». TlmU Regulator. TIh.^ Tirrili regulator is an automatic 
x^ rf^Kulutnr dr^igued to muintam a steady voltage at the 
JiiiUs of a d!ro(^l-t.^urrrnt gt-ruTator irrespective of ordinary 

fluctuations or changi^.s in generator speed. It can also be 
t U compensate fur line drop by increasing the generator 
ige Afi the lorid increases, 

le Ti^iitor controls the Vf)Il;ige by rapidly opening and 
ag & shunt circuit nenii^s tht^ field rheostat of the generator. 
Aaoitat m m jvljasted tjiat when in circuit it tends to reduce 
rfti^OOftsidenibly he\im nnrnial and when short circuited the 
^ li^mfc to rm^ nlxive nurmal. The relative lengths of • 
durinit which the ^hort i^ireuit is closed or opened determmes 
wWfc^ value of the fi(*ld current and therefore the value of 
i^niiuiJ vultagi\ 
t^ niHhfid of operntion of i\w regulator is illustrated in Fig. 

IImj agulator consists esstatially of two magnets con- 
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trolling two sets of contacts. The main control magnet has t^ 
independent \*indings, one, the potential winding, connected acn 
the generator terminals and the other across a shmit in the lo 
circuit. The latter \s the compensating winding and is only us 
when a rise of voltage with load is required. The relay magi 



CotBf^SAiiiatf ftecLfftAnce Shojit 



Poteatlal Winding 





Fig. 166. Automatic voltage regulator. 

i*< liifrt^rtnYtially wound and controls the circuit shunting the fi^ 
rluHieitat. Tlje openition is as follows: When the short circ 
ntTiiKH the tit^il rheostat is opened the voltage tends to fall bel 
ntinunl. Tiu^ mmi control magnet is weakened and allows I 
Hprtni; to pull out the movable core until the main contacts i 
elu^Hi. Tills closes the second circuit of the differential rel 
tiiMl iteniHSurtizes it. The relay spring then lifts the armati 
thutl eUw*rt llu' rt'lay contacts. The field rheostat is short ( 
euilini and the fiold current and terminal voltage tend to ri 
M*lii^ nuuu rontn>l magnet is strengthened and opens the m 
vinxUwiH aWowmg the dtfforential relay to open the short ( 
lutii iiefiwK thr field rheostat. The terminal voltage falls ag 
ntiil \h\n r> rli^ of optTations is repeated at a very rapid rate ma 
tiiliiliiK (1 Mttvidy voltage at the generator terminals. When i 
i'iiin|HHiHiiting winding is not used the terminal voltage is ma 

W'luHi It irt lUH^f^ssary to compensate for line drop and maint 
H I'liikHtant voltage at the receiver end of the line, the compensat 
^^iuilitiic i'* etmnected across a shunt in the load circuit. 1 
ivnlMiiuiiHi of the Bhunt is adjusted to give the required compoui 
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The compensating winding opposes the action of the po- 
tial winding on the main control magnet so that as load 
•eases a higher potential is necessary at the generator terminals 
)rder to close the main contacts and open the shunt across the 
1 rheostat. Thus the generator voltage rises with load. The 
denser connected across the relay contacts serves to reduce 
sparking when the circuit is opened. 




Field 
'*SBheo8tat 



Vf 




Field 
^Bheortttt 




Fig. 167. Shunt 
motor. 



Fig. 1C8. Series motor. 



Fig. 169. Compound 
motor. 



31. Electric Motors. In generators mechanical power is 
plied and electrical power is generated. The speed is fixed by 
prime mover and is constant. The terminal voltage is ap- 
ximately constant in the shunt generator and flat-compound 
erator and increases with load in the over-compound generator 
I the series generator. The generated voltage is always greater 
n the terminal voltage by the drop in the armature resistance; 

g = £ + /r. 

D motors electrical power is supplied and mechanical power 
enerated. The impressed e.m.f. is fixed by the supply circuit 
I is constant. The speed is either approximately constant as 
he shunt motor or decreases with load as in the compound motor 
I series motor. The voltage generated in the armature has 
same equation as the voltage in a generator, but it is a back 
tage and opposes the current; the impressed voltage E is greater 
D the back-generated voltage by the armature resistance 
p; thus, 

JS; = g + 7r, (213) 



& = E-Ir. 



(214) 



XL Types of Motors. There are three types of direct-cur- 
t motors corresponding to the three typ(»s of generators, shunt, 
apound and series. The shunt motor has its field circuit con- 
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nected across the line in shunt with the armature and therefore 
has a constant excitation. (Fig. 167.) The compound motor 
has a series winding carrying the load current in addition to its 
shunt winding. The excitation therefore increases with load- 
(Fig. 169.) 

The series motor has its field circuit in series with the armature 
and has no shunt winding. Its excitation is zero at no load and 
increases directly with the load current. (Fig. 168.) 

123. Speed Equation of a Motor. The impressed voltage is 

E = & + Ir, 

Pi 
E = Kn^ + Ir 

^ = ^'; (215) 



and 

therefore 
and 




this is the speed equation. 

The term Ir is small in comparison to E and can be neglected 
except at heavy loads. 

The speed equation can therefore be written 

» = :^; (216) 

thus, the speed of a motor is directly proportional to the impressed 
voltage and is inversely proportional to the flux crossing the air 

gap. 

124. Methods of Varying Speed. The speed can be varied in 

tlirci' ways, ( 1 ) })y varying the impressed voltage E, (2) by varying 
the flux 4' by nilucing the field current, (3) by shifting the brushes. 
(1) Tiie voltage impressed on the armature can be varied by 
introducing a rf^sistance ff, Fig. 170, in series with the armature. 
If £, is the supply voltage, the voltage impressed on the motor is 

E = E.- IR. 

By increasing R, E can be reduced to any required value and 
any qietnl (nmi standstill to normal speed can be attained but no 
ijicreaae of speed above normal. 
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Fig. 171 shows n as a function of E; the locus is a straight line 
massing through the origin. 
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Fig. 170. 



Impressed Volume E 

Fig. 171. Variation of speed 

with impressed voltage. 



This method of varying speed is uneconomical as a large amount 
)f power is lost in the control resistance; it is the product of the 
urrent input and the voltage consumed in the resistance and is 
= I X IR = PR watts. 



M / 1 

O I / 

c / 



Field Current 1/ 
Fig. 172. 

The resistance R must not be connected in series with the field 
inding as it would then decrease the field current and therefore 
[le flux and tend to cause an increase in speed. 
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J. W^iL uv lag the speed by field control the full line voltage 
>. K u '.he armature and a resistance R is connected in 
1,1 1 11' tiold winding, Fig. 167. As the resistance R u 
^imx^-tm^ lik* lit Id current // decreases according to equation 



// = 



E 



R + Tf 



»%u4 ^'tt* fh4.\ * decreases with the field current as shown by th< 
<«iii4Liiiiuu turve of the machine in Fig. 172. Since the speec 
> >ak*5* mvi TH'ly as 4>, Fig. 173, the variation of speed wnth fieh 
< iiACvUl ^*U be represented by a curve of the shape shown ii 
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Fig. 173. 

Uv \W\> method the speed can be increased to any requires 
\alui\ nml it tends to approach infinity when the field current i 

III tii.ii'hmcs of ordinary' design the speed can be increased sat 
infiH torih anly about 70 per cent above normal speed by fiel 
ttmkt uiiii:. Beyond this point it is not possible to get sparkles 
inuninutraiim of full-load current, since the armature m.ni.f. i 
htnmj: ent>ugh to overcome the weak field m.m.f. and wipe ou 
thi* ronuiiuhiting field and at the same time the time of commuta 
Tuni m diHTiNised. 

By U!*ing intorpoles which neutralize the effect of armatui 
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m.f . and provide a commutating field, the speed can be increased 
four times normal by field weakening without injurious sparking, 
rhe loss in power in the resistance controlling the field current 
rery small since the power used for field excitation is only 1 or 2 
r cent of the rated output. 



1 



i I I I rd ir 
\ I I r rri 



Current 1/ 
Fig. 174. Variation of speed with field current. 



[3) At no load with the brushes on the neutral line, all the con- 
L-tors on each half of the armature are eflfective in generating 
' back e.m.f. and this is therefore the position of minimum 
^. (Fig. 126 (a).) 

RTien the brushes are moved back against the direction of ro- 
ion, Fig. 126 (6), only the belts of conductors under the poles 
' effective in generating the back e.m.f. and the result is the 
DC as though the flux had been decreased. The speed is there- 
e increased. 

L'nder load, when current is flowing in the armature, the con- 
dors between the poles exert a demagnetizing m.m.f. and causi? 
lecrease in the flux; the speed therefore rises more than at no 

a. 

rhis method of speed variation is not used to any extent since 
interferes with commutation and causes injurious sparking. 
125. Speed Characteristics of Motors. The speed charac- 
Tstic is the curve showing the variation of speed with armature 
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current. The speed equation was found to be 
J?-7r 



n = 



A'* 



-r.p.s. (Art. 123.) 



Shunt Motor. As the motor is loaded and I increases the sp 
is affected in two ways, (1) the resistance drop Ir increases i 
tends to cause a proportionate decrease in speed; (2) the flu 
is decreased by the armature demagnetizing and cross-magi 
izing m.m.f.; the demagnetizing effect increases directly with 
current but the cross-magnetizing effect increases at a slower i 
due to the saturation of the path; therefore the armature read 
tends to increase the speed. If the motor is operated at a p< 
just above the knee of the saturation curve the drop m speed 
to the armature resistance will be greater than the rise du( 
armature reaction and the speed characteristic will fall as sh( 
hi Fig. 175» curv^e 1. 
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Fig. 175. Motor speed characteristics. 



The speed regulation of a motor is the rise in speed when 
load is thrown off expressed as a per cent of full-load speed. 

The speed regulation of shunt motors of large size is from 1 
5 per cent. 
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Compound Motor. In the compound-wound motor the arma- 
e resistance causes a drop in speed and the m.m.f. of the 
ies winding overcomes the effect of the armature m.m.f. and 
reases the flux and thus decreases the speed more than in the 
int motor. A typical speed characteristic of a compound motor 
hewn in curve 2, Fig. 175. 

f the series winding is reversed, its m.m.f. opposes the field 
n.f. and thus decreases the flux and causes the speed to increase 
h load as shown in curve 3, Fig. 175. 

rhe motor is then called a "differential compound " motor and 
y be designed to give constant speed under all loads. If the 
ies-field winding is strong the motor is imstable and tends to 
I at excessive speed. 

^krits Motor. At no load the series motor tends to run at a 
y high speed limited only by the residual magnetism or the 
que required to overcome the losses. As load is applied the 
rent and flux increase and the speed falls rapidly till the mag- 
ic circuit of the machine becomes saturated; the speed charac- 
istic then becomes almost horizontal. (Fig. 175, curve 4.) 
126. Torque Equation. The torque of a motor is propor- 
Qal to the product of the flux crossing the air gaps and the cur- 
it in the armature. Its equation is derived as follows: 
rhe e.m.f. impressed on the armature is 



i? = g + /r, 



ere 



pi 

the back voltage generated in the armature and Ir is the voltage 
Qsumed by the armature resistance. 
The power input to the armature is 



EI = &I + 1^ watts. 



(217) 



The power lost in the armature is 7V watts, and thus the elec- 
ic power transformed into mechanical power is 

g7 = Zn*7^10-«; 
Vi 

iia is the power output in watts neglecting the friction losses. 
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lerics Motor. In the series motor the flux increases almost in 
»ct proportion to the current, while the magnetic circuit is un- 
irated, and therefore the torque is proportional to the square 
he current; at heavy load, when the magnetic circuit becomes 
irated, the flux becomes almost constant and the torque then 
•eases in direct proportion to the current. Curve 2, Fig. 176, 
typical torque-current curve for a series motor. 
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Fig. 176. Motor torque characteristics. 

Compound Motor, In the compound motor the flux increase's 
th load but not in direct proportion to the current; thus, the 
rqui»-<^*urrent curve (curve 3) lies between those of the shunt and 
p series motor. 

If the series winding is reversed, as in the differential comix>und 
Dtor, the flux decreases with load and the torque-current curve 
Us below that of the shunt motor. (Curve 4.) 
128. Starting of Motors. Fig. 177 shows the proper con- 
tlion for starting a shunt motor. Two conditions must be ful- 
led. First, the field current must be as large as p<)ssil)le and 
erefore there must be no resistance in series with the field wind- 
g. This gives a large flux and therefore the requirixl starting 
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torquu can be obtained A^-ithout excessive current in the armature 
Six'^uni, resistance munt be connected in series with the armatur 
to limit the current and this resistance must be cut out gradual! 
w^ the motor speeA^ up and generates a back voltage. If the re 
ristanec is cut out too quickly the motor draws a very large cui 
rent and accele rate's too rapidly. When all the resistance is oi 



n^ 



Bhoni 
i Field 
Field « 
Bheostat § 




Starting Berirtanoe 

FitJ. 177. Starting a shunt motor. 



the motor nins at full speed and generates a back voltage almo 
ecjual to the lipplietl voltage. If full voltage is appHed to tl 
nmuiture at rest the current is limited by the armature resistan( 
only, which is very ^mall. Assume that the armature resistance i 
a UO-volt motor m 0.01 ohm. If 110 volts is applied the currei 

tends to rise to a value ^ = T^r.^ = 11,000 amperes and will ii 

rncdiMttiy opera t(^ any protective devices on the system. 

129* Applications of Motors. There are three types of direc 
current nuitor^, (1) shunt, (2) series and (3) compound. 

{!) The ch;iractc*ristics of a shunt motor are (a) constant spe< 
and {h) torcpir^ proportional to current. 

Shunt motors are used for lathes, boring mills and all constan 
speinl miiehine totals, for driving line shafting when the startii 
load is not too heavy, for fans, centrifugal pumps, etc. 

The starting torque is not large and when the motor has to sta 
unilcr load it draws an excessive current. 

The speed of stiunt motors can be increased by field weakenu 
about 70 per cent alcove normal without injurious sparking if tl 
outimt remains eontntant, or 100 per cent if the output is decreasi 
Uj ho per cent of full load. 

Fur lathes speed ranges of 4 : 1 are necessary since the cuttL 
b]}\hh\ niuiit remain approximately constant although the diamet 
of tlie material chaD|3:es. Field control must be used and in ord 
tu get the required range a multiple-wire supply system is oft 
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ployed. Fig. 178 shows such a system. Two generators, one 
ing 90 volts and the other 160 volts, are connected in series 
1 three wires are run from them to the machine shop. The 
tor field is connected across 250 volts from a to 6 and a rheostat 
placed in series with it. For low speeds the armature is cou- 
rted across 90 volts from a to c and an increase in speed of 70 
' «»nt can be obtained by the field rheostat. For medium 




Fig. 178. Three-wire system. 

?eds the armature is connected across 160 volts from c to 6 and 

? speed can again be increased 70 per cent. Finally for high 

?eds the armature is connected across 250 volts from a to 6 and 

? speed can be increased again by the field rheostat. In this 

\\ a range of 4 : 1 can easily be obtained. 

With interpoles a speed range of 4 : 1 can be obtained by field 

'akeoing without using a three-wire system. 

(2) The characteristics of a series motor are (a) variable speed 

d (b) torque proportional to the square of the current below 

turation. 

When a load comes on a series motor it responds by decreasing 

> speed and supplying the increased torque with a small increase 

current, thus preventing a sudden shock on the supply system. 

shunt motor under the same conditions would hold its speed 

'ariy constant and would supply the required torque with a 

rge increase of current and would thus make a heavy demand on 

le sj-stem. 

Series motors must not be used for belt drives or in any case 

bere the load may be removed suddenly since they run at ex- 

'ssive speed at light load. 

Series motors are used in railway work and for cranes, hoists, 

^M where very large starting torque is necessary. 
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(3) The characteristics of a compound motor are (a) variab 
9p<>ed tiad (b) torque greater than in the shunt motor but le 
than iti the series motor. 

At light loads compound motors approach a limiting spe( 
which ia fixed by their shunt excitation. 

They are used for elevators and in classes of work where tl 
load is variable and constant speed is not necessary and where 
fairly large starting torque is required, except in those cases whe 
weries motors are necessary on account of their very large startii 
torque. 

In rolling mills where the load fluctuates very rapidly a coi 
pounil'Wound motor is used with a heavy flywheel attached to i 
Wiwn a heavy load comes on the speed falls and the flywhe 
gives up part of its energy. A similar motor with a flywheel 
used to drive shears, punches, etc. 

130. Power Losses in Dynamos. The power losses occurrii 
in d> riamos may be divided into copper losses, iron losses and fri 
tion losses, and these may again be subdivided as follows: 

Copper losses. 

(a) Shunt-field copper loss. 

(b) Series-field copper loss, 
(e) Armature copper loss. 

iron- losses, 

id) Hysteresis loss. 

(e) Eddy current loss. 
Frkiion losses, 

(f) Brush friction loss. 

(g) Journal friction loss, 
(h) Windage loss. 

(a) The shunt-field copper loss is 7/^ r/ watts, where 7/ is tl 
rum tit in the shunt-field winding and r/ is the resistance of tl 
^ imiiiig at the running temperature of the machine. This lo 
can im represented by £/7/, where Ef = I/tf is the voltage in 
prrss( d on the winding. Thus all the energy supplied to the fie 
winding is transformed into heat and is wasted, since no enerj 
is required to maintain the magnetic flux after it is once establish^ 

TIm* shunt-field loss is constant under all conditions of load ar 
it ranges from 1 per cent of full-load output in large high-spec 
machines to 5 per cent in small low-speed machines. 
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If there is a rheostat connected in series with the shunt-field 
winding the power wasted in it should be included in the field 
copper loss. 

(b) The series-field copper loss is J,V, watts, where J, is the 
current in the series winding and r, is its resistance. This loss 
increases as the square of the load current of the machine. In 
interpole machines the resistance r, will include the resistance of 
the interpole winding. The power loss in the shunts to the series 
winding or in the series-field rheostat must be included in the 
series-field loss. 

(e) The armature copper loss may be divided into three parts, 
first, the loss due to the current /« flowing through the resistance ra 
of the armature winding, not mcluding the resistance of the brush 
contacts. This part of the loss is /« Va watts and increases as the 
square of the load current. Second, there is a loss of power where 
the current passes from the commutator to the brushes or vice 
versa. It is c7« watts, where e is the drop of voltage at the brush 
contacts. The voltage c varies directly as the current at light 
loads when the current density is low but above a density of about 
30 amperes per square inch of brush contact it remains nearly con- 
stant at a value of approximately 2 volts for ordinary carbon 
brushes. Above this point therefore the loss at the brush contacts 
increases as the first power of the current. This loss is negligible in 
high-voltage machines but is quite large in low-voltage machines. 
The third part of the armature copper loss is that caused by short- 
circuit currents in coils undergoing commutation or by circulating 
currents in the machine windings which may be produced by im- 
proper spacuig of the brushes or by any variation in the depth of 
the air gaps under different poles in multipolar machines. These 
losses cannot be calculated. 

(d) The hysteresis loss is due to the reversal of the magnetism 
in the armature iron as it moves across a pair of poles. Steinmetz 
found that the loss per cycle of magnetism varies as the 1.6th power 
of the induction density; it is 

w* = TQoJS^' ergs, 

where oft is the maximum induction in lines per square centimeter 
and T, is the hysteretic constant for the iron and w, is the loss in 
^Tfp per cubic centimeter per cycle. The value of tj for armature 
iron 18 about 0.003. 
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If the LndueiiQn density B is expressed in lines per square mc 
inid / is the number of cycles of magnetism per second, then th 
hystt^retMs loss per cubic inch of iron per second is 

(B V-^ 
Tvvjpj (2.54)V ergs per second; 

hut 1 **^ per second = 10~^ watts, 

th<*n^fon\ thi* \o^ in watts per cubic inch for a frequency of 
cyclic piT second i:^ 

H\= 0.83 TjB^V 10-7 watts. .... (221 

Tn tnm^fontief^ where the induction .density is tiearly unifon 
tlirougliuiil the vohirin* of the iron this value multiplied by tl 
vuhum? of iron in cubic inches would give the hysteresis loss ver 
cliw^lyi but, ill the n\^ of djTiamos the uiduction density is nc 
unifinnu Intt vant^ fitnu a maximum at the roots of the teet 
tl) uluitwt xero ne{w thi^ shaft, as shown in Fig. 179 and, therefon 
tin* hysti nsis h*^ cannot be calculated accurately but must I 
r8iiuuacii frtnu txiKTu uce with similar machines. 




Fni. 171*, llu^E duitribution in the armature core. 

'thv liy?ili'n:si?< U>i*8 ^varies directly as the speed of the djman 
wWwU irt [m*|H»rlii»iuiI to the frequency of the reversals of mai 
IK tism HUil it incrciifk^i^ to a slight degree under load due to tl 
tlifitortion of th<* i\u\. In the regions where the density is L 
rnvw^rl \hv Uvj**t i;^ inen*ti;5**d more than it is decreased in the regioi 
wluni' ihv di'iiJ^ily i;* drcreaseil. 

(e) Tlie i^iiiy currt*nt loss is due to electric currents set up 
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armature iron by the e.m.f.'s generated in it as it cuts across 

flux. 

n Fig. 180 abed represents a section of an armature punching 
liiickness t in. If the flux density in the gap is B lines per square 




Fig. 180. Eddy current loss in the armature core. 

h and the edge ab is moving with a velocity of S ins. per second 
■OSS the flux, then, the e.m.f. generated in the length ab is 
c = BtS 10-8 volts. 

lis e.m.f. will cause a current to circulate through the iron as 
licated by the arrow; the value of the current will be 

BtS 10-8 

amperes, 



kp 



kp 



lere p is the specific resistance of the iron and fc is a constant 
pending on the dimensions of the section. 
The loss in the section will be 



p = i^kp = 



BVSnO^^kp , BHK^^ 



k^p^ 



= *i- 



watts, 



(222) 



lere ki^ is a constant. 

The eddy current loss, therefore, varies as the square of the in- 
iction density, the square of the thickness of the punchings and 
e square of the speed; it also depends on the specific resistance 
the iron used but it cannot be calculated accurately in the case 
a rotating armature, where the induction density varies through- 
it the section. It mcreases under load due to field distortion but 
'nds to decrease as the temperature rises and increases the spe- 
ific resistance of the iron. 

Eddy currents are also produced in the pole faces due to local 
"^riattons of the induction density as the armature teeth move 
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n#flu< This loss cannot be calculated but its presence 
^ hm^ heating of solid pole faces. To reduce it the p 
i-current machines should always be laminated. 

^*> 1 1' urih friction loss in foot pounds per second is equal 
ilv» iHViiut L uf the total brush pressure in pounds, the periphe 
i^M^d oi thi^ V ommutator in feet per second and the coefficient 
frkUiiu Ixrtwien the brush and the commutator. With cart 
IhoaIki^ the pi^essure should be from 1.5 to 2 lbs. per square m 
lUk viJuc umltiplied by the area of all the brushes gives the to 
I>«uh1i iw^'i^uro in pounds. In railway motors, where there ii 
HK^t ^ii^al i>t vibration, pressures up to 5 lbs. per square inch i 
um^l in unit r to insure good contact. The coefficient of frict 
tx'twt^^n a rarbon brush and the commutator is about 0.3. 1 
bi'ibJi frictiiHi loss varies directly as the speed but is independ 
of thi^ U>«iil* 

(g) Tht^ journal friction loss increases as the (speed)! bul 
iiiUrlH'ivtlont uf the load. 

(h) Thi? windage loss depends on the shapes of the rotat 
\iiU'U of ihv machuie and cannot be accurately determined. 
Viirit^ lUnuiHt as the cube of the speed- but is usually very sma 

Tin* lojwes may be divided into two groups, the constant lot 
t4iul tli<' v:inable losses. 

rill* cumstaiit losses are those which do not vary to any gi 
i^tioiit uiidiT load and include the shunt-field copper loss, the i 
iv^M'H and tlie friction and windage losses. 

Till* variable losses are those which increase with load, nam 
\\h* nriniUuro copper loss and the series-field copper loss. 

All tlir losses in a machuie appear as heat and raise the t 
]H*nUiire uf the various parts. 

131. Efficiency. The efficiency of a machine may be 
riouf*ly t^xpFL^ssed as, 

T) = - — ^-r- 100 per cent 
mput 

o^P"L_ 100 per cent 



output + losses 



mput — losses ,^^ . 

= — ^ — -. 7 100 per cent. 

mput 



(: 



Tlio (^(Rrit^nry varies with the output; at light loads it is lo^ 
nirciiUiU of the constant losses; between | load and full load 
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mftximiiTn and the constant losses and variable losses are nearly 
equal; above full load it decreases again due to the rapid increase 
of the variable losses. The limit of the eflSciency which can be 
reached commercially depends on the output, the voltage and the 
speed. A higher eflSciency can be obtained with large machines 
than with small machines. A higher efficiency can be obtained 
with high-voltage or high-speed machines than with low-voltage 
or low-speed machines. 




SCOt? 



40 80 120160200240280820800400 
Amperes Outpat 

Fig. 181. Characteristic curves of a 200-kw. compound-wound 
generator. 

For 220-volt direct-current motors the full-load efficiency ranges 
from about 85 per cent for small sizes to 93 per cent for large 
aies. 

For 550-volt direct-current generators the full-load efficiency 
'^wges from about 90 per cent for small sizes to 95 per cent for 
lan^e sixes. 

Fig. 181 shows the characteristic curves of a 200-kw. compound- 
wound generator, 550 to 625 volts. 
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Fig. 183. Characteristic curves of a 500-volt crane motor with 
a capacity of 65 h. p. for } hour. 
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Fig. 184. Characteristic curves of a 25-h. p. 
compound-wound motor. 



lin»li»r \H UmmI hut if it W i)%»rU.a»l»ii lla -ptnnl .j^ I . -_^ 

tn i;»'tirmh»t?* Ilir nx'ii.v'i' n w a voltacp rr*rn:..:: ::_ _• 
|«»fij m imna.'^iMl thr vult-k^c*' ? J^'.--* «>ff ami a pomr .>, -.« z. -.- 
v\lMif uiv iiuM'V.'^- »>1 loiul N^ul fuii'^* -^li gro:it JL ' itM.Tr*i:.2e z. /. 
Ill it iIh' |M»wt'r -^tipphr^l is un.sii.n.-T* u-r,,rv'. 

^'M riio iHhirtirv of n tii;u-r.;:u' incr^.LSoa wiiL ncr"-^--- 
(t) Ihr juMiil wIm'M- tlir vnri.ihlr <'»)pr)»T los.st-^ :irp •*<"|TiLJ. ' i^- 
<i:iiit U».<M<, VlH»vr this \xn\\l tfit* itfififncy Jerrra-^es .ili : 
r.i)*i«) inrtv/i.ii' ill Ihr VHrial'If Iosm^s. 

VN ilh |»M'|**'''> ^l* '^iK'i''*^ in.uliiru-s th^ output is im-ro - ,- 
hraiinK ^** <|»'^»^'"K '»»"'«"*<' the nx'ilati«»n or efficient .K-^y-mm 

ImJ. 

(•'») VII (Im' K»KM*rt of |H»\viT in 11 machine arp eonv^rtf^i zi" 
.vMil i»ii*^' *'•*' ttinin't-ihin- of thr vtirious parts iintii -Lt- -i ji 
MMrhnl whrtv iht' mlr al uhiih !ir:U i> Ix-in^ nuiiuttH t iir 
»,|| l.\ (ho \riiltl.i»inji ippdi'fitus is r<]u:il to the rate ar vr^::. 
m Ih-ihR »i«ii**«'^t^-*J ^*'»*' trinprrMturr will then rr-niiiiii X'H:^. 
\\ Im II \ itiavhim- is ovrili»avliJ its loss4-s increa.<e and cr)n:=^/ir!: 
,U (tnipri'iturf MS4S vhovr !ii»nnal. 

tl .^ ni.u hiiu' i»pi'«\(rK jvt a hijch temjxTature for any len-r: 
l,,,.r iHifMinnil injury to llir insulating mati-riak will rr-^i.:. 

I \\ Sp.ukto^ will oivur in a tnarliitie when the field Liir iv 
,.,.il uhu h IS I'iMMii ooniniut.itrd is m>t strong enough to y-^-- 
Hm. rnitvnl »»» <'»^' t'"'*' ^'* conunutation. Sparking will -ii^^n- 
m.mmi m ^i-nn-itoiH or nu>tv>ix at lu-avy load when the armii! 
♦M M» I i< <o it'^"'^* ^'^'^^ ^^ ^^^l'*'"* ^'^^^ ^^^^' ^*^''^' under the p:ie i: 
n. .tv' t*^ «< iv» <ihh an e\icnt tluit it cannot produee the t^vz 

Moi OM.jsi e tn f MoU»r-s \mII ivlso spark at high speeii ^ 

\\s . iimu' oI vx'inmut i(K>n is ixvluwd, esjHTially when the h%h -ft 
I . |oo Im,-, d I'N tirlvl NWMkrninK. Take for example a shunt ni« 

♦ ,1 I .0 Hottnil <p*^'vl as 10 h. p.» llO volts, 80 amperes. 

I P ♦o ^>^\ <up|Hv<e the tent|vratuiv rise to be 50° C. at 

I M, lo,l H'otM trniiHratutv of •V>H\ If the motor is open 

■ ♦ h'.ll -p. » d s»t >H> r p. nv. l>v n\UK-iu>:: the impressed volt 

I ' h iM 0,p »'0»n^ \\\ \\ K^ takeix ivs 10 h. p., 55 volts, 80 amp 

♦ ill ih.. Immp* » *t\ttx^ tt<o will Iv jiiitvater than Ix^fore beei] 
"'' '«MhMlMiv ropisr In^vn is the s;vuu\ the tiold copper loss is 
'"•••• "»i'l llu> \\^y\\ \xu\ \\w\\yn\ Ivvssi^s ar\^ less due tothelowsfK 
'"'♦ ♦'♦♦ ^ » nUl sw^^xs \^ vM\I\ aUnit half iw< gvvd as Ix^fore. 
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tVhen operated at twice full speed produced by field weaken- 

;, the rating may be taken as 10 h. p., 110 volts, 80 amperes 

t the temperature rise will be less than before, because the 

oature copper loss is the same, the field copper loss is reduced 

about one quarter of its normal value and the iron and friction 

ses are increased but the ventilation is very much improved. 

e rated output of the machine for normal temperature rise 

ght be increased but due to the higher speed and consequent 

luced time of conunutation sparking would occur. 

133. Storage Batteries. A storage battery is an apparatus 

which electrical energy can be stored to be used at some later 

ae. 

Batteries are made up of a number of cells connected in series 

iltiple according to the voltage and current required. 

Each cell is composed of two plates or electrodes of suitable 

iterials immersed in an electrolyte. The most conunonly used 

)rage battery has a positive plate of lead peroxide PbOi and a 

gative plate of sponge lead Pb immersed in dilute sulphuric acid 

6O4. 

When the battery is discharging the electrolyte combines with 

e active materials of the electrodes and when it is being charged 

e electrodes are reduced to their original condition and the 

aterials taken from the electrolyte are returned to it. 

The main chemical changes taking place are represented by the 

Uowing formula: 

charge 



PbO, + Pb + 2H2S04 = 2PbS04 + 2H,0. . (224) 

► 

discharge 

CapacUy. The urrit of capacity of a storage cell is the ampere 
our and it is generally based on the eight-hour discharge rate, 
n 800-ampere-hour battery will give a continuous discharge 
[ 100 amperes for eight hours. If, however, the rate of discharge 
i increased the ampere-hour capacity of the battery decreases. 
ii a six-hour discharge rate the capacity is only about 95 per cent, 
t a four discharge rate it is about 80 per cent and at a one-hour 
ate it is only 50 per cent of its eight-hour rating. Thus the bat- 
ery mentioned above would give a continuous discharge of 400 
tfnperes for only one hour. 
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^^atteries are also installed in electric railway substations ta 
''vent large variations of the load on the feeders supplying them 
A so regulate the substation voltage. 

V third very important application of storage batteries is iri 
>niating-current power stations where they provide an auxiliary' 
nply of direct current in case of a breakdown of the exciters luid 
*y thus prevent a shutdown of the whole system. 
Fig. 186 shows a battery connected across the terminals of it 
ant generator. At normal load the battery voltage and the gni- 
itor voltage are equal and the battery floats on the line neitiu r 
zing nor receiving power. If, however, the load increases the 
aerator voltage falls and the battery discharges and supplit^iii 



§ 



^ 




"^" Battery 

:=Z Variabl* Load 



Fig. 186. Battery with shunt generator. 

rt of the extra load and so relieves the generator and prevents 
y large drop in its terminal voltage. The battery in this wny 
kes care both of sudden overloads and continuous overloads * 
iring periods of light load the generator voltage rises above the 
ttery voltage and the battery charges. 

136. Boosters. Boosters are direct-current generators con- 
cted in series with the line to raise or lower the voltage; tht y 
e used very extensively to regulate the charge and discharge nf 
)rage batteries without changing the generator voltage. Thvy 
ly be either shunt, series or compound wound. 
The shunt booster, Fig. 187, is an ordinary generator with Uh 
Id connected across the station bus bars and its armature (*on- 
cted in series with the main generator. Its function is to nuso 
e voltage impressed on the battery in order to send current inttj 
to charge it. The voltage of the booster is controlled by a field 
eoetat. 

Compound boosters are automatic in their action and are eli- 
ded into two classes, non-reversible and reversible, depending 
i the relative strengths of their shunt and series windings. 
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Fig. 188 ishows a non-reversible automatic booster. The shu 
field / is cormectetl across the station bus bars. The series fielc 
ciirriea the load current of the generator and it opposes the shu 
fi^^d but has at alt times a smaller m.m.f. and thus the boost 
voltage is always in the direction of the generator voltage. 




Fig. 187. 



Booster 
Shunt booster. 



When the load current increases an increase of current throuj 
s decrefises the booster voltage and allows the battery to dischar^ 
when the loiul d( (ureases the booster voltage rises and causes t 
battery to charge. The current from the generator remains prs 
tically coEistiUit regardless of the fluctuations of load. 




Fig. 188. Compound booster. 

The reversiljle booster is similar in construction to the nc 
n?V(?raible booster but has a stronger series field. At normal lo 
iho shunt and siTies fields are of equal strength and the boosi 
voltage is zero. The battery then floats on the line and neitl 
eharges nor diaeharges. An increase of load above normal 
creases the strength of s and overpowers / and so discharges 1 
battery. When the load decreases / becomes stronger than s a 
causes the battery to charge. 
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Thus by installing an automatic booster the battery is made 
are sensitive to variations of load and a better regulation of the 
nerator load and voltage is obtained. 

Series boosters are used in electric railway engineering and in 
neral power distribution to raise the voltage on certain sections 




Fig. 189. Series booster. 

the line as in the case of a long feeder supplying power to an out- 
ing section, as shown in Fig. 189. The booster field is connected 
series with the line and it produces an increase of the im- 
essed voltage to take care of the line drop. 
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CHAPTER V 
SYNCHRONOUS MACHINERT 

136. Alternator, An- alternator consif^ts essentially of a; 
open coil of wire revolving at oniform spt^d in the magneti 
field between a pair of unlike polos, (Fig. 190.) The field ra,m. 
is produced by windings excited by direct current. 

Between the slip rings a and h an alternating e-mi» is genei 
ated of instantaneous value 



e = «^ 10-« volts, 
at 



(22^ 



d^ 



where n is the number of turns in the coil and -77 is the rate \ 

di 

change uf the flux intfTlinking with the coil or the rate at whit' 
the coil is cutting tlie flux. The result is the same if the coil 
stationary and the field revolves. 

137, Types of Alternators* There are three principal typ( 
of alternators, 

(a) revolving armaturCj 

(b) revolving field, 

(c) inductfir. 

Type (a) is illustrated in Fig, 190. The field poles are stj 
tionary and the armature revolves between them. The ends < 
the winding are brought out to two slip rings in singk^pha: 
machinei^i and to three or more slip rings in polyp tiase mac bin* 
and tlie current is c^ollect(>d by copper or carbon brushes. 

The armature is necessarily of small size since the peripher 
speed is limited and there is very little space for insulation. Tt 
armature conductors art^ also lictt^d upon by centriiugal forci 
which tend to throw them out of the slots. The revolving armi 
ture is therefore only suitable for machines of small size and lo 
voltage*. It is, however, necessary in the case of rotary converter 
where the same armature winding carries both alternating ar 
direct currents. 

9^ 
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b) The revolving field type illustrated in Fig. 191 and Fig. 
\ is almost universal for all sizes and voltages. The armature 
he stationary part and the field poles revolve. This t>T>e has 
ny advantages over the revolving armature type. (1) It only 
uires two slip rings even for polyphase machines and these 




Generator 

Fig. 190. Single-phase alternator, revolving armature type. 

) rings carry only the small current supplied to the field wind- 
;, while the load current is taken off from stationary terminals. 
There is much more space for the armature windings and 
'V are relieved from all centrifugal strains. They can, there- 
e, be much blotter insulated and ventilated. The field wind- 
3 are made of copper strap and the revolving member is very 
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C 



Motion 



Armature Windins 



Fio. 191. Single-phase alternator, revolving field tyj>e. 

gged and is not affecti^d by strains due to rotation; thus, much 
^er peripheral sp(»eds may be used than with type (a), with 
nsequent increase in economy of material. 
ic) The inductor alternator is almost obsolete. In these 
achines the field and armature windings are lK)th stationary 
id a part of the iron of the magnetic circuit revolves, producing 
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leads ei in phase by 45 degrees, its maximum value is V2 Eo tmd 

effective value is Bad = — 7=^ = Eo= V2 E. This value can 

V2; 

n be obtained by subtracting the two vectors as shown io 
g.197. 
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Fig. 196. E.m.f. waves of a two-phase alternator. 

The middle points m\ and mi of the two windings are somc^ 
mes connected together and a fifth terminal F used as shuwn 
I Fig. 198. The common terminal F is called the neutral j)*>int 
[ the winding and may be connected to earth. The e.m.f. friim 
ich of the other terminals to F is the same. 
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Sap = Ebp = Ecf = Edf = -^ 
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fhe fo^ir e.m,f /s ^^ir^ EcBy Ebd and Eda are equal, since each la tl»e 

E 
i^wtar difference of two e.m.f. 's of eflfective value ^ at right an^i^ 

^0 one another, and th<*se four e.m.f .'s are also at right angles* to 
»"' aoother and furm a four-phase or quarter-phase system. 
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The effective value of each of the four e.in.f.'8 is 



141. Three-phase Alternator. If three similar wmdings are 
placed on the same alternator armature displaced 120 electrical 
degrees from one another, Fig. 199, and the ends of the windmgs 




'•« •iV, ft 

FiQ. 199. Three-phase alternator winding. ' 



/. 



are brought out to terminals, the machine is a three-phase alter- 
nator. The e.m.f.'s generated in the three windings are dis- 
placed 120 degrees. 



The e.m.f . in phase 1 is ei = £© sin ^, effective value E = 
the e.m.f. in phase 2 is cj = Eo sin (^ — 120), effective value E = 



^0. 



V2' 
V2' 



and the e.m.f. m phase 3 is ej = J?o sin (^ — 240), effective value 
jp ^^ 
V2 
The windings may be interconnected in two ways. (1) Join 
/i to Sj, /i to ss and /a to Si, and connect the three junctions to 

ABC 



-5® 




Fig. 200. Delta connection. 

the terminals A, B and C. (Fig. 200.) This is called the "delta" 
connection or ring connection and is represented by A. 
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The resultant e.m.f . around the closed circuit at any instant is 
I 4- e, + 6» = jBosin^ + Bo«in (0 - 120) + jBosin {d - 240) 
= Eo (svaS + sin^cos 120 — cos^sin 120 
+ sin^cos240 — cos^sin240) 
V3 



/ v3 
= Eo IsinS — i sin$ ^ cos ^ — i sin ^ 

9) = 0, 



+ ^C08^J 



Jid therefore if the three windings are exactly similar and are 
lisplaced exactly 120 degrees there will be no resultant e.m.f. 
acting around the winding and no circulating current will flow, 
fhis result has been derived on the assumption that the e.m.f. 
irave is a true sine wave. If the e.m.f. wave is made up of a 
undamental and a third harmonic, the third harmonics in the 
iiree phases will be displaced by 3 X 120° = 360° and will there- 
ore be in phase and will combine to a resultant third harmonic 
)f three times the magnitude of that in one phase and this will 
;au8e a third harmonic of current to circulate through the closed 
grinding. This current may be of the order of full-load current 
in the case of alternators of low reactance. The reactance of the 
sdtemator winding to the triple frequency current is three times 
that offered to the current of fundamental frequency but only 
the true reactance and not the synchronous reactance of the 
grinding is effective in limiting the circulating current. The third 
harmonic of e.m.f. does not appear at the terminals since it is con- 
sumed in producing the circulating current. 

(2) If the ends Si, 8% and ss are connected together and the ends 
A./i and/j are joined to the three terminals A, B and C, Fig. 201, 
the windings are connected " Y" or "star." 

The e.m.f. between A and B is 

eAB = ei- ei = EosinS - Eo sin (6 - 120) 

= Eo (sin ^ - sui ^ • cos 120° + cos ^ • sin 120) 

= Eo (sin ^ + i sm ^ + -^ cos ^1 

= VS £o(-y sin + i cos^j 

= V3£:osm(^ + 30); (234) 
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Us maximum value is \^ Eq and its effective value is 

V3^^=V3E. 

Similarly the e.m.f. between B and C is 

€BC = (^t-et^ Eo f^ln (e - 120) - sin (6 - 240) i 
= V3 J?o sin (If - 90) (2: 

of maximum valu<^ v'^ ^o and effective value Vs E. 

ABC 





(2 



Viu. 201. S I ;Lr or "Y" connection. 

TJje lmu.L bit wren C and A is 

€cA = <'3 - ci = Eq {sin (^ - 240) - sin $1 
= va^Jnsin {0 + 150) 

of Biaxirauni value \ "^3 /iJ^ und effective value Vs -B. 

lluis the three p,mi. s hrtween terminals are equal to < 
iinolher and tiro diRphit'tnl hi phase by 120 degrees. 

A fourth tinninal is usually connected to the neutral poin 
ami it may be grouudril. 

If :i third harmonic rxistrf in the e.m.f. wave of each pha» 
will not aijpeur in the wmA. i>iHween terminals in the "Y" c 




Fig. 202. Grounded neutrals. 

neclion since this c.m.f. is the difference of two e.m.f. 's at 
degrc*i?s to one anotlier or the sum of two e.m.f. 's at 60 degr 
the third harmonics will be combined at 3 X 00° = 180° and 
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iierefore neutralize one another. If, however, the neutral is 
x)nnected to ground at both the generator and receiver end, as 
jhown in Fig. 202, a third harmonic of current may flow in the 
leutral supplied from the three phases. 

Alternators should, whenever possible, be connected in "Y" 
instead of "A" to reduce the danger of circulating currents. 

142. E.M.F.'s, Currents and Power in Three-phase Circuits. 
Fig. 203 shows a "A"-connected three-phase system. 




Fig. 203. 



The e.m.f . in phase 1 is 



Eo 



d = Eo sin 6y effective value Ei =—,-•} 

v2 



the e.m.f. in phase 2 is 



Eo 



€2 = Eo sin {e - 120), effective value £, = - .= ; 

v2 



the e.m.f . in phase 3 is 

62 = Eo sin {d — 240), effective value E^ = 



V2" 



The effective values of the e.m.f. 's in the three phases are equal 
and are the terminal e.m.fs. of the alternator or the e.m.fs. between 
lines, 

Et = El = Ei = Ei = — 1=. • 

V2 

The current in phase 1 is 



1*1 = Jo sin (0 — 4i)y effective value /i = 






the current in phase 2 is 



h . 



ij = /o sin (^ — </) — 120), effective value /j = —y - ' 

the current in phase 3 is 

I, = /o sin (^ — — 240), effective value 1% = - ^• 

v2 



i 
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The effective value of the currents m the three phases is the same 

/o 



and is / = 



V2 



<t> is the angle of lag of the current in each phase behind the e.mi . 
generated in that phase. 
The current in line A is 

lA = ti — it = h sin (e — <t)) — Iosm(d — <l> — 120) 

= \/3 Zo sin (^ - <^ + 30), .... (237) 

and its effective value is 

Ia = ^~^^VsL 




Fig. 204. 

The current in line B is 
iB = ^2 — iz = Iosm(d — <l> — 120) — losm^e — <l> -- 240) 

= V3 Zo sin (^ - <^ - 90), (238) 

and its effective value is 

Ib = VSL 
The current in line C is 

ic = is — ii = Zo sin (^ — — 240^ — Zo sin (d — </>) 

= V3 Zo sin C^ - <^ - 210), .... (239) 
and its effective value is 

Zc = V3Z. 
Thus the currents in the three lines are equal in magnitude and 
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are 120 degrees out of phase with one another. If the effective 
value of the current in each of the lines is represented by // then 

The efifective values of all these quantities are shown in the vector 
diagram in Fig. 204. . 
The power supplied by the alternator is 

P = Eih cos 4> + Eth cos 4> + EzI^ cos 4> 

= 3 EI cos 4> (240) 

^ V3EJicos4> (241) 

and is equal to Vs times the product of the terminal e.m.f., the 
line current and the power factor. 

A 




Fig. 205. 

If the system is not balanced, that is, if either the currents or 
the power factors in the three phases differ from one another the 
line currents will not be equal and they will not be displaced in 
phase by 120 degrees. 

If the current in phase 1 is 

ii = Io^ sin (9 — ^i) 

and the current in phase 2 is 

It = /o, sm (^ - «2 - 120) 

the current in line A is 

tA = ti - ii 

= /o. 8in(^ - *i) - /o, sm (^ - «2 - 120), . (242) 

Rg. 205 shows a "Y "-connected three-phase system. 

Uang the same notation as before and taking the results ob- 
tained in Art. 141, 



/ 



J 




lltd 



tbi 



The 







( 



y^^. 



^ 
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144, Distribution Factors. The windings in Figs. 207 and 
^ arc all concentrated windings, that is, they are placed in one 
It per phtiiSe per pole. 

WTien a wintling is made up of a number of coils placed in sep- 
ate slota the e.m.f.'s generated in the various coils are displaced 
phasf and the terminal e.m.f . is less than if the winding had been 
lu^ntnitcd. The factor by which the e.m.f. of a concentrated 
tndiiig must be multiplied to give the e.m.f. of a distributed 
indiriR of the stvme number of turns is called the distribution 
dor for the winding and it is always less than unity. 
flrlien a singU'-phase winding is distributed in two slots per 
)W spacetl at 90 degrees the e.m.f. 's in the two coils are 90 degrees 
it of phase. If the effective value of the e.m.f. generated in 
tch eoU is €, then the terminal e.m.f. is e< = V2e, Fig. 217, and 
ke distribution factor is 

Tien a single-phase winding is distributed in three slots per pole 
MiJ-od ut GO degrees the terminal e.m.f. is the sum of three e.m.f .'s 




1.06 



- 0.706 




Pio. 217, 



Fkj. 218. 



lU 60 di'gre*^ to one another. It is C| = 2 e, Fig. 218, and the 
istriSution fat*tor is 

Ahen a single-phase winding is distributed in six or more slots 
ftp^de the distribution factor may be taken as 



6 = - = 0.637. 
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ia SIX sloi.^ per pole. Fig. 2t0 shovr^ a wimling for the sbi 
mactiine tisLog only four of the six slots per pole as explaijied 
Art. 144. 

Fig. 211 shoVi^s a two-pha^e chain wioding for the armnture 
Fig, 209. The i^indbigs art^ distributed in three slots per pha 
per poll!. 




U 1/ 

V^mr P^ls, Uiwtio PkttMT, Paablfl Laj^vr WLfiilLMi 




JttnLt Vvlvt Twu i^Jiujub^ JJonblti Lafur WIaJIiue 



1 





l^h it^u 1*1 kfi I/, Ml 

F(»iir fnle, Tbiw Fluuoo Xkiablo I^jrer WlnJisf 

FiOp 20S. Conccntri^tetl double- lay c*r wtnilUig^. 

Fig. 212 sIkjws a tbrec-ph;\sc chain winding for the same arm 
turc^, dint ril>uted in two slots per phase per pole. 

Figri. 213 to 216 show the double-layer windings com?spondij 
to Figs. 209 to 212. 
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s If 

Fig. 209. Four-pole, singlo-phase, chain winding distributed in six sloU 

per ix)le. 
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Fiti. 210. Four-pole, single-phase, chain winding using only four of the six 

slots per pole. 
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Fig. 211. Four-pole, two-phase chain winding distributed in three slots 
per phase per pole. 
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Flo. 212. Four-pole, throe-phase, chain winding distributed in two slotw 
per phase per pole. 
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Fi(i. 213. Four-j)olp, single-phase, double-layer winding distributed in six 

slots per pole. 




Fig. 214. Four-pole, single-phase, double-layer winding using only four of 
the six slots per jwle. 




\A U 



Fig. 215. Four-pole, two-phase, double-layer winding distributed in three 
slots p>er phase per pole. 




U U i/. 

Ww, 210* Four-jwk'i three-phase, douhlp-kyor winding distributed in tw« 
iiloU ]JtT j)hfise jxT ]njle> 
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144. Distribution Factors. The windings in Figs. 207 and 
208 are all concentrated windings, that is, they are placed in one 
slot per phase per pole. 

When a winding is made up of a number of coils placed in sep- 
arate slots the e.m.f.'s generated in the various coils are displaced 
in phase and the terminal e.m.f . is less than if the winding had been 
concentrated. The factor by which the e.m.f. of a concentrated 
winding must be multiplied to give the e.m.f. of a distributed 
winding of the same nimiber of turns is called the distribution 
factor for the winding and it is always less than unity. 

When a single-phase winding is distributed in two slots per 
pole spaced at 90 degrees the e.m.f. 's in the two coils are 90 degrees 
out of phase. If the effective value of the e.m.f. generated in 
each coil is e, then the terminal e.m.f. is c< = V2e, Fig. 217, and 
the distribution factor is 

V2e 



;5 = fi = 

2e 2e 



= 0.705. 



When a single-phase winding is distributed in three slots per pole 
spaced at 60 degrees the terminal e.m.f. is the sum of three e.m.f .'s 




i.4ie 



- 0.706 




^ - -ff- "- 0.666 



Fia. 217. 



Fig. 218. 



6 at 60 degrees to one another. It is 6| = 2 e, Fig. 218, and the 
distribution factor is 

5 = 1^=1^ = 0.666. 

When a single-phase winding is distributed in six or more slots 
per pole the distribution factor may be taken as 



6 = - = 0.637. 

T 
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In Fig. 219 the semi-circumference represents the e.m.f. of the 
concentrated winding and the diameter represents the e.m.f. of 
the distributed winding. 

6 





6 - !:§«£,.. Qjm 
2e 




-0.9U 



Fig. 220. 



Fig. 221. 



The e.m.f .'s in the coils from b — c add very little to the terminal 

e.m.f. and this part of the winding is usually omitted and the 

ob 
terminal e.m.f. is decreased in the ratio — = cos 30° = 0.866, or 

is decreased 13.4 per cent while the resistance and reactance of the 
winding are decreased 33| per cent. 
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Pigp. 210 and 214 show four-pole single-phase windings with 
only four of the six slots per pole used. 

The terminal e.m.f. of a two-phase winding distributed in two 
slots per phase per pole is made up of two e.mi.'s of value e 
displaced 45 degrees from one another. It is ei » 1.848 e, Fig. 
220, and the distribution factor is 

1.848 c 



;5 - ^' - 



2e 



= 0.924. 



For a two-phase winding with three slots per phase per pole, 
Figs. 211 and 215, the terminal e.m.f. is made up of three e.m.f. 's 
displaced 30 degrees from one another. It is C/ = 2.733 e, Fig. 221, 
and the distribution factor is 



*=3i = 



e, 2.733 e 



3e 



= 0.911. 




2e 




86 



Fig. 222. 



FiQ. 223. 



The terminal e.m.f. of a three-phase winding distributed in 
two slots per phase per pole, Figs. 212 and 216, is made up of two 
e.m.f.'s of value e displaced 30 degrees from one another. It is 
Bt = 1.931 c, Fig. 222, and the distribution factor is 

1.931 6 



^"2e- 



26 



= 0.966. 
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With three slots per phase per pole the factor is 
5 = 0.96, Fig. 223. 

Thf ftJIowinR 1;ible gives the distribution factors for sin^i 
Iwu* tuul ttiri'c-jihtise windings. 





DiBtributioD factor 


Single-phase 

1.0 

0.705 

0.666 

0.653 

0.637 


Two-phase 


Three-phase 


I 
2 


1.0 

0.924 

0.911 

0.906 

0.903 


1.0 

0.966 

0.96 

0.958 

0.956 



If Qiily twij tfnrds of the slots are used for the single-pha 
windings Iht'ir distribution factors must be reduced by multipl 
iiiK tJu'tii l>y Mh' runstant 0.866. 

145. Short-pitch Windings. The pitch of a winding is t 
(liHtancc* Ix'twiH^ the two sides of one of the coils forming t 



E.M.F. between Terminalt 



E.M.F. In ^ or A 




F^o.. 224. Full-pitch coil. 

winiHtifi. WImhi the cimI pit<*h is equal to the pole pitch or the d 
tniKM: lH*twiM*a tJit* cinitn^s of adjacent poles, the winding is f 
piu li. VMu^n I ho coil pitch is less than the pole pitch the windi 
U fnictiwiuU pitch or sliort pitch. 

Ill Fif^. 1^J4 oMf sliows the distribution of flux under t 
itiijiirt ii! jxilr* oi M\ :Uton\ator. The area under the section 
Ihr €unv iiht m o('' multiplkxl by the U^[igth of the pole paral 
It* Uic idiaft jdvi^ the thix *l» crosjving the sdr gap under each pc 

As* tbr si*W ^ i*l tho ivil out.< acrv>^ the flux in the gap an eji 
k gi^i*rtitai m it of the same ^\*a^'v sha4)e as the flux dlstributii 
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If gfc is a full-pitch coil the side h will occupy a position under the 
adjacent pole similar to that of g and the e.m.f/s generated in the 
two sides will be of the same v^ue and wave shape but displaced 
180 degrees in phase; they therefore act in the same direction 
around the coil and add directly to give the terminal e.m.f . If e 
is the effective value of the e.m.f. generated in one side of the 
coil the terminal e.m.f. isE = 2e. With a full-pitch concentrated 
winding the wave form of the generated e.m.f. is the same as the 
wave of flux distribution under the poles. 

If the coil pitch is less than the pole pitch by an angle a, the 
e.m.f. wave generated in the side h leads the e.m.f. in g by an 

EJi.F. betweea 




d 

Fig. 225. Short-pitch coU. 

angle a, Fig. 225, and the terminal e.m.f. is the vector sum of two 
e.m.f. 's of effective value e displaced in phase by an angle a. It is 

B = 2€cos|, (243) 

and is less than the e.m.f. generated in the full-pitch winding in 

the ratio cos^ : 1. 

Fractional-pitch windings are sometimes used in order to elimi- 
nate certain harmonics from the e.m.f. wave of the generator. 
Take the case of a machine with the wave of flux distribution, 
shown in Fig. 226, consisting of a fundamental and a fifth har- 
monic. With a full-pitch winding the e.m.f. wave would consist 
of a fundamental and the prominent fifth harmonic. If, how- 
ever, the coil pitch is made only 80 per cent of the pole pitch the 
ejni. in one side of the coil will lead that in the other by 36 
degrees and the fifth harmonics in the two sides will be in direct 
opposition and will disappear. (Fig. 227.) The terminal e.m.f. will 
consist only of the fundamental and it will be decreased in ratio 
COS 18° : 1. To eliminate an nth harmonic the coil pitch must be 
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either lengthened or shortened by - th of the pole pitch. T 

thti wave form of the e.m.f . generated m a short-pitch windinj 
not the same as the wave of the flux distribution in the air gap 
Simiiariy the wave form of any distributed winding difi 
from the wave of flux distribution, since the terminal e.m.f 
the biim of a number of waves displaced from one another, 
fully distributed winding gives an e.m.f. wave of approximal 
sine form at no load regardless of the flux distribution. 




Fla. 22G, Flux wave with fifth 
harmonic. 



Fig. 227. Elimination of fifth hanr 



146. Effects of Distributing the Winding. (1) The core is u 
to better advantage since a number of small slots evenly spa 
lire liaed instead of a few large ones. (2) The copper is eve 
di8trihuted over the armature surface and thus the copper los 
also distributed and the heat developed by it can more easilji 
dissipated. A higher current density in the copper can, theref 
lie u.s*'d. (3) The self-inductive reactance is very largely 
nrcHflni by distributing the winding in a large number of si 
«inee the coefficient of inductance of a coil is proportional to 
*5(|uare of the number of turns. (4) The terminal e.m.f. is 
c:maH(?d as shown in Art. 144 but the wave form is made n 
r nearly sinusoidal. 

147, Multiple-circuit Windings. The windings already 
cuRst*(l are all single circuit, that is, all the turns of one phase 
cfnint'ct^d in series. In low-voltage machines with a large cun 
output it is necessary to cormect the coils forming each phas< 
multiple circuit. When cormected two-circuit the terminal e.m, 
nniutu^d to one half and the current output is doubled; the po 
output, therefore, remains the same. 

Tlii> e.m.f.'s generated in the sections of the windings which 
cDnncH'tf^d in multiple must be of the same value and must b 
pLa^e or circulating currents will flow. It is also necessary t 
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the resistances and reactances of the sections be of the same value 

or one part of the winding will supply more current than the other. 

Fig. 22S shows a four-pole three-phase double-layer winding 




^^=4 




M^ 



Two OtrcuU 
BUr or Y 



I 1 1 



Two Glrcatt 
Dolu 

Fig. 228. Four-pole, three-phase multiple-circuit windings. 

with two slots per phase per pole connected " Y *' and *' A** single 
circuit and two circuit. A winding may be connected with as 
numy circuits in multiple as there are pairs of poles. 



( 
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148. General E. M *F. Equation. The electromotive force equ 
tioHj derived in Art. 139, 

^ = 4 7/n* 10-* volts 

which applies only to concentrated windings may be extended 
iuehitle ail windings by introducing the distribution factor S. 

Tims the gimc^rai c^quation for the effective value of the e.m 
between terminals of an alternator is 

E = 4 67/n* 10-« volts, (24 

wliero 

/ = frequency in cycles per second, 

n = number of turns in series between terminals, 

«fr = flux from one pole, 

7 = form factor of the e.m.f. wave, 

5 = ilistributioti factor of the winding. 

T)ii.s equation holds bf>th for the single-phase alternator and f( 

any phase uf a ik)1 j^>hasc* alternator with n turns in series per phas 

If tlie ^^mding h short pitch the e.m.f. is reduced in the rat 

coH*;^ *. 1 whcny the coil pitch is 180 -- a electrical degrees. 

149. Rating of Alteniators. Alternators are designed to gii 
H ri rlJLiii hrniircil voltage and to supply any current up to 
eiTtain miLxiuiiun or fall-load current. 

The output is 

P = nEI cos d watts, 
when! 

E is the voltage per phase, 

/ is the full-load current per phase, 

mm 6 m the power factor of the load, and 

ft is the number of phases. 

Tlie power output^ therefore, depends on the voltage which is 
Jixe<l tjuiuility, the current which is variable and is limited by tl 
(illtjwfible temperature rise caused by the copper losses and oth 
Urnrn^s i\\ the machine^ luid the power factor of the load over whi( 
ihv ih^signer hm^ no control. 

Alt^'nuitors should, therefore, be rated not in watts or kilowat 
which ilejKnul on the power factor but in volt amperes or kilovc 
utiiperci*. 

A machine rated at 1000-kilovolt amperes can supply 1000 kil 
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watts to a non-inductive load at unity power factor or it can supply 
1000 X 0.80 = 800 kilowatts to an inductive load of 80 per cent 
power factor. 

160. Comparative Ratings of an Alternator Wound Single-, 
Two- and Three-Phase. Take the case of a. machine with six 
slots per pole. Let c be the effective value of the e.m.f. generated 
in each coil of the winding and / be the current per conductor. 
The current will be the same in the three cases for the same tem- 
perature rise. 

When wound single-phase using all the slots the distribution 
factor is 0.64 and the terminal e.m.f. is 

B = 6 e X 0.64 
and the output is 

Pi = J?/ cos <^ = 3.84 el cos 4>, 

where cos 4> is the power factor of the load. 

When wound single-phase using only four slots per pole the 
terminal e.m.f. is 

£? = 6 c X 0.64 X 0.866 (Art. 144) 
and the output is 

Pi' -= EIco9 4> = 3.32 el cos 4>. 

When wound two-phase with three slots per phase per pole the 
distribution factor is 0.91, the e.m.f. per phase is 

E = 3 c X 0.91 
and the output is 

Pi = 2 EI cos 4> = 5.46 el cos 4>. 

When woimd three-phase with two slots per phase per pole the 
distribution factor is 0.96, the e.m.f. per phase is 

£ = 2 e X 0.96 
and the output is 

Pa = 3 J?7 cos <^ = 5.76 el cos 4>. 

Taking the three-phase rating as 100 the comparative ratings 
are as given below. 

Number of Phaaes. Rating. 

Three-phase 100 

Two-phase 95 

Single-phaae using all the slots 67 

Single-phase using only four slots per pole 57 .7 
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In practice an alternator is given the same rating two- and three 
phase and 65 per cent of that rating single-phase. 

151. Aimatiire Reaction. The flux di^ribution In the air eaj 
of an alternator at no load is s>Tnmetrical about the centre line o 
the pole and usually fullows approximately a sine wave. TVj 
e.m.f. generated in the armature b also a sine wave. (See Fig 
224.) 

When current flows in the armature winding, the mjnJ. of th 
armature combines with the m.mJ. of the field and changes boti 
the magnitude and distribution of the flux crossing the air ga 
and cut by the armature conductors. It thus changes both tb 
magnitude and the wave form of the ejn.f. generated. Th€^ 
results are termed the armature reaction. 

Armature reaction dt pen«ls not only on the intensity of tfc 
current in the armature but al^o on its phase relation with tl 
generated e-mJ. Fig. 229 illustrates armature reaction m 
machine with a single-phase concentrated winding. 

In (a) the armature coil is shown in the position of zero eJiLf 
if the current is in phase it is also zero. 

In (6) the e.m.f. is maximum and the current is maximuii 
The mjn.f. of the armature is eras*? magnetizing, that is. it d 
creases the flux over one half of the pole and increases it over tl 
other half. The useful flux is only df-creased by the small amoui 
lost due to the higher saturation, and, therefore, decreased perm 
ability over the half of the p<.>le where the density b increase 
The flux distribution no longer follows a sine wave and the e.m 
^■ill not be a sine wave. 

In c\ the current is mi\ximum but lags 90 degrees behind tl 
generated e.m.f. The m.m.f. of the annature acts directly again 
the m.m.f. of the fitld. It b, therefore, demagnetizing ai 
decrf<k=es the flux but dt)es not distort it. 

In '/ the ciirrent b maximum and leads the e.m.f. by 90 degree 
The m.m.f. of the armature acts directly with the field and ma 
netizes it. The useful flux b incre:ised and b not distorted. 

The following results have been obtained: 

(1; A current in phase with the generated e.m.f. b crc 
maCTetizing and only decreases the flux to a ver>' sli^t extei 

^2) \ current lacr^dng 9^3 degrees behind the generated e.m 
demagnftize*? the field and decreases the flux and decreases t 
generated e.m.f. 
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(3) A current leading the generated e.m.f. by 90 degrees 
magnetizes the field, increases the flux and increases the generated 
e.m.f. 

If the current lags behind the e.m.f. by angle ^, it may be 
resolved into two components, / cos ^ in phase with the e.m.f. 

_Q O Q_ 



^^<o^r^ 





BjrBchroBooa 



^^n^c.T^ 



Alternator 

>- 




Fia. 229. Armature reaction. 

and, therefore, cross magnetizing and / sin ^ lagging 90 degrees 
behind the e.m.f . and demagnetizing. 

The ^ect of armature reaction increases almost directly with 
the current When the magnetic circuit, or that part of it in- 
cluding the pole tips, air gaps and teeth, becomes saturated the 
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cross-magnetizing effect is decreased since a large m.m.f. is n 
quired to produce a small change in flux. The demagnetiaiD 
m.m.f. increases directly with the current and the leakage fact( 
of the machine also increases and causes a further decrease of tl 
useful flux. 

162. Armature Reactance. The flux produced by the cu 
rent in the armature coil in Fig. 229 may be separated into U 
parts as shown. 

Part (1) is the flux of armature reaction which crosses the g£ 
and interferes with the flux threading the field circuit. Its effe 
is either cross magnetizing, demagnetizing or magnetizing. 

Part (2) is the flux which only interlfaiks with the coil itself ai 
does not interfere with the flux produced by the field m.m.f. 
is the self-inductive flux of the coil and generates in the coil i 
e.m.f . of self-inductance, which consumes a component of the e.m 
generated by rotation. This e.m.f. called the armature reactan 
drop is equal to the product of the armature current / and tl 
armature reactance x and leads the current by 90 degrees. 

The reactance is x = 2 7r/L, where L is the inductance of tl 
armature. L and x both decrease as the armature current i 
creases due to the increased saturation and, therefore, decreas 
permeability of the leakage path surrounding the armature co 
ductors. They also vary as the armature is rotated; when t 
conductor is under the pole the reluctance of its local leaka 
path is minimum and L and x are large; when between the pol 
the reluctance is maximum and L and x are reduced. An av( 
age value of x is chosen to represent the armature reactance. - 
light loads when the current is small the reactance drop vnll 
greater than the value corresponding to the average reactan 
and when the current is large it will be smaller. 

163. Poljrphase Armature Reaction. If n is the number 
turns per phase per pair of poles on a two-phase alternator ai 
tl = 7o cos 6 is the current in phase 1 and ij = 7© cos {6 — 90°) 
/o sin d is the current in phase 2, the m.m.f. *s of the two phases s 
iHi = nil = nio cos and m^ = ni^ = nio sin 6, These two m.m.f 
are in quadrature in time and space but combine to give a cc 
stant m.m.f. nio fixed in position relative to the field m.m 
and revolving synchronously backwards relative to the armatu 
This can be seen by reference to Fig. 230. AS is the windi 
of phase 1 and the current is assumed to lag behind the e.m.f. 




SYNCHRONOUS MACHINERY 



255 



angle 4>, At the instant represented the current is maximum and 
the m.m.f. of the coil is maximum and acts in direction OY, The 
current in phase 2 is now zero. The m.m.f.'s acting are shown in 
Fig. 231. 







Fig. 230. 



Fig. 231. 



In Fig. 232 the coil AB has moved through angle 6 and its current 
has decreased to h cos 6 and its m.m.f. to nio cos 6. The current 
m coil CD has a value h sin 6 and its m.m.f. is nIo sin 6. 




Fig. 232. 



Fig. 233. 



The component of the m.m.f. of phase 1 in direction OY is 
n/o cos 5 • cos 6 = nIo cos* $ and the component in direction OX is 
-nlo cos 6 • sin 9, 

The component of the m.m.f. of phase 2 in direction OY is 
n/« sin • sin $ = n/o sin' 6 and the component in din^ction OX is 
+n/o am ^ • cos ^. The resultant m.m.f. of the two phases in direc- 
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turn OY is Ti/ocos*^ + nlosin^d = nh and in the direction 0} 
is nh cos B • sm ^ — n/o cos ^ • sin ^ = 0. 

Thus the resultant armature m.m.f. is nh in fixed directioi 
relative to the field m.m.f. and, therefore, revolving synchronous!; 
relative to the armature. (Fig. 233.) 

The direction of the resultant armature m.m.f. relative to th 
fieltl m.mi. m determined by the angle of phase difference betweei 
the current and the e.m.f. generated at no load. 

If the current is in phase with the e.m.f., the armature m.m.l 
livis at right angles to the field m.m.f. and is, therefore, cros 
magnetizing only; if the current lags by angle ^, the armatur 
m.m.f. can !x^ ^parat(*d into two components nh sin 4> which is dc 
magnet i^hig an<l nh cos ^ which is cross magnetizing. (Fig. 231. 

If the two-pha.^ winding, Fig. 232, is replaced by a three-phas 
winding^ Fig. 234^ with the first phase AB in the same position a 




mi^ioOostf 



Mof^-w lo 



ni»-nIoCoi.r^-2IO) 




Fkj. 2U. 



/ 

m«-nioCo«(9-iao) 



Fig. 235. 



iK*fore and the other phases CD and EF displaced 120 degrees an 
2U) (l<*gri'(\^ from it, tlie m.m.f.'s of the three phases will be respec 
tivi'ly tih t*(jrf £?, nla tim {6 — 120) and nh cos {$ — 240) and wi 
act in the dinx'tions represented. As before is measured fror 
the blatant of maximum current and the currents in the thre 
j)1»;awsh are iissumetl to lag behind the e.m.f. 's by angle 4>. 
The Bum of the components of m.m.f. in direction OF is 

I Jo eos^ + nh t'OS= (6 - 120) + nh cos' (6 - 240) = | n/o, 
and the sum of tJie components in the direction OX is 

n/o cos i? sin + nh cos (6 - 120) sin {6 - 120) 

+ nh pos {6 - 240) sin (6 - 240) = 0. 
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9na-nlo81n(0-^) 



Thus, the resultant m.m.f. of the armature of a three-phase alter- 
nator is 

Ma = i n/o, (246) 

where n is the number of turns in series per phase and Iq is the 
maximimi value of the armature current. 

The armature m.m.f. is fixed in direction relative to the fields 
and revolves synchronously relative to the armature. (Fig. 235.) 

164. Single-phase Armature Reaction. If n is the number 
of turns per pair of poles on the armature of a single-phase alter- 
nator and i = /© sin (6 — 4>) is the in- j. 
stantaneous value of the armature cur- 
rent at time t and angle 6 after the 
position of zero e.m.f., the m.m.f. of 
the armature is ma = n/o sin {$ — 4>). 
(Fig. 236.) It does not revolve rela- 
tive to the armature and remain fixed 
relative to the field as in the polyphase 
machine but revolves with the arma- 
ture and pulsates between zero and 
a maximum value n/o, producing a 
double-frequency pulsation of the field 
and a third harmonic of e.m.f. in the armature. 

The armature m.m.f. may bo resolved into two components, one 
at right angles to the field m.m.f. and the other in line with it. 

The first component is nia sin d = nh sin (d — 4>) sin 6 and is 
cross magnetizing only. If does not act directly on the magnetic 
circuit and only decreases the useful flux due to increased satura- 
tion. Its effect will be neglected in the following discussion: 

The second component nia cos 6 = n/o sin {0 — ^) cos 6 is di- 
rectly in line with the field m.m.f. and produces a double-frequency 
pulsation of the flux linking the magnetic circuit. 

The total m.m.f. acting on the magnetic circuit at time t and 
m^eO is 

m = M/ + nia cos 6 

= M/ + n/o sin (9 — 4) cos 




N 
Fig. 236. 



= M/+^jsin(2i?-*) -8in^{ 
= Af/ - -^"^in* + ?|^sin (2^ - *). 



. (247) 
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The second term represents a constant demagnetizing effect and 
the last term is a double-frequency quantity. 

If the air-gap length is so adjusted that its permeance varies 
according to a sine law from a maximum % under the centre of a 
pole to zero, midway between poles, Fig. 237, its equation is 

^ = ^sin^ (248; 

The flux density in the gap at any angle 6 is 

S\J = yn'^ = %UMf - ^'sin *) sin ^ +^sin (2d-<f>) smsl 
lines per sq. cm (249^ 




Fic 237. 

The flux cut per second by the two sides of the coil is 2 cSto lines 
when* / is the length of conductor under the pole in cm. and v i 
the velocity in cm. per sec. 

Thus the e.m.f. genemted in the coil of n turns is 
e = 2 5VVr/i 10-« = A't^ volts, 

when* K = 2 lvnlO~^ is a constant, 
or 8ul>stituting for Sl^ 

e = A'i'oK^V/ - ^^sin *) sin ^ + ^^sin (2^ - *) sin ^ j 
= A'^i^o hlf - "{-sin Ain^ + -^Jcos (^-<^) - cos (3^- *)i 
= Ai\ (Mf - "('sin o) sin 6 + "|? }sin 6 sin 6 

+ cose K\^^ (** — Qxys [3 e — <^^\ 
= A:r,» jLU/— -smc»)>m^+-j^tx>s<;!>casa- -pcos(3^ -<>1| 



= ]A sin e + BiX^e -CiX^ySe-it>^ \ 
wherv .4. B and C ai\* i\>ust;uits. 
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This may be further simplified by combining the first two .terms 
and becomes 

e = VA^ + B^ sin (^ + 7) - C cos (3 ^ - 4>)y . (251) 

where 7 = cos~^ . —. 

VA^ + B^ 

Thus the generated e.m.f. consists of a sine wave of funda- 
mental frequency and a third harmonic. 

When ^ = 90 d^rees, as on short circuit, the third harmonic is 
es = - C cos (3 ^ - 90) 
= - C sin 3 ^; 
when ^ = 90, 

e, = - C sin 270° = C; 

therefore, at short circuit, the generated e.m.f. contains a third 
harmonic, which passes through zero at the same instant as the 
fundamental wave, and the wave of e.m.f. is symmetrical, with a 
peak at the centre. 

Thus single-phase armature reaction produces a double-fre- 
quency pulsation of the field and a third harmonic of e.m.f. 

Since the magnetic circuit is surrounded by a field winding, 
consisting of a large number of turns, the pulsations will Ix* k^ss 
than the above results indicate. The variation of the flux linking 
with the field winding induces in it e.m.fs. and currents which 
oppose the variation and limit it to a small value. 

In a machine with a large number of field turns the pulsation 
produced by armature reaction up to full-load current is ver>' small 
and the armature reaction may be considered as constant in value 
with reference to the fields and demagnetizing. 

In the case of a short circuit, however, where from three to five 
times full-load current flows in the armature, a large pulsation of 
flux is produced in the magnetic circuit and very large e.m.fs. 
and currents may be induced in the field windings. 

If a short circuit occurs on one phase only of a three-phase 
alternator, the armature reaction can be separated into the 
ordinarj' three-phase armature reaction with equal currents and 
a single-phase armature reaction due to the excess of the short- 
circuit current over normal current acting in the turns of one phase. 
This single-phase armature reaction produces a double-frequency 
pulsation of the field and a third harmonic of e.m.f. in all the 
phases. 
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Ttifi frfff'Cts of single-pKikse ikmiiitLire retioojQ are relative 
^<:af/rr in maohirif-s ^ith a small number of turns on the fields, 
Vif\rf} alt/'TTiatore, 

156. Electromotive Forces in die Ahemator. In studyi 
l\,f; \ff'rif)nx\ixx\('Ai of an alternator h is necessary to determine t 
r^I.k^ion Ixtween the terminal e.m.f. £", the e.mJ. Ei generated 
thl<i,l\(}U anrl the e.m.f. Eq generated at no load. 

El i.H the e.m.f. gf^nerated in the armature by the rotation of t 
flux \tT()<\\\('A'(\ in the air gap by the resultant of the magnei 
motive forrrcM of the field and armature. It is the vector sum 
the fyirrninal (r.m.f. E and the e.m.f. consumed by the impedai 
(li the armature. The armature impedance is z = vr- + x-, 
I'XfinHwrl in rectangular coordinates z = r + jx, where r is t 
reHiHtarice of the; armature and consumes a component of e.m 
Ir in j)haH<^ with the current /, and x is the true self-inducti 
rtiivUinvi*, of th(? armature and consimies a component of cje 
// in (|UiMlnituro ahead of the current. 

'VUi'i gcncniUHl e.m.f. thus is 

Ei=E + Iz 

= E+l\r+jx\ (2= 

iind Ihc terminal e.m.f. is the vector difference between the e.n 

^iMHTaletl in tlu^ armature by rotation and the impedance droi 

E = Ei- I (r+jx) (2." 

Eu in tht* (\m.f. g(Mierated at no load due to cutting the flux pi 
diKMMl by t h(» liold m.m.f. ^f/ acting alone. Under load current flo 
in the annalun^ and exorts a m.m.f. Mo, which is either cross im 
nrli/.inn, (hMuannetizing or magnetizing depending on the pbu 
rrla(i<)n of the curriMit and the terminal e.m.f. This armati 
ni.n\.f . (UHni)ines with the lioUl m.m.f. and changes both the intensi 
inid thr distrii>ution of the flux in the gap, so that under load t 
e.n^f. ^M\or;\lrd in tlie annatun^ is not the same as at no load. 

Tl\o dilYonM\oe K^twtvn the two is the e.m.f. consumed or t 
e.tn.f. not ^,^^nor;\to\l due to tlie pres^Muv of the armature reactan( 
This e.n\.f. is |m>|H>rtion:\l to the curnmt and can be expressed 
tho |M>uluot of tln^ ourrtM\t / aiul a component of reactance x'. 
i?* Ix* iuul is in i^uadnUuri^ ;\ho:vd of the current. • Thus 

- K f / -Vjvx + x^>{ 

- K i / vr -^ '.X,) (25 
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The total reactance of the armature Xo is called the synchronous 
reactance and consists of two components, x which represents the 
effect of the armature leakage flux and which has been called the 
armature reactance and a/ which represents the effect of armature* 
reaction. 

The quantity Zo = r + jxois the synchronous impedance of the 
armature and consumes a component of the no-load e.m.f. Izq = 
I {r + jxo) which is the synchronous impedance drop in the 
armature. 

Thus the e.m.f. generated at no load is the vector sum of the 
terminal e.m.f. and the synchronous impedance drop 

Eo^E+I{r+jxo). 

166. Vector Diagram of E.MJ'.'s and M.M.F.'s. In Fig. 
238 is drawn the vector diagram of an alternator supplying an 
mductive load. 




Fig. 238. 

OE = J? = terminal e.m.f. 

01 = I = armature current lagging behind E by angle ^. 
'OEi = El =: Ir = e.m.f. consumed by the armature resistance 

r in phase with /. 
OE' = E' = E + Ir = resultant of all the e.m.f.'s generated 

in the armature. 
OJSli = J?» ^ — jlx — e.m.f. generated in the armature by the 

leakage flux <^l, produced by the armature current. 
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0E\'= Ei'^ ^ Eb=jlx = e.m.f. consumed by the armature 

reactance x in quadrature ahead of /. 
OEi ^ El = E + I (r + jx) = e.m.f . generated by rotation, 

that is, the e.m.f. generated by cutting the flux 

produced by the resultant of the m.m.f .'s of field 

and armature. 
OMa = Ma = m.m.f. of the armature current. 
OM = M = resultant of field m.m.f. and armature m.m.f. in 

quadrature ahead of the e.m.f . Ei produced by it. 
OMf = Mf = field m.m.f . 
OEo — Eq — e.m.f. generated in the armature at no load, in 

quadrature behind the field m.m.f . 
The no-load e.m.f. can be separated into two components OEi 
and OEi. 
OEt = Et = jlif = e.m.f. consumed by armature reaction, in 

quadrature ahead of /. 
If the two reactance drops Ix and Ix' are combined the diagram 
may be simplified as shown in Fig. 239. 




Fia. 239. 

OE = ^ . = terminal e.m.f . 

01 = / = armature current lagging by angle ^. 

OEq = Eq = Ir = armature resistance drop in phase with J. 

OEo' = Eq' =zjl(x + x') =jIxo- synchronous reactance drop 
in quadrature ahead of 7. 

OEo''= J^o'"= I?o = synchronous impedance drop. 

OEo =Eo = Eo+ Izo = e.m.f. generated at no load. 

OM/ = Mf = field m.m.f. in quadrature ahead of Eo and pro- 
portional to it, neglecting the effect of saturation. 



SYNCHRONOUS MACHINERY 



263 



In Figs- 240, 241 and 242 are drawn the diagrams for the three 
cases (1) ^ = 0, or non-inductive load, (2) <^ = 60° lag, or induc- 
tive load with a power factor of cos 60° = 50 per cent, and (3) 
^ = 60° lead, or capacity load with a power factor of 50 per cent. 




Fia. 241. 



The relation between Eo, E and / can be expressed in the form 
of an equation by reference to Fig. 243, which is a reproduction of 
Fig. 239. 



or 



^og + gk^+fl + lk^ 

= (B COS <^ + /r)« + (£ sin ^ + IxoY 

Eo = V{E co&4> + Iry + {E sin </» + Ixo)\ 



(255) 
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The same result can be obtained by using rectangular c 

If / is t^^en as real axis, then the terminal e.m.f. E leading 
by Migle is 

E = E cos <t>+jE sin 4>. 




b e 
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Eo 
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Fia. 243. 

'I'Ih'^ Hynt^hronous impedance drop is 

£o'" = /(r+ia:o) 
iiiid \\w nn-load e.m.f. is 

E,, ^E + J?o'" = {E cos <t> + Ir) +j (E sin <i> + /xo), 
iir xbK iilif*olute value is 

/?o = >/(£ cos « + Iry + (E sin 4> + Ix^)\ 

Ily ivfm^nce to these figures it is seen that for the same tenni 

iMTi-f. /'.', -uul the same current /, a much larger value of £( 

fi (|uirril for inductive loads than for non-inductive loads am 

iiwwh tiinaller value for capacity loads than for non-induct 
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While the magnetic circuit of the machine is unsaturated the 
field excitation required to produce the e.m.f . Eq is approximately 
proportional to it, but higher up on the saturation curve the 
excitation increases faster than the e.m.f. The relation between 
field-exciting current and no-load e.m.f. can be obtained by refer- 
ence to Fig. 244 which is the saturation curve of the alternator at 
no load. 

167. Determination of the Synchronous Impedance. In order 
to predetermine the characteristic curves of an alternator it is 
necessary to know the relation between the field-exciting current 
and the terminal e.m.f. at no load, given by the saturation curve 
in Fig. 244, and also to know the components of the synchronous 





8j» 


!^ 


^ 










lO f- 




— 








^ 


'^. 






^ 


-i--^ 




o 
Ul 








^ 




y' 










2 








A 


/ 


^^ 


^ 


^o, 






a. 
■i 






s/ 


/ 








<oJ 


^ 


.^ 


1 




4 


















1 




? 










v\ 


f'^^ 


^ 


^ 


M 








< 


^ 


i>> 


^^^ 








1 




^•; 


c^ 


^ 














U" 


^'^^ 

















Amporm Field Current ly 

Fig. 244. 

impedance of the armature. To obtain these a short-circuit tost 
is made on the alternator as follows: Short circuit the armature 
through an anmieter and run the alternator at rated frequency 
but with very low excitation. Gradually increase the excitation 
until about twice full-load current flowj in the armature. Plot 
Uie values of short-circuit current l^ on a base of field current //, 
curve (2), Fig. 244. The locus will be a straight line passing 
through the origin and can be produced beyond the range obtained 
in the test. 
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At any value of field current oa, the no-load voltage is ab and 
the short-circuit current is ac. Since the terminal e.m.f. is zero 
the e.m.f. ab must represent the synchronous impedance drop due 
to the current ac. The synchronous impedance is, therefore, 

Eo ab 

I,c ac 

The ordinates of curve (3), Fig. 244, are obtained as the quotients 
of the corresponding ordinates of curve (1) and curve (2). The 




50 100 160 

Amperes Field Current 

Fig. 245. Characteristic curves of a 2500-kv.a., 5000-volt, 
three-phase alternator. 

ordinates of curve (3), therefore, represent the synchronous im- 
pedance of the armature. It is not constant but is high when the 
magnetic circuit of the alternator is unsaturated and decreases 
as the excitation is increased and the magnetic circuit becomes 
saturated. 

If the power required to operate the machine is measured and 
the excitation loss, iron losses and friction losses are subtracted, 
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the remainder Po is the loss in the armature due to the current 
I^. The effective re^tance of the armature is 

r=p^, (256) 

It is greater than the true ohmic resistance as measured with 
direct current since some extra losses called load losses occur in the 
copper due to eddy currents set up by the unequal distribution 
of flux throughout the volume of the conductor. 

The values of the synchronous reactance can be obtained by 
separating the resistance from the synchronous impedance accord- 
ing to the equation 

x^ = Veo* - r«. (257) 

The resistance r is, however, yery small in comparison to the 
sjTichronous reactance Xq and the ^rdinates of curve (3), Fig. 244, 
may be taken to represent either xo or Zq. For purposes of calcu- 
lation an average value of a<) is taken and it is assumed to remain 
constant. 

Fig. 245 shows the results of a test on a 2500-kv.a., 5000-volt, 
three-phase alternator. 

168. Voltage Characteristics. The relation between the ter- 
minal e.m.f. and armature current of an alternator, with a fixed 
value of field current and a given load power factor, is called 
the "regulation curve" or "voltage characteristic" for the given 
power factor. 

When the power factor is unity and the current is in phase with 
the terminal e.m.f. E, it lags by an angle <^ (Fig. 240) behind the 
no-load e.m.f. Eq and there is thus a small demagnetizing eflfect 
proportional to / sin <^, which decreases the flux and a large cross- 
magnetizing effect proportional to / cos <^ which changes the 
distribution of the flux but only decreases it slightly due to satura- 
tion. Thus even with non-inductive load the armature reaction 
causes a decrease in the flux crossing the air gap, and the e.m.f. Ei 
p*nerated by rotation is less than the no-load e.m.f. Eq. In 
addition, the armature reactance x and the resistance r both con- 
sume components of e.m.f. proportional to the current. 

Therefore, at non-inductive load the terminal e.m.f. falls with 
iDcreasing current as shown in curved (1), Fig. 246, which is the 
vdtage characteristic for unity power factor. 
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With inductive load the demagnetizing effect is increased and 
the terminal e.m.f. falls off more, curve (2). With a capacity 
load in which the current leads the terminal e.m.f. the armature 
m.m.f. is magnetizing and so raises the terminal e.mi., curve (3). 

These voltage characteristics are calculated from equation 255 
on page 263. The value of field current // is chosen and the cor- 
responding value of Eo obtained from Fig. 248. Any required 
power factor cos <t> is taken, the current I is varied and the values 
of E obtained and plotted as ordinates. 
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Fig. 246. Voltage characteristics of an alternator. 

169. Compounding Curves. The "compoundir^ curves" or 
"field characteristics " show the relation between the field current 
and armature current for a constant terminal e.m.f. at any re- 
quired power factor. 

Fig. 247 shows the compounding curves for unity power factor, 
curve (1), 80 per cent power factor lagging, curve (2), and 80 per 
cent power factor leading, curve (3). 

At non-inductive load an increase of field current is required as 
the load current increases to maintain a constant terminal e.m.f. 
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With inductive load a much larger increase of field current is 
required to counteract the effect of the lagging current. 

With capacity load the field current must be decreased in order 
to maintain a constant terminal e.m.f . 

The same results are shown in the diagrams, figs. 240, 241 and 
242. 

150 




100aOOa004006M600100800W01MO 
AmpacM Load Cumnt I 

Fig. 247. Compounding curves of an alternator. 

Theee compounding curves can also be calculated from equation 

J5o= V(£ cos <> + /r)* + (£ sm<> + /xo). 

255, E remains constant, a certain value of cos <> is chosen, I is 
varied and the value of Eo is calculated. The corresponding value 
of // is obtained from the saturation curve, Fig. 248, and b plotted 
on the armature-current base. 
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Fig. 248. Saturation curve of an alternator. 

160. Short-circuit Currents of Alternators. If an alternator 
is short circuited, when operating with full-field excitation, the 
current is limited only by the synchronous impedance of the 
armature; it^is 

2b ' 



•0 — ~:~ — 



(258) 



Vr^ + (xi + x')*' 

and will usually be from 3 to 6 times the normal full-load current. 
At the instant of short circuit the current will be much larger 
than the value given by equation 258, because the component x* of 
the s}Tichronous reactance, which represents the effect of armature 
reaction, does not act instantaneously to limit the current. It 
represents a change in the flux which interlinks with the field 
circuit of the machine and on account of the self-inductance of the 
field winding with its large number of turns, this change of flux 
cannot take place instantaneously but may take several seconds 
to become complete. During this time the short-circuit current 
is limited only by the true impedance of the armature, and is 

So 



/.c'=^ 



Vr2 + 



xx' 



(259) 



It may reach 8 or 10 times full-load current. 
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The instantaneous short-circuit current is further increased due 
to the fact that with very heavy armature currents, the path of 
the true armature-reactance flux becomes very highly saturated 
and its permeability is therefore decreased. This results in a de- 
crease of the reactance Xi. 

161. Single-phase Short Circuits. In studying armature 
reaction in single-phase alternators it was shown that a double- 
frequency pulsation of the field is produced and a third harmonic 
of e.m.f. generated in the armature. Due to the high self-induc- 
tance of the field coils these efifects are not very marked up to 
full load. At short circuit, however, the armature m.m.f . is very 
strong and produces a very large pulsation of the field. As 
a result large currents and e.m.f.'s are induced in the field 
winding. 

The same effects are produced in the case of a short circuit of 
only one phase of a three-phase alternator; the armature reaction 
consists of a normal three-phase armature reaction with a single- 
phase reaction superimposed, of intensity corresponding to the 
increase of the short-circuit current over the normal current. A 
double-frequency pulsation of the field is produced and a large 
third harmonic of e.m.f . is generated in the two phases which are 
not short circuited. 

162. Synchronous Motor. A synchronous motor is exactly 
the same as an alternator in construction and may be either single 
phase or polyphase. The single-phase motor is not self-«tarting 
and must be brought up to synchronous speed before being con- 
nected to the supply. It is, therefore, not used except in special 
cases. The polyphase motor when connected to the supply will 
accelerate and run up to synchronous speed but only a low voltage 
should be impressed on it at start or very large lagging currents 
will be drawn from the supply lines. 

Fig. 249 (a) represents a two-phase, two-pole motor. The 
armature is stationary and is supplied with two-phase alternating 
currents. Fig. 249 (5). The armature m.m.f. is constant in value 
as in the alternator and revolves at synchronous speed in the anti- 
clockwise direction and produces a revolving field of constant 
value. Figs. 249 (a), (c) and (d) represent the armature m.m.f. at 
the instants (1), (2) and (3). 

The speed of the field b directly proiX)rtional to the frequency 
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OEi = El = El' + El" = /? = e.m.f. consumed by the syn- 
chronous impedance of the armature. 
Eq = e.m.f . generated in the armature by cutting the 

flux produced by the field m.m.f. 
J^o = component of impressed e.m.f . required to over- 
come the generated e.m.f. So'. 
Mf = field m.m.f., 90 degrees ahead of Eo'. 



OEo 
OMf 



Mf is the value of field m.m.f. required to make the power factor 
of the motor unity. 

Fig. 251 is the vector diagram for the motor when the current 
has the same value as before but lags behind the impressed e.m.f. 
by angle 4> = 60*^. 

Fig. 252 is the vector diagram when the current leads by angle 
« = 60^ 





Fia. 250. 



Fig. 251. 



Referring to these diagrams it is seen that the field excitation 
required in a synchronous motor to produce a leading power factor 
or to cause the ciurent to lead the impressed e.m.f . is greater than 
that required to produce a lagging power factor or to cause the 
current to lag behind the impressed e.m.f. 

If, therefore, the field current of a synchronous motor is variiKl, 
there is no change in speed as in the direct-current motor, but the 
generated e.m.f. Eq changes both its value and its phase relation 
with the impressed e.m.f. E and allows leading or lagging currents 
to flow to make up for the change in excitation; when the field 
current is decreased a component of current 90 degrees Ix^hind the 
impressed e.m.f. flows in the armature and magnetizes the field 
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and when the field current is increased a component of current 
90 degrees ahead of the e.m.f. flows and demagnetizes the field. 




164. Characteristie Curves. The most important character- 
istic curves of the synchronous motor are (1) the compoimding 
curves, or the relation between field current and armature ciu*- 
rent for given values of power factor, (2) the load characteristics 
showing the relation between armature current and output and 
power factor and output for a given value of field excitation and (3) 
the phase characteristics or V curves showing the relation between 
armature current and field current for given values of motor 
output. 

To predetermine these curves it is necessary to know the resist- 
ance r and synchronous reactance Xo of the armature and to have 
the no-load saturation curve showing the relation between the 
generated voltage Eo and the field current 7/ or field mjn.f . M/. 

The impressed e.m.f. E is constant. 

166. Compounding Curves. The voltage equation of the 
synchronous motor is 

E =-Eo+ Izo, (261) 

or Eo = E - 7.0 (262) 

K the current 7 is taken as the line of reference, the impressed 
e.m.f. can be expressed in rectangular coordinates as 

E =^ Ecos<t> +jE sm ^, 
where ^ is the angle of lag of the current. 
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The impedance drop in the armature is 

jE?i = 72b = Ir+jixo. 
The generated e.m.f. is, therefore, 

Eo = {E cos <t> - Ir) +j{E8m<t>- Ixq) . . (263) 
and its absolute value is 



Eo = V (£ cos <f> - /r)* +{Esm<t>- Ixo)\ . . (264) 
This relation can also be obtsuned by reference to the vector 
diagram in Fig. 253, e d 



but 
and 



oA = og — o6 = S cos <^ — /r, o 
hg = oc — af = E sin <l> — Ijcq, 




therefore, 

f?o = V(£ cos <t> - /r)« + (£ sm<> - /xo)^ 

Fig. 254 represents the compounding curves for unity power 
factor, 80 per cent power factor leading and 80 per cent lagging. 
To predetermine these curves the impressed e.m.f. E is main- 
tained constant, a definite value of power factor is chosen for 
each curve, the armature current I is varied and the values of Eo 
are calculated from equation 264. The values of field current // 
corresponding to the calculated values of ^o are obtained from 
the saturation curve, Fig. 248, and are plotted as ordinates. 

166. Load Characteristies. The power input to the motor 
armature is the product of the current and the in-phase component 
of impressed e.m.f.; it b 

Pi ^ EI COS <f> (265) 

The electrical power transformed into mechanical power is the 
product of the current and the in-phase component of the generated 
em.f . ; it is 

P = 7 (£ cos * - 7r) = £77 cos <^ - 7V, . . (266) 
and is less than the power input by the armature copper loss. 

The power output is less than the mechanical power developetl 
by the amount of the constant losses in the motor, namely, the iron 
friction and windage losses; the output, therefore, is 
P^ = P ^ constant losses 

= Pi — 7V — constant losses 

= EI cos <t> -- I^ ^ constant losses. . . (267) 
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Fia. 254. Compounding curves of a synchronous motor. 

Fig. 255 represents the load characteristics for a given value of 
field current //. Since 7/ is constant -Bo is constant. / is varied 
and the corresponding values of cos ^ are obtained from equation 
264. These values are substituted in equation 267 and the values 
of I and cos ^ are plotted on a base of power output. 

At light loads the power factor is low and leading and the motor 
is over excited; as the load is increased the power factor increases 
until it reaches 100 per cent at a value of load depending on the 
field excitation; beyond this point the power factor decreases again 
and becomes lagging. The current increases continually but is 
finally limited by the synchronous impedance of the armature. 
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The power output cannot increase indefinitely but reaches a 
maximum when the decrease in power factor overcomes the 
increase in current and then the motor becomes unstable and falls 
out of synchronism and stops. 

The maximum power input occurs when 

Pi = EI cos <f> is maximum. 
The maximum power output occurs when 

Pt = EI cos <i> — Ih — constant losses is maximum. 



These maximum values of input and output are far beyond the 
heating limits of the motor. 
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Fig. 255. Load characteristics of a synchronous motor. 



The torque developed by the motor at any output is directly 
proportional to the output. If T is the torque in foot pounds 
developed in the armature, the mechanical power developed is 

P = ^^ X 746 watts = £/ cos « - / V, 

where A^ Is the s>Tichronous speed in revs, per min.; thus 

-, EI cos - /V 33,000 ., ,, 

T = ,^—r; „ J.. - ft. lbs. 

2 tA i 40 

and the torque available is 

_ EI cos <t>- Ih- - constant losses 33,000 
^'"" 2tN ~ ^' 740* 
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167. Phase Characteristics. If the field excitation of a motor 
with constant output is varied, the armature current changes both 
its value and its phase relation with the impressed e.m.f. For 
each output there is a certain value of field excitation which makes 
the current a minimum and brings it in phase with the e.m.f. ; as 
the excitation is decreased below this value the current increases 
and becomes lagging; as the excitation is increased the current 
increases and becomes leading. 

In Fig. 256 are shown the phase characteristics for outputs, 
P2 = or at no load, P2 = half load, Pi = full load and Pj = 150 
per cent load. 
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Fig. 256. Phase characteristics or "V" curves of a synchronous motor. 

For each curve the output P2 = J?I cos ^ — / V — constant 
losses is kept constant; thus, 



cos<> = 



P2 + /V + constant losses 
EI 



(268) 



and Eo = y/{E cos <^ - /r)« + (J5 sm <> - /ro)^ 

As / varies the corresponding value of cos <> is f oimd from equation 
268 and by substituting /, cos <^ and sin ^ in equation 264, the 
values of E^ are found. These are replaced by the corresponding 
values of field current 7/ obtained from the no-load saturation 
curve. 

The lowest point on each curve represents the smallest current 
input for the given output and thus represents the condition of 
unity power factor. The curve joining these lowest points is the 
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compounding curve for unity power factor. If the phase char- 
acteristics are very steep a slight change in field excitation pro- 
duces a large change in armature current, or a large component 
of wattless current is required to correct for a slight variation in 
field excitation. This is the case in a motor with small synchro- 
nous reactance or small armature reaction and the motor is un- 
stable. If the synchronous reactance is large only a slight change 
in armature current is produced by a change in field excitation 
and the phase characteristics are flat and the motor is stable. 

168. Synchronous Compensators. Since by varying the field 
excitation of a synchronous motor the power factor can be made 
either leading or lagging, such machines can be used to improve the 
power factor of transmission lines or distributing circuits by draw- 
ing wattless leading currents to compensate for the wattless lagging 
currents required by the load. The fields must be over excited 
and the synchronous reactance should not be very large. This 
is one of the most important characteristics of the synchronous 
motor and is being applied to an ever-increasing extent. The 
sjuchronous compensator usually operates without load drawing 
the required wattless leading current and a small power current 
to supply its own losses. In some cases, however, it may be 
advantageous to supply some load from it. 

169. Starting. In order to improve the starting torque of 
synchronous motors and also to prevent himting short-circuited 
grids are placed in the pole faces, 
Fig. 257, or between the poles, 
and in addition the poles are 
sometimes made solid. The field 
winding at start may either be 
open or else short circuited. In 
the following discussion it will 
be assumed that the field circuit 
is open. Torque is produced m 
two distinct ways. 

(1) The revolving field sweeps 
across the grids and the solid pole faces and generates e.m.f.'s and 
currents in them. These currents react on the field and produce 
torque which makes the rotor follow the field. The rotor can 
never be brought up to synchronous speed by this torque because 
the e.m.f .'s and currents are only induced below synchronous spetnl. 




Fia. 257. Copper grid in a pole face. 
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until it takes its proper share of the load. Lamps are not very 
satisfactory since they do not show whether the incoming machine 
is running too fast or too slow. 

171. Eflfect of Inequality of Terminal Voltage. If two alter- 
nators have the same frequency and are in phase but have not 
their fields adjusted to give the same terminal voltage, a watt- 
less current will flow between the two machines leading and 
magnetizing in the machine of lower field excitation and lagging 
and demagnetizing in the machine of higher field excitation. 

If Ei the voltage of B is lower than Ei the voltage of A then 
E' the difference of the two will act in the local circuit through 
the two armatures in series and will produce a current /' lagging 
nearly 90 degrees behind E' and Ei and leadmg Ei, Fig. 260. 

The circulating current is 

/' = r^ (269) 

?1 T- ?2 




where ?i = ri -}- jxi is the synchronous impedance of A and 
Z2 = r2+jx2is the synchronous impedance of B. 

This current lowers the terminal e.mi. of A since it is lagging 
in A and raises the terminal e.m.f of B since it is leading in B. 

The total current in A will lag behind the current in the load 
circuit and the current in B will lead the current in the load cir- 
cuit. In Fig. 260 

OEi = Eiis the terminal e.m.f . of A before synchronizing. 

OE2 = Eiis the terminal e.m.f . of B before synchronizing. 

OE' = E' is the e.m.f. which produces the circulating current. 

or = 7' is the circulating current. 

01 L^ = I Li is the load current oi A. 

diLt = 7l, is the load current of B. 

Oil = Zi is the total current of A. 

Oh = h is the total current of B, 
01 = I = Ili + lu'^ the load current. 
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By adjusting the field rheostats the wattless circulating cur- 
rents can be eliminated for any load, but if the two machines 
have different voltage characteristics, as the load varies wattless 
currents will circulate to correct for the differences of excitation. 

With machines of reasonably high armature reaction the wattless 
cross currents are small even with large variations of excitation. 

172. Effect of Inequality of Frequency. Two alternators 
operating in parallel must have the same average frequency, 
but one may instantaneously drop behind or run ahead of the 
other. 

Alternators driven by turbines or electric motors will have a 
constant angular velocity but when the prime movers are steam 
engines or gas engines the angular 
velocity will pulsate about its average 
value during each revolution. 

If two machines in parallel are ex- 
cited to give the same terminal volt- 
age and one falls behind the other, 
a power cross current will circulate 
through the armatiu'es and transfer 
energy from the leading to the lag^ng ^iq, 261. 

machine. • 

Fig. 261 shows the case of two machines when £> lags behind 
El by angle a. The e.m.f. producing the circulating current is 
the vector difference between Ei and Et and it is 

B' = 2J?ism| (270) 

E' 
The circulating current is J' = — ; — , its absolute value is 

2£isin5 

r= , .... (271) 

V(ri + r,)^-h(xi + x,)» 

and it lags behind E' by angle 

^ = tan-^?L+^, 
n + r, ' 

which is very nearly 90 degrees. 

The current is therefore nearly in phase with the terminal 
voltage El and in phase opposition to the terminal voltage Et] it 
thus transfers power from the leading to the lagging machine. 
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The component of /' in phase with E\ that is, the power com- 
ponent does not represent a power transfer, but the reactive com- 
ponent, which is in quadrature behind £', transfers the power 
required to keep the machines in step. This lagging component 
of current is proportional to the reactance of the two armatures 
and therefore a fairly high synchronous reactance or armature 
reaction is required in alternators and synchronous motors to 
give a good synchronizing power. If the synchronous reactances 
are too large the circulating current will be limited and the syn- 
chronizing power reduced. 

Take the case where one machine falls behind the other in 
phase by angle a = 20°; the circulating current is 



V(ri + r^r + (xi + Xi^ ' V(ri + n^ + (x, + x,)'' 

2 P 
but ^ is the average short-circuit current of 

Vln + r^r+ixi + x^y ^ 

the two alternators with full-field excitation, and this is about six 
times the average full-load current; thus the circulating current is 

/' = 0.168 X 6 X full-load current 
= full-load current, approximately. 

These power cross currents, if of great magnitude, tend to 
tear the machines out of synchronism and also produce fluctua- 
tions of the voltage. 

If the speed characteristics of the prime movers are not the same 
and the speed of one machine tends to fall below the other as the 
load on the system is increased, then the machine driven by the 
prime mover of closer speed regulation takes more than its share of 
the load and so relieves the other machine and keeps its speed up. 

Thus to insure a proper division of the load between alter- 
nators operating in parallel, it is necessary that their prime 
movers shall have similar speed characteristics, that is, that their 
speed shall fall under load by the same amount and in the same 
manner. It is therefore preferable that the prime movers should 
have drooping speed characteristics. 

The voltage characteristics of the alternators have no effect on 
the di\'ision of the load, but they do affect the amount of the 
wattless cross currents between the machines. 

173. Effect of Difference of Wave Form. If two machines in 
parallel are adjusted to gi\e the same effective value of voltage 
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but have diflferent wave shapes, then, since, due to the presence 
of the higher harmonics, the voltages are not equal at every in- 
stant, wattless cross currents will flow to correct these inequalities 
in voltage. These currents will usually be very small since the 
voltages producing them are small and they are of high frequency 
and thus the path through the two machines oflfers a high im- 
pedance to them. The impedance is, however, only the true 
impedance and not the synchronous impedance. 

Thus three kinds of cross currents may exist in parallel opera- 
tion of alternators, (1) wattless currents transferring magnetiza- 
tion between the machines due to a difference of terminal voltage, 
(2) currents transferring power between the machines due to 
phase displacements between their voltages, and (3) higher fre- 
quency wattless currents due to differences of wave form. 

174. Hunting. If two alternators are operating in parallel 
and one drops behind the other in phase due to a sudden decrease 
in the speed of its prime mover, the second machine supplies power 
to pull it into synchronism again. The impulse received causes it 
to swing past its mean position and it oscillates a few times before 
falling into step. The period of the oscillation depends on the 
weight of the rotating mass and on the strength of the magnetic 
field, that is, on the pull between the field poles and the induced 
armature poles. The greater the weight of the machine the lower 
will be the frequency, and the stronger the field excitation the 
greater will be the magnetic pull and the higher will be the fre- 
quency. 

If the action producing the speed pulsation is repeated periodi- 
cally and coincides with the natural period of the machine the 
oscillation instead of dying out will increase in amplitude until it 
is limited by the friction losses produced or until the machines fall 
out of step. When the oscillations tend to become cumulative 
the machines are said to be hunting. 

Hunting may occur in a similar way in the case of a s>Tichronous 
motor supplied by an alternator. If the load on the motor sud- 
denly increases it falls back in phase to receive the extra power 
required and oscillates about its final phase position before running 
again in synchronism. This oscillation may become continuous as 
m the case of alternators. 

Hunting is reduced by putting short-circuited grids in the pole 
faces or between the poles or in some cases by placing a complete 
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squirrel-cage winding in the pole faces. At synchronous speed the 
armature-reaction flux is stationary relative to the fields and, 
therefore, does not produce any current in the grids but if the 
machine falls below or runs above synchronous speed, the flux 
sweeps across the grids and produces e.mis. in them and large 
currents flow which react on the field and tend to hold the macbme 
exactly in synchronism. 

Hunting may sometimes be reduced or eliminated by changing 
the field excitation and thus changing the natural period of oscilla- 
tion of the machine. 

Machines with high armature reaction are much less liable to 
hunt than machines with low armature reaction since the high 
armature reaction reduces the circulating currents produced by 
changes in phase. 

176. Automatic Voltage Regulator for Alternating-current 
Generators. The Tirrill regulator described in Art. 120 and 
manufactured by the General Electric Co., may, with slight 
changes, be applied to regulate the voltage of alternators. The 
desired voltage is maintained by opening and closing a short circuit 
across the exciter field rheostat. 

The method of operation of the regulator can be imderstood 
from the diagram of connections shown in Fig. 262. The direct- 
current control magnet is connected to the exciter bus bars and has 
a fixed core in the bottom and a movable core in the top attached 
to a pivoted lever, at the other end of which is a spring which closes 
the main contacts. The alternating-current control magnet has 
a potential winding connected across one phase of the alternator 
and it may also have a compensating winding connected throu^ 
a current transformer to one of the feeders. The core is movable 
and is connected to a pivoted lever controlled by a counterweight 
The relay magnet is diflferentially wound and is connected as shown. 

Operation. The direct- and alternating-current control magnets 
are adjusted for the required voltage by means of the coimter- 
weight. The exciter field rheostat is then set to reduce the voltage 
about 65 per cent below normal. This weakens both of the control 
magnets and the spring closes the main contacts and demagnetizes 
the relay magnet. The pivoted armature is released and the relay 
contacts are closed and thus short circuit the exciter field rheostat 
and immediately raise the exciter voltage and the alternator 
voltage. When the alternator voltage reaches the value for 
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which the regulator is adjusted, the main contacts open again, the 
relay magnet is again magnetized and the short-circuit on the 
exciter field rheostat is opened. This reduces the voltage as before 
and the cycle of operations is repeated at a very rapid rate and 
maintains a constant voltage at the terminals of the alternator if 
the compensating winding b not connected. 



Main Oon< 




Fig. 262. Automatic voltage regulator for alternators. 

When it is necessary to maintain a constant voltage at the 
receiver end of the line the compensating winding b connected as 
shown. As the load increases it brings the main contacts closer 
together and so increases the time of short circuit of the field 
rheostat and thus increases the terminal voltage of the alternator. 
Using a current transformer and a dial switch any line drop up to 
15 per cent can be compensated for, but only at a given power 
factor. When the power factor of the load varies through a wide 
range a line compensator, Fig. 263(a), should be used in conjunc- 
tion with the potential coil and the compensating coil should be 
disconnected. 

The line compensator forms a local circuit with the same voltage 
characteristics as the main line. The shunt transformer Ti gives 
a secondary voltage proportional to the generator voltage. The 
current transformer Tt produces through the circuit rz a current 
proportional to the load current, r b a resistance which consumes 
a voltage proportional to and in phase with the resistance drop in 
the line and thb voltage is transferred to the compensator circuit 
by the potential transformer Tt. x b a reactance and consumes 
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a voltage proportional to the reactance drop in the line. This 
voltage is transferred to the compensator circuit by the transformer 
Ti which also forms the reactance. Thus there are in the com- 
pensator circuit three voltages proportional respectively to the 
generator voltage and the resistance and reactance drops. If the 
same proportions are maintained in each case, the voltage between 
the terminals AB will be proportional to the voltage at the end of 
the line, and, therefore, if the potential coil of the regulator is 
connected across AB it will maintain a constant voltage at the 
receiver end of the line. In the case of transmission lines of very 
high voltage a correction must be made for the capacity of the 
lines. The compensator shown is arranged for a single-phase cir- 
cuit. With a three-phase alternator, as in Fig. 262, two current 
transformers must be used connected as shown in Fig. 263(6). 



Vbn^plMM Q«B«ntor 






T* lUcuUtav 




( a ) Binalo-phaae ( j ) Thi«©-pliM6 

Fia. 263. Line compensator. 

One automatic voltage regulator* can be applied to control the 
voltage of a system operating two or more alternators in parallel. 

The regulator may also be applied to the exciter of a synchro- 
nous compensator to maintain a constant power factor at the 
receiver end of the line. 

176. Synchroscope. A synchroscope is an instrument which 
indicates, (1) whether the incoming machine is rurming too fast 
or too slow and (2) the exact instant when synchronism is reached. 

One form of synchroscope is shown in Fig. 264. It has a lami- 
nated bipolar magnetic circuit M excited by field coils FF, which 
are cormected across the alternating-current bus bars at (1) and 
(2) and produce an alternating field. The core C is also lami- 
nated and carries two windings A and B at right angles to one 
another. Their common terminal is cormected to one side of 
the incoming machine at (4). The other terminals of A and B 
are connected through a resistance r and a reactance x respectively 
to the other side of the machine at (3). 
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The current in F is in phase with the line voltage, the current 
in il is in phase with the machine voltage and the current in B is 
in quadrature behind the machine voltage. 

When the incoming machine is exactly in synchronism the 
coil A takes the position shown in the figure, since the current in 
il is in phase with the current in F, When the machine is 90 
degrees behind or ahead of the position of synchronism, the cur- 
rent in B is in phase with the current in F and the armature 
turns through 90 degrees and brings the coil B in line with the 
poles. 

For intermediate phase relations the armature takes inter- 
mediate positions, such that the revolving field produced by the 

i. 



A.O.But 
Ban 



Its 



n^ 






f 




laoomlns Mschlae 

Fig. 264. Synchroscope. 

armature winding is in line with the field poles when the current 
in F is m a xim u m . The phase relation is indicated by a pointer 
on the dial of the synchroscope. 

When the frequency of the incoming machine is lower than that 
of the line, the phase of the current in A continually falls be- 
hind that of F and the pointer rotates in the direction marked 
"Slow." When the incoming machine is running too fast, the 
rotation of the pointer is in the opposite direction marked "Fast." 

When the machine is running exactly at synchronous speed and 
is exactly in phase, the pomter is vertical and stationary. The 
switch can then be closed and the excitation adjusted until the 
machine takes its proper share of the load. 

The synchroscope described is for a single-phase circuit. It 
can be used for a two-phase machine by connecting the two coils 
A and B to the two phases of the machine and the coil F across 
one phase of the line. 

For three-phase systems the armature is wound with a three- 
fhaae winding connected to the three phases of the machine. 



CHAPTER VI 
TRANSFORMERS 

177. The Constant-potential Transformer. The constant- 
potential transformer consists of one magnetic circuit interlinked 
with two electric circuits, the primary circuit which receives energy 
and the secondary circuit which delivers energy. Its function is 
to transform electric power from low voltage and large current to 
high voltage and small current, or the reverse. In step-up trans- 
formers the primary is the low-voltage (L.V.) side and the second- 
ary is the high-voltage (H.V.) side. In step-down transformers 
the primary is the high-voltage side. 

In the following discussion letters with the subscript 1 will be 
used to represent primary quantities and with the subscript 2 to 
represent secondary quantities. 

Fig. 265 represents a transformer. .The core is made up of 
thin sheets of iron or steel of high permeability with small hyster- 
esis and eddy current loss. 

The primary winding consists of ni turns in series and has a 
resistance of n ohms, q, self-inductive or leakage reactance of Xi 
ohms and thus an impedance of Zi = n + jxi ohms. 

The secondary winding consists of nj turns in series. Its re- 
sistance is fa ohms, its reactance is X2 ohms and its impedance is 
?2 = ^2 + jxi ohms. 

When an alternating e.m.f. Ei is impressed on the primary 
winding with the secondary open, a current /o flows in the pri- 
mary and produces an alternating flux through the core of maxi- 
mum value *. The current h is called the exciting current of 
the transformer and consists of two components (Fig. 266) /j# 
in phase with the flux ^, called the magnetizing current, and le 
in quadrature ahead of the flux and in phase with the impressed 
e.m.f., called the core-loss current. The product of Ei and /« 
is the power wasted in the core loss, that is, in supplying the 
hysteresis and eddy current losses of the transformer. The ex- 
citing current, therefore, lags by an angle ^o, which is less than 
90 degrees, behind the impressed e.m.f. Cos^o is the no-load 
power factor of the transformer. 
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The exciting current /o is of the order of 10 per cent of full- 
load current and the no-load power factor is of the order of 30 
per cent. 

The alternating flux produced by the magnetizing current 
links with the secondary winding and induces in it an e.m.f., 



et = 


= n^ia- 


volts. 












^x^ Oow 


y 
















BeooBdarj 








i 








Bi E' 










► 








) E. 














__ 






► 






— 




^ 


• 




A 

















■•& 



WijT 



Fig. 265. Constant potential transformer. Fia. 266. 

If the frequency is / cycles per second and the flux follows a 
sine wave of maximum value *, the instantaneous e.m.f. induced 
in the secondary is 

ei = ni^ (* sin 2 x/O 10-« volts 

= 2ir/ni* cos2t/< 10-« volts 

= 2T/ni*sm(2T/it-90)10-«; . . (272) 
this b a sine wave of e.m.f. in quadrature behind the flux, of 
maximum value 

i?ima« = 2TM»10-« (273) 

and eflfective value 

Et = -J=T/n,* 10-« = 4.44 /n<* 10-« volts. 

The flux also links with the primary winding and induces in it 
an e.m.f. of instantaneous value 

= 2T/ni* 10-«sm (2T/i - 90), 

a sine wave of maximum value 

f:6nu« = 2T/ni*10-« 

and effective value 

£ft = 4.44 /ni* 10-« volts (274) 
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This e.m.f. induced in the primary is ahnost equal in value and 
opposite m phase to the impressed e.m.f., the vector sum of the 
two being the small comi>onent of impressed e.m.f. required to 
drive the exciting current through the impedance of the primary 
winding. Thus 

Ei + Eb = IqZi' 

This component has been neglected in Fig. 266. The induced 
e.m.fs. Eb and E2 are directly in phase since they are produced 
by the same flux, and their intensities are in the ratio of the turns 
on the two windings; therefore, 

Eb 4.44 /ni<^ 10-« m .... .^.. 

w = A AA t ^ in H = — = ratio of turns. . . (27o) 
£2 4.44/n2<I> 10"** na 

If the secondary is connected to a receiver circuit of impedance 
Z = /J + jX, a current I^ flows in it. The primary current is at 
the same time increased by a component /', the primary load 
current, which exerts a num.f. equal and opposite to that of the 
secondary current. 

Thus 

TixV = 712/2 

and 

-7^ = — = ratio of transformation. . . . (276) 
i 111 

The resultant m.m.f . acting on the magnetic circuit of the trans- 
former is still that of the primary exciting current and the flux 
threading the two windings remains almost constant. 

The primary current under load is I\ and has two components /o 
the exciting current, which is proportional to the flux, and /' the 
load current which is proportional to the secondary current. 

The exciting current /o can be expressed as the product of the 
primary induced e.m.f. Eb and the primary exciting admittance 
J^o = go - j&o; thus 

Io = Eb{go'-jbo)=E'{go-jbo), .... (277) 

where E^ is the component of impressed e.m.f. required to over- 
come the induced e.m.f. Eb. 

The primary load current is /' = — hf and is opposite in phase 

to h' 

As the load on the transformer is increased, the primary in- 
duced e.m.f. decreases (except when the power factor of the load 
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is leading) because a larger component of impressed e.m.f. is 
consmned in driving the current through the primary impedance, 
thus, E' = -Ei,=-Ei- Iiz, (278) 

A smaller flux, is, therefore, required and a smaller exciting 
current. The decrease in flux from no-load to full-load non-in- 
ductive is 1 or 2 per cent and for an inductive load of 50 per cent 
power factor is only 5 or 6 per cent. With anti-inductive load the 
flux increases. 

The secondary induced e.m.f., which is proportional to the 
primary, decreases with it. 

The secondary terminal e.m.f. E is less than the secondary 
induced e.m.f. by the e.m.f. consmned by the secondary impedance; 
thus, jB = J&, -7,?2 (279) 

178. Vector Diagrams for the TraAsformer. Fig. 267 is the 
vector diagram of e.m.f.'s and currents in a transformer with a 
load impedance Z ^ R +jX and a load power factor 

R 



C08& = 



VWVx^ 




Fig. 267. Vector diagram of a transformer with inductive load. 

OE = E = secondary terminal e.m.f. 

Olt ' = fi = secondary load current lagging behind E by 
angled. 

OEt = Et = /jfi = e.m.f . consumed by secondary resistance, 
in phase with 1%, 

OEt^ = Et^ = jliPh = e.m.f. consumed by secondary react- 
ance, in quadrature ahead of /j. 

OEt'' = E2" = IfZt = e.m.f. consumed by secondary impedance. 

OEt = Et =E + Et" = e.m.f. induced in the secondary wind- 
ing by the alternating flux *. 

OEfc = £5 = e.m.f. induced in the primary winding by the 

flux*£6 = -J?2. 

lit ' 



294 



ELECTRICAL ENGINEERING 



0* = ^ = flux threading both primary and secondary wind- 
ings in quadrature ahead of E^ and E2, 

Oh = 7o = primary exciting current leading the flux * by 
an angle 90 — ^0, where ^o is the primary power 
factor at no load. 

OV = 7' = primary load current in phase opposition to /j, 

7/ _^ 7 

rii 

1 1 = total primary current. 
: E' = component of primary impressed e.m.f. required 
to overcome the primary induced e.m.f. Eb* 

El = liTi = e.m.f. consumed by primary resistance in 
phase with 7i. 

El' = jlixi = e.m.f. consumed by primary reactance 
in quadrature ahead of /i. 

JEi'"= IiZi = e.m.f. consmned by primary impedance. 

El = E' + El'' = primary impressed e.m.f. 

angle of lag of the primary current behind the impressed 

e.m.f . Cos ^1 = primary power factor. 
' angle of lag of the secondary current behind the second- 
ary induced e.m.f. 



Oil -- 

OE' : 

OEi' = 
OEi" = 

OEi'"- 

OEir- 

Oi = 

02 



Fig. 268 shows the vector diagram of a transformer with a non- 
inductive load and Fig. 269 with a capacity load of 50 per cent 
power factor leading. 




Fig. 268. Vector diagram of a transformer with Fig. 269. Vector diagram of a 
a non-inductive load. transformer with a load power 

factor of 50 per cent leading. 

179. Exciting Current. When a sine wave of e.m.f. is im- 
pressed on the primary winding of a transformer, a sine wave of 
flux must be produced linking with the primary winding. The 
exciting current which produces the flux cannot be a sine wave 
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on account of the lag of flux due to hysteresis. This is shown in 
Fig. 270. Curve (1) abed is a hysteresis loop for the transformer 
iron, plotted with values of flux as ordinates on a base of exciting 
current. Curve (2) is the sine wave of flux in the core and curve 
(3) is the wave of exciting current. The method of obtaining 
curve (3) can be seen from the figure. The maximum values of 
flux and current must occur together; when the flux is zero the 
current has a value oa and when the current is zero the flux has a 
negative value og. 
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Fia. 270. Exciting current. 

For purposes of analysis the current wave (3) is replaced by the 
equivalent sine wave (4). The current wave (4) leads the flux 
wave (2) by an angle a, which is called the angle of hysteretic 
advance. If the eddy current loss is small enough to be neglected, 
a = 90 — ^0, where cos ^o is the no-load power factor. 

180. Leakage Reactances. Figs. 271 and 272 show the leak- 
age paths around the windings of a "shell" tj^pe and "core" t>'pe 
transformer. Since the low-voltage windings are placed next to 
the iron, the leakage path surrounding the low-voltage winding is 
of slightly lower reluctance than that surrounding the high-voltage 
winding and the reactance is correspondingly larger. 

In the shell-type transformer the two windings are divided into 
a number of sections and high-voltage and low-voltage coils placed 
alternately to reduce the reactances. 

The reactance voltage of a transformer with full-load current is 
about 10 per cent of the total voltage. If, therefore, full voltage 
were impressed on a transformer primary with the secondary 
short circuited about ten times full-load current would flow. 
When, however, full voltage is impressed on the primary with the 
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Fia. 271. Leakage fluxes in a shell-type transformer. 
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Flu, 272. Leakage fluxes in a core-type transformer. 
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secondary open, the exciting current which is only 10 per cent of 
full-load current flows. Thus the open-circuit reactance of a 
transformer is of the order of one hundred times the short-circuit 
reactance. 

Fig. 273 corresponds to Pig. 267, but is drawn to diflferent 
scales in order to show the relation between the various fluxes. 




Fig. 273. 

O^Lt— *L, = leakage flux surrounding the secondary winding; 
it induces in the secondary an e.m.f. equal and op- 
posite to Et' = j/jXi. 

0^g=s *5 = * + *!, = total flux threading the secondary wind- 
ing; it induces in the secondary an e.m.f. Es in 
quadrature ahead of ^5. 

OEs = Es— actual e.m.f. induced in the secondary Es = E + JE,'. 

O^u^ *Li = leakage flux surrounding the primary ^vinding; 
it induces in the primary an e.m.f. equal and opposite 
toJ??i"=i/iXi. 

O^p^ ^p = 4>+ ^^ = total flux threading the primary' wind- 
ing; it induces in the primary an e.m.f. Ep in 
quadrature ahead of f p. 

OEp= Ep = actual e.m.f. induced in the primary. 

OEp^ Ep^ component of impressed e.m.f. required to over- 
come Ep\ Ep = — Ep = El — E\ , 

181. Vector Equations of the Transformer. The following 
equations show the relations between the various e.mJ.'s and 
currrats in the transformer. 
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£, =£'+/,?i = £'+/, (r.+jii) (280) 

/i= /o+/' (281) 

h = E'{g,-jb,) (282) 

7' = ^/, (283) 

nj • 

£' = "'£, (284) 

E,^E+ I^ = E+ Itin+jxt) (285) 

E = I,z= It {R+jX), where Z = R+jX is the load im- 
pedance • (286) 

E = E {cos 6+j sin 0), where cos is the load power 
factor (287) 

These equations may be combined as follows: 
J?i=/i(ri+ix,)+^'. 
f?, = (/o + /')(r,+ii.)+??,. 

El = E'(go- jbo) (n + jxi) + /' (r, + jxi) 

+ ^IE + I,{r,+Jxt)i. 
El = £' (g, - jfto) (r, + jx.) + /' (r, + ji.) 

+ -/»(fl+iX + r,+ixi). 
El = ^' (ffo - jbo) (r, + ixi) + /' (ri + jxi) 

+ (*^|)V)(ft + r,)+i(X + x,){. 

i?, " ^' (ff, - jbo) (r, + jxi) + /' [(r, + jx,) (r, + jx) 

+ (2)*{(fl + rO+i(X + x.)j]. . (288) 

If the exciting current is neglected, the first term may be dropped 
and equation 288 becomes 

if. = r [r, + jxi + (^l)* { (fi + r,) + j {X+ xt) {]. (289) 

Tlu* cTmr introduced is of the order of one per cent. 

Fig. 274 represents the transformer as a circuit. If secondary 
ci\mi\tiiii\s are represented by the equivalent primary quantities 
the circuit iu Fig. 275 may be used to represent the transformer. 
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til 

E.m.f. Et in the secondary = e.m.f. Ei = —Et in the primary. 
E.m.f. E in the secondary = e.m.f. — £ in the primary. 
Current h in the secondary = current /' = — A in the primary. 
Resistance r^ in the secondary = resistance f — J r2 in the primary. 
Ral^istaHce x% in the secondary = reactance ( — J xt in the primary. 
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FiQ. 274. Circuit diagram of a transformer. 
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Fig. 275. Equivalent circuit diagram of a transformer. 

Fig. 275 corresponds to equation 288. If the exciting current 
is neglected, as in equation 289, the circuit may be simplified as 
in Fig. 276. 

From this 

J5i = /' j n +jxi + (^J{r^+jx, + R +jX) j , 



or 



where 



E,=I'\r+jx\+l'E, 



r = ri + {~) Tiis the resistance of the transformer expressed as 
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an equivalent primary resistance and x = Xi + (— Iziis the react- 



ance of the transformer expressed as an equivalent primary 
reactance. 
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Fid. 276. Himplificd circuit diagram of a transformer. 

H(»forrinK to Fig. 277, which is the vector diagram of the circuit 
in Fig. 270, 

Ex = (--'i?co8<? + lA +i (^ £ 8in(? + /ix) 
and In alwoluU^ values 



E, = y ("*- E cos <? + /irV + (^ £ sm <? + /ixY. (290) 
Bv sulwtituting for I\ the value — 7j, equation 290 becomes 



E.^y,H;;;E.o.e^lUr)\{gE^ne^lU.l (291) 

which 8l\ows the rt^lation WtNWvn the secondary terminal voltage 

and secondary current for a given 
primary' impressed e.m.f. and 
a given secondary load power 
factor. 

182. Examples. /. A step- 
tlown transformer with a ratio 
jj of turns of 10 : 1 delivers 100 
kilowatts at 2000 volts to a re- 
ceiver of power factor 80 per 
ivnt Ijigjriixg. IVtom\ine the primary impr^sed voltage, the cur- 
n^xt aiul the ix>wer factor. 
The primary imjVHlaueo is 

*i = ri + jxi = 50 + SO J ohms. 




V^i,. 277. 
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The secondary impedance is 

?j = ^1 + jxj = 0.6 + 0.8 J ohms. 
The primary exciting admittance is 

yo = (/o-A=(2-6i)10-«. 

The current output or secondary current of the transformer is 

1 000000 
^^A^ ' ^ Q^ = 62.5 and taking this as axis the various quantities 
ZUUU XU.oU 

may be expressed in rectangular coordinates as follows: 
Secondary current 
/, = 62.5 + Oj. 
Secondary terminal e.m.f. 

E = 2000 (cos^ H-jsin^) = 1600 + 1200 j, where cos 6 = 0.8 
is the load power factor. 
Secondary impedance e.m.f. 
£/" = /^ = 62.5 (0.6 + 0.8i) = 37.5 + 50 j. 
Secondary induced e.m.f. 

B, = JE? + JS;,'" = 1637.5 + 1250i. 
Primary induced e.m.f. 

B^ = £' = 51^, = 10 £, = 16,375 + 12,500;. 

Primary exciting current 

/o ^E'yo= (16,375+ 12,500 i) (2-6i) 10-^ = 0.11- 0.07 j. 
Primary load current 

Total primary current 

/,= /'+ /o = 6.36 - 0.07 i. 
Primary impedance e.m.f. 

£/" = /jzi = (6.36 - 0.07 i) (50 + 80 j) = 324 + 505;. 
Primary impressed e.m.f. 

Ei^E' + El"' = 16,699 + 13,005/ 
Taking absolute values, 
primary impressed e.m.f. 

El - V(16,699)« + (13,005)' = 21,160 volte, 
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primary current 

Ii = V(6.36)2 + (0.07)2 ^ 6.36 amperes, 
exciting current 

Jo = V(0.11)2 + (0.07)2 = 0.13 amperes, 
primary induced e.m.f. 

E' = V(16,375)2 + (12,500)2 = 20,600 volts. 

The primary impressed e.m.f. is inclined to the axis of coordi- 
nates at an angle ^', where 

tan (?' = Jl^ = 0.7785 and therefore 6' = 37^50'. 
10,099 

The primary current is inclined to the axis at an angle 0", where 

tan ^" = - ?^ = - 0.011 and therefore ^' = - 6° 17'. 
o.oo 

The angle of phase diflference between the primary current and 
the primary impressed e.m.f. is di = 6' — ^" = 44° 7' and the 
primary power factor is cos 6i = cos 44° 7' = 0.722 or 72.2 per 
cent. 

The regulation of the transformer under these conditions of 

, ,. .21,160-20,000^,^ ^ no 

loading IS — - — ^^^^^ — X 100 per cent = 5.8 per cent. 

Primary copper loss is 

Iih-i = (6.36)2 X 50 = 2020 watts. 
Secondary copper loss is 

J2V2 = (62.5)2 X 0.6 = 2340 watts. 
Iron loss is 

Ei^go = (20,600)2 X 2 X 10-« = 850 watts. 

The eflSciency is therefore 

"Q = — : — T^—\ 100 per cent 

output + losses 

— ' X 100 per cent = 95 per cent. 



100,000 + 5210 

77. If the transformer in example I, with 2000 volts impressed, 
is used as a step-up transformer to charge a cable system of 
negligible resistance and supplies 5 amperes, determine the second- 
ary terminal e.m.f. 
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Primary impedance is now Zi = 0.6 + 0.8 j. 

Secondary impedance is ?2 = 50 + 80 j. 

Primary exciting admittance is y©' = lO^i/o = (2 — 6j)l0~\ 

Let the secondary teiminal e.m.f . be E and take it as the real 
axis, the other e.m.fs. and currents may then be expressed in 
rectangular coordinates. 

Secondary terminal e.m.f . 

E = E + Oj. 
Secondary current 

/i = + 5 J. 
Secondary impedance e.m.f. 

£,'" =/,?, = 5i(50 + 80i) = - 400 + 250 J. 
Secondary induced e.m.f. 

Et^E + B/" = B - 400 + 250 i. 

Primary induced e.m.f. 

^' = ^ J?, ^ 0.1 ^ - 40 + 25 J. 
Primary load current 

7' = 10 7, = + 50i. 

Primary exciting current 

Jo = -By = (0.1 £ - 40 + 25i)(2 - 6i)10-^ 

= K0.2 B + 70) - (0.6 i? - 290) j{ 10-^. 

Total primary current 

/i=/' + /o = l(0.2£ + 70) - 1(0.6JE?- 290)10-^- 50} j]. 
Primary impedance e.m.f. 

J?/'' = /,!,=: [(0.2 ^+70)- {(0.6 i?-290)10-^-50Ji](0.6+0.8j) 
= [{(0.6JE?-190)10-^-40( + {(-0.2JS: + 230)10-^ + 30j]. 

Primary impressed e.m.f. 

Ei^E' + B/" = (0.1 J5 - 80) - 55 i. 

The absolute value of primary impressed e.m.f. is 

El = V(0.1£-80)« + (55)* = 2000 

and solving this gives the secondary terminal e.m.f. 
E = 23,160. 
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183. Measurement of the Impedance of a Transformer. The 

equivalent primary resistance and react- 
ance of a transformer can most easily 
be obtained from a short-circuit test. 

If Esc is the impressed e.m.f. re- 
quired to produce full-load current in 
the short-circuited secondary, Fig. 278, 
then Esc is the impedance drop in the 
transformer at full load and 

Esc = hz = Ii Vr* + z\ 




ii 
Fig. 278. Short-circuited 
transformer. 



and the equivalent primary impedance is 

Esc 



z = v'r^ + x^ = 



/i 



The power factor may be obtained by connecting a wattmeter in 
the circuit; it is 

Wsc 

cosBsc^-^i—r' 
J^sc^i 

where Wsc is the power consumed in the transformer and includes 
the primary and secondary full-load copper losses and a very small 
iron loss which may be neglected. 
The equivalent primary resistance is 
r = 2 cos dsc, 
or it may be obtained as 



r = 



Wsc I^i + /2V2 



= r,+ 



The equivalent primary reactance is 

X — Z^OSC — Xi + i-^^Xt, 



{>■ 



Since the current densities in the two windings are approximately 
the same, the copper losses are about equal, or 

and, therefore. 



fi = ( ~ ) ^« (approximately). 

Similarly, since the leakage paths about the two windings are 
similar and the mjn.fs. of the two windings are the same, the 
leakage fluxes are approximately equal. But the inductance or 
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reactance is proportional to the square of the number of turns and, 
therefore, 

Xi = l-^j X2 (approximately). 

184. Voltage Characteristics. The voltage characteristics of 
a transformer show the relation between the secondary terminal 
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Fig. 279. Voltage characteristics of a transformer. 

voltage and the secondary load current for a given primary im- 
pressed e.m.f. and a given load power factor. Typical voltage 
characteristics are shown in Fig. 279. They can be calculated 
from equation 291. The change in voltage from no load to full 
load is very small, even when the power factor is low. 
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The eddy current loss, therefore, varies as the square of the 
frequency, the square of the maximum induction deasity and the 
square of the thickness of the plates and it also depends on 
the electric conductivity of the iron. 

To reduce the eddy current loss the core is built up of sheets 
0.014 in. thick and an iron with a high electric resistance is used. 

Since iron has a positive temperature coefficient for resistance, 
the eddy current loss will decrease slightly as the transformer 
heats up. 

189. Efficiency. The efficiency of transformers is very high. 
For small sizes it varies from 93 per cent at \ load to 97 per cent 
at full load and for large sizes from 97 per cent at i load to 99 per 
cent at full load. 

Fig. 282 shows the loss and efficiency curves for a large trans- 
former. 
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Fig. 282. Efficiency and loss curved of a 550-kw., 10,500- 
volt, 60-cycle, air-blast transformer. 

190. Types of Transformers. Transformers may be divided 
into two general types according to the arrangement of the core 
and windings, the core type and the shell type. These two t}T)ea 
are illustrated in Fig. 283 and Fig. 284. 

Three-phase transformers are built of both the core and shell 
types, Fig. 285 and Fig. 286. In the great majority uf i>ulyi>h?i^ 
systems, however, groups of single-phase transformc^rs iri^tviwl of 
three-phase units are used. This gives a more flexible nyt^tf ra and 
there is less danger of shut down, since an injury to a singU^-phAMe 
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transformer in a group does not necessarily shut down the line 
fed by that group, but operation can be carried on more or less 
satisfactorily with two transformers in open delta. An injury to 
one coil of a three-phase transformer puts the whole transformer 
out of commission. Thus for the same reliability of operation the 
cost of spare apparatus is increased with three-phase xmits. 
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Fig. 283. Core-type transformer. Fig. 284. Shell-type transformer. 
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Fig. 285. Three-phase core-type transformers. 



191. Methods of Cooling. Very small transformers do not 
require any special method of cooling but are so designed that the 
exposed surface is large enough to radiate the heat generated by 
the power losses in the windings and core without a temperature 
rise exceeding the limits consistent with the life of the insula- 
tion. Transformers must be designed to operate for 24 hours at 
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full load with a temperature rise not exceeding 40° C. above 
standard room temperature of 25° C. 

Since the output and losses in a transformer increase in pro- 
portion to its volume or as the cube of its linear dimensions 
while the radiating surface 
increases only as the square 
of the linear dimensions, as 
the output is increased special 
methods of cooling must be 
adopted. 

Transformers up to 300 kw. 
are usually inunersed in tanks 
containing oil of good insulat- 
ing qualities. This oil serves 
the double purpose of mcreas- 
ing the insulation of the trans- 
former and conducting away 
the heat developed by the 
losses. Such transformers are 
called oil-insulated self-cooled 
transformers. The cases are 
made with deep corrugations 
to give a larger radiating sur- 
face exposed to the air. 

A second method of coolmg 
b to pump air through the 
transformer to carry off the 
heat developed. Transformers 
cooled in this way are termed " air blast " and are used on elec- 
tric locomotives where their light weight is an advantage and in 
places where oil cannot be used on account of the danger of fire. 
They cannot be operated satisfactorily above 30,000 volts as the 
insulation rapidly deteriorates due to ozone set free in air at high 
voltages. Oil is then a necessary protection. 

For air-blast transformers about 150 cu. ft. of air per minute are 
required for each kilowatt lost, to keep the temperature within 
the 40° C. rise allowed. 

Large transformers, above 300 kw., are cooled by placing in 
the upper part of the tank cooling coils which carry a continuous 
flow of cold water, which conveys the heat away from the oil. 
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Fig. 286. 



Three-phase shell-type trans- 
former. 



312 



ELECTRICAL ENGINEERING 



With water at 25° C. about J gallon per minute per kilowatt lost is 
required for 40° C. rise. If too much water is used the transformer 
will be cooled below the temperature of the air and moisture may 
collect on it and cause a breakdown of the insulation. The cooling 
coils should have a surface in contact with the oil of about 0.9 
sq. in. per watt lost. 

192. Transformer Connections. If the primary and sec- 
ondary windings are each divided into a number of coils, which 
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Fig. 287. Transformer connections. 



can be connected either in series or parallel, a number of differ- 
ent ratios of transformation can be obtained. 

Take for example a standard light- 
ing transformer with two coils for 
110 volts on the low-voltage side 
♦ and two coils for 1100 volts on the 
high-voltage side. The four possi- 
ble connections are shown in Fig. 
287. 

If small percentage changes of 
ratio are requireji for line regula- 
tion a nmnber of taps are brought 
X out from the primary or secondary 
winding so that the number of turns 

in use may be changed by the re- 
Fig. 288. Secondary with taps. ^^.^^^ ^^^^^ (Fig. 288.) 

193. Single-phase Transformers on Polyphase Circuits. Sin- 
gle-phase transformers are used in groups on polyphase circuits. 

On three-phase circuits the transformers may be grouped in 
four ways as shown in Fig. 289. Both the primaries and 
secondaries may be connected in "Y" or "A". 

The AA arrangement is used where the voltages are not ex- 
tremely high and where a. neutral point is not necessary. It 
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has the advantage over the other connections that, if one trans- 
former bums out the system can still be operated with the two 
remaining transformers connected in V but carrying a con- 
siderable increase of load. The V connection is discussed in Art. 
194 below. 

A/\ /\ f^ /^/\ y^/^ 
QutStmStV MtttttUIII^ <l* /K^ ijUUttlMHMM jf ft 

Delta-Delta Delta-SUr Star-DelU 8Ur-8tar 

Fig. 289. Single-phase transformers on three-phase circuits. 

The AY arrangement is used at the generating end of high- 
voltage transmission systems so that the voltage per transformer 
may be as low as possible. The system has a neutral point on 
the high-voltage side which may be grounded. The YA arrange- 
ment is used at the receiver end of the line. 

The YY arrangement may be used in place of any of the above 
and gives a neutral point on both the high-voltage and low-voltage 
sides. 

194. "Open Delta" or "V" Connection. If one trans- 
former of a A A system bums out, the system can still be operated 




Fig. 290. Open delta or "V" 
connection. 



Fig. 291. 



with the other two transformers without any change in con- 
nections. This arrangement of two transformers on a three-phase 
system, Fig. 290, is called the "Open Delta*' or " V "-connection. 
Each transformer carries the full line current and therefore for the 
same output from the system the current in the transformer 
windings is increased in the ratio Vs : 1 or 73 per cent. 
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To supply a load of 300 kv.a. from a three-phase system three 
100 kv.a. transformers are required if comiected in '* delta "or 
two 173 kv.a. transformers if connected in " open delta." 

In the vector diagram in Fig. 291 Ei, E% and Ez are the 
e.m.f.'s generated in the three transformers of a " delta " system; 
ihey are also equal to the terminal e.m.f .'s at no load in the " open 
delta." Iij I2, Iz are the load currents with a closed delta. 
Transformer (3) is disconnected and the two remaining trans- 
formers (1) and (2) carry currents /i and h respectively and the 
voltages between the Imes are Ebc, Eca and Eab- These voltages 
are never exactly balanced and they become more and more un- 
balanced as the load is increased. 

196. Transformation from Two Phase to Three Phase. The 
" Scott " connection or " T " connection is an arrangement of 
two transformers by means of which three-phase power can be 
obtained from a two-phase system or the reverse. (Fig. 292.) 



JO^Ec 





Fig. 292. Two-phase to three-phase. 



10 

Fig. 293. Non-inductive 
load. 



Two similar transformers are used with their primaries con- 
nected to the two-phase system. The secondary AB of one is 
tapped at its middle point and the secondary FD of the other has 
a tap at a point 86.6 per cent from the end D. The two taps are 
connected at C The part FC of the winding of the second trans- 
former is not used. 
Three-phase power can be taken off at the terminals A, B and C. 
If the e.m.fs. generated in the winding FD is 
epD = Eo sin 6, 
then the e.m.fs. generated in the various sections are 
ecD = 0.866 Eo sin 6, 
ecA = 0.5 Eo sin {$ - 90), 
eoM = 0.5 Eo sin {$ + 90), 
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and, therefore, 

eDA = ecD — ecA = -^-Eo^md + ^Eocoed 

= £osin(^ + 30), 
e^B = -Eosin(^-90), 

1 Vs 

cbd = ecB — ^ci) = 2 ^0 cos ^ ^ £o sin ^ 

= i^osin (30 - ^) = J^osin^ + 150. 

Therefore the three e.m.fs. Edas ^ab and Ebd are displaced 
120 degrees in phase and are equal and thus form a three-phase 
system. 

Under load the e.m.fs. will not be exactly balanced since even 
at non-inductive load the current hi one-half of the winding AB 
will lead the e.m.f. and m the other half will lag behmd it as 
shown in Fig. 293. 

The power delivered is 

P = CZ)./icos^ + CB-/,cos(30 + ^) + Cil ./,cos (30 - ^) 
= -^EI cose + ^EI coa {30 + 6) +^EI cosiSO - 6) 

= ^EI coae + -^EI coaS ^^VSEI cosB, 

and one half of the power is delivered by each transformer. 
The neutral pomt of the system is at the centre of the winding 
FD. 

196. Series Transformer. Series transformers are used to 
insulate anuneters, wattmeters, relays, etc., from high-voltage 
circuits, or to reduce the line current to a value suitable for such 
instruments. In all of these instruments it is very important that 
the ratio of the currents in the two windings should remain constant 
throughout the full range. In the case of the wattmeter it is also 
necessary that the primary and secondary currents should be 
exactly in line, that is, that the phase shift of the transformer 
should be as small as possible. 

Fig. 294 and Fig. 295 show vector diagrams for series transformers 
with the secondaries closed through the meter. The resistance 
and inductance of the meter are included in the impedance of the 
transfqrmer. In Fig. 294 the secondary reactance has been taken 
as double the resistance and in Fig. 295 the resistance is double 
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•— iLtr^ -uuJ secondary currents are the same 

-^MiutMry impedance is the same. 

^- ^yitmDeii in the secondary is the impedance 

• :»* hix and the exciting current are the same 

iacf ^ measures the phase shift of the trans- 

w^unc by which the primary and secondary 

:♦•.'. R^ef erring to the diagrams; with the large 

- :-» mase shift is small but the ratio of currents 

•nil tie ratio of turns; with the large resistance 





e;-E,-E6 E'AIq 



. t u±^cram of a cur- Fig. 295. Vector diagram of a cur- 
^ ^ . ..*.r With large see- rent transformer with a large sec- 

^_ .wtvv. ondary resistance.' 

^^ ^ ' s increased but the ratio of currents is more nearly 

. V. \|uh1 to the ratio of turns. In order to fulfil both 

.^, ^\>iKUtions the exciting current and the core loss 

. <v ^luJl as possible and therefore the core should have 

., *.>iiity. In order to reduce the flux to a minimum the 

I the secondary should be as small as possible. The 

,. .»i the primary wmding does not affect the instrument 

>^^v fj^r as the primary leakage reactance is a measure of 

, .^:\ leiikage reactance. 

.uuuy winding usually consists of a single turn in series 

iuo ai\d the secondary may have any number of turns 

.i vvn the reduction in current required. 

, u at in the primary is the load current of the circuit and 

Ji ^H^nd in any way on the transformer. It sets up a 

tlu\ in the core which links with both the primary and 

, V vNiudings. When the secondary is open circuited all 

..,aiv in.m.f. is magnetizing and a very large flux is pro- 

u iho oore. Thb may produce dangerous voltages in the 
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secondary, often reaching thousands of volts in transformers with 
a large ratio of turns. 

When the secondary is closed a current flows in it and produces 
a m.m.f. opposing the primary m.m.f. and reducing the flux to a 
very small value. 

The primary e.m.f. is the drop of voltage in the transformer due 
to its impedance and is very small, since the secondary is short 
circuited. 

The iron core is only designed to carry the flux required with a 
closed secondary and it would be very highly saturated under open- 
circuit conditions and would become hot due to the excessive iron 



197. Auto-Transformer. An auto-transformer has only one 
winding; the primary includes all the turns while the secondary 
includes only a part of them. ^ 

i 



I,: 



1^ 



If "li o 



The secondary voltage is usu- 
ally made variable by bring- 
ing out a nmnber of tops. 

Auto-transformers are used 
very extensively to obtain a 
variable voltage for starting 
induction motors, synchro- 
nous motors, single-phase Ei 
series' motors, etc., and as 
balance coils on three-wire 
distributing circuits. 

Fig. 296 shows an auto- 
transformer for starting and 
operating a single-phase series 
motor from a high-voltage 
trolley in electric railway ser- ^_ 
vice. 

The transformer in Fig. 297 
is suitable as an induction 
motor starter. For three-phase motors three auto-transformers 
connected "star" may be used or two connected in "open delta." 
Tbe unbalance of voltage in the open delta is not objectionable, 
since the transformers are only employed for starting. 

fig. 298 shows an auto-transformer used as a balance coil on a 
220-volt, three-wire system. 



s 




Fig. 296. Auto-transformer for single- 
phase electric railway motors. 
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Kio, 'Jl)7. Aiito-tranMformor as induction motor starter. 

tuihtt Itt ItlKli tho curnmt from a to c b much larger than the 
piiiMHi y nirriMit and tliin part of the winding must be made of 
litftc<^ (^iMMitfli HotMinu to carry it. 

The copper loss in an auto- 
transformer is smaller than m 
an equivalent two-coil trans- 
former and the efficiency is 
therefore higher but this ad- 
vantage decreases as the ratio 
of turns increases. With a high 
ratio of turns it is a disadvan- 
tage not to be able to insu- 
late the low-voltage side of 
the transformer from tiie high- 
voltage side. 

An auto-transformer may be 
used as a stejMip transformer 
by tH*nuootin>5 tho low-volt^*vgo side to the supply. 

19& The Constant-current Transfonner. The constant-cur- 
rt^U trHust'ornuT ij^ sl\own lUiigrHmmaticallj' in Fig. 299. Jhe 
primary w\\\ P is fixtxl in jxvsitiou and receives power at constant 
vvUtn^\ The 5ii^H\>i\ihvry i\>il ^S is mo^^ble and regulates for 
i\ux5>tm\t currt^nt in the nxviNvr circuit which it su{^[>lies irreq)ec- 
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tive of the load. The transformer is used to obtain a constant 
current for series arc-light circuits. 

When the secondary coil is close to the primary there is very 




FiQ. 299. Constant-current tranfiformer. 

little leakage and most of the flux produced by the primary links 
with the secondary and the secondary voltage is, therefore, a 
maximum. Primary and secondary currents are in opposite 




Fia. 300. Flux in the core of a constant-current tranKformer. 

dircctioas and the two coils repel one another. The weight W 
b so adjusted that the pull due to it together with the force of 
repulsion of the coils just balances the weight of S and allows 
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the coil to remain in such a position that the required current 
flows in it. Fig. 300 shows the flux in the core. 

If the resistance or impedance of the load circuit decreases due 
to the cutting out of one or more arc lamps an increase of the 
current in both secondary and primary follows and the repulsion 
between the coils, which is proportional to the product of their 
currents, increases. The, secondary, therefore, rises and increases 
the leakage reactances of both coils and so less of the primary 
magnetism links with the secondary; its voltage is, therefore, 
decreased and its current drops to the required value. The 
moving arm must be designed to give the required regulation with 
a fixed weight W. 

Such an arrangement regulates for constant current between the 
limits of secondary voltage set by the two extreme positions of the 
moving coil. 

Neglecting the primary exciting current, equation 289, Art. 181, 
applies to the constant-current transformer. 

El =/' in + jxx + Q'(r, +jx,)l+^E 

Elf I2, n and r2 are constant and xi and X2 increase as E decreases. 

199. Induction Regulator. Induction regulators are special 
transformers used to vary the voltage of an alternating-current 
distributing circuit or the voltage impressed on a rotary con- 
verter. 

There are two types of biduction regulators, single-phase and 
polyphase. 

(1) The single-phase regulator is illustrated in Figs. 301 to 303. 
The primary coil P is carried on a movable core built of laminated 
iron and is connected across the line. The secondary coil S is 
carried on a stationary core and is connected in series with the 
line to raise or lower the voltage. (Fig. 304.) 

The primary exciting current produces an alternating flux, 
which induces a voltage in the secondary. This secondary volt- 
age varies with the position of the primary winding, but it is 
always in phase with or in opposition to the impressed voltage or 
line voltage. In Fig. 301 all the primary flux (neglecting leakage) 
passes through the secondary coil and the secondary voltage is a 
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maximum and is in opposition to the impressed voltage, and so 
gives the minimum load voltage. 

In Fig. 305 OP is the impressed voltage or line voltage, OSi is the 
maximum secondary induced voltage and SiP is the load voltage. 

The load current of the circuit flows in the secondary, and 
there must also be a load current in the primary of equal and 
opposite m.m.f. as in the ordinary transformer. 
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Fkj. 301. Fig. 302. 

Single-phase induction regulator. 



Fig. 303. 



When the movable core is turned through an angle $, Fig. 302, 
only part of the primary flux passes through the st^condary and 
the secondary voltage is reduced approximately in the ratio 
1 : cos $f but is still in opposition to the line voltage. The load 
voltage is represented by S2P, Fig. 305. 
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Fig. 305. 







With the primary coil at right angles to the socondar}' coil, 
Fig. 303, none of the primary flux pa^st^s through S and then* is 
no secondary induccxl voltage. 

When the core is tumcnl through 180 degrees the secondar>' 
voltage is again maximum, but is in phase with the impressed 
voltag<» and so rais<»s the load voltage to SiJP, Thus the total 
variation of the load voltage is from S\P to S^ and is equal to 
twice the maximum secondary voltage. 
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In Fig. 303 the m.m.f. of the load current in the secondary 
cannot be opposed by any primary m.m.f. since the coils are at 
right angles. To supply the m.m.f. required to balance the 
secondary load m.m.f., and so prevent a large reactance drop in 
the winding, the coil T called the "tertiary" coil is placed on the 
movable core at right angles to the primary coil. It is short 
circuited and exerts an m.m.f. equal and opposite to the second- 
ary m.m.f., and so reduces the secondary reactance to the value 
corresponding to the leakage flux. 

The only current carried by the primary coil in this position 
is the exciting current. 

In intermediate positions of the rotor the secondary m.m.f. is 
partly balanced by the induced current in the tertiary or com- 
pensating coil and partly by a load current in the primary coil. 

(2) The polyphase induction regulator has a polyphase wind- 
ing on the moving core, which is connected to the polyphase 
supply. The secondary or stator is wound with the same number 
of phases, but the phase windings are kept entirely separate so 
that they can be connected in the different lines to raise or lower 
the voltage. 

When polyphase currents flow in the primary windings a 
revolving magnetic field is produced of constant value as in the 
alternator or induction motor. This field cuts the secondary 
windings and generates e.m.fs. in them of the same frequency as 
the primary impressed e.m.fs., but less in the ratio of turns. 




As thf* primar>" is turned the magnitude of the revolving field 
m not chtiDgedj and therefore the magnitude of the secondary- 
a.m.fs. is not changed but their phase relations with the im- 
pressed e.m.fs. are chiuiged and the load voltage is varied as 
BhowTi in Fig. 306. By turning the primary through 180 degrees 
the phtii^v ut tlie secondnry e.m.f. is changed from direct opi>osition 
tiO the Vmv voltage to diwct addition to it and thus the load volt- 
figff Is varii^d by an amount equal to twice the secondary voltage. 
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The rotor must be clamped in the required position or it will 
tend to rotate at a high speed in the direction opposite to that of 
the revolving field. 

The advantage of the induction r^ulator over a transformer 
with variable voltage taps on the secondary or primary is that the 
variation of voltage is uniform over the entire range. Regulators 
are, however, very expensive and require a large exciting current 
and have large leakage reactances. 

The regulator is operated either by hand or by means of a 
small motor placed on the top or it can be made automatic if 
required 



CHAPTER VII 

INDUCTION MOTOR 

200. Induction Motor. Fig. 307 shows an induction motor 
of the squirrel-cage type. It consists of two main parts, the 
primary or stator and the secondary or rotor and is a combma- 
tion of a synchronous motor and a transformer. The stator is 
exactly similar to the armature of a synchronous motor. The 





Fig. 307. Induction motor. 



rotor which takes the place of the rotating field member of the 
synchronous motor is not excited by direct current but has cur- 
rents induced in it by transformer action from the stator; thus 
the transfer of power from the stator to the rotor is similar to 
tlm transfer of power from the jDrimary to the secondary in a 
tmnsformer. The rotor is however free to move and there is an 
air gap in • ^ ^ «*mt?tic circuit and therefore the magnetifflng 
current ^- * leakage reactancea are large and the power 

factor ' 
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201. The Stator. The primary or stator consists of a winding 
carried in slots on the inner face of a laminated iron core. The 
winding is similar to an alternator or sjuchronous motor winding 
and the coils are connected in groups according to the number of 
phases and poles, one group per phase per pair of poles. 

The stator is supplied with polyphase alternating currents and 
a revolving m.m.f. is produced similar to the m.m.f. of armature 
reaction in an alternator, which produces a magnetic field re- 
volving at a constant speed called the synchronous speed of the 
motor. 

In Fig. 308 (a) represents the stator winding of a two-pole, 



Phaae 1. »i— lo Cob B 
Oonent J J_ PIumJb 2. «i— 1|> Bin 0^ 




Fig. 908. Revolving m.m.f. and flux in a two-pole, two- 
phase induction motor. 



two-phase induction motor, (6) the currents supplied to the two 
phases and (c) the fluxes produced by the resultant stator m.m.f. 
at the points (1), (2), (3) and (4) of the cycle. 

The windings start at Si and s% and finish at f\ and /», respec- 
tively. A positive current is one which enters at Si or 9% and a 
negative current is one which enters at /i or f%. 

Referring to Fig. 308(c) it is seen that the north pole makes one 
complete revolution in the anti-clockwise direction while the 
current in phase 1 passed through one cn'cIo. 

Fig. 309(a) represents the stator of a two-pole three-phase 
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Fig. 309. Revolving m.m.f. and flux in a two-pole, three- 
phase induction motor. 
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1^ .^ili .Hffrolvin^ mjn,f, unil flux in a four-pole, two- 
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induction motor, 309(6) the currents supplied and 309(c) the 
fluxes corresponding to the points (1), (2), (3) and (4) on the 
cycle. The north pole as before makes one revolution during 
one cycle. 

Fig. 310(a) represents the stator of a four-pole, two-phase 
induction motor, (ft) the currents supplied and (c) the fluxes 
produced. 

Fig. 311(a), (6) and (c) represent a similar set of conditions 
for a four-pole, three-phase stator. 




Fig. 311. Revolving m.m.f. and flux in a four-pole, three- 
phase induction motor. 



In Fig. 310(c) and Fig. 311(r) it is seen that, while the current 
goes through one cycle, the revolving field turns through the angle 
occupied by one pair of poles. 

K the stator winding has p-poles, the revolving field turns 

360 2 

through — Tjr degrees, that is, through - of one revolution during 
p/Z p 

one cycle of the current. 

If the frequency of the supply is / cycles per second the revolving 

field makes — r.p.s. or r.p.m. The synchronous speed of an 

induction motor is, therefore, 



p 



p.m. 
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202. Revolving M. M. F. and Flux of the Stator. In Fig. 312 
OX is the direction of the m.m.f . of phase 1 of the two-phase motor 

in Fig. 308 and its value at 
any instant is 

mi = nJo sin (B+90) = riih cos^. 

where ni is the number of 
turns per phase and ii = U 
sin (0 + 90) is the current in 
phase 1. 

At the same instant the 
m.m.f. of phase 2 is 




m-niioOo«^ 
Fig. 312. 



where 



mi = nJo sin in direction OF, 
12 = /o sin ^ is the current in phase 2. 



The resultant m.m.f. of the two phases is 

m — y/m^ + m^ = ni Jo Vcos* B + sin* Q = ni/o 

and makes an angle B with the OX axis. 

The resultant m.m.f. is, therefore, constant in value, being 
equal to the maximum m.m.f. of one phase, and it revolves at 
synchronous speed in the anti-clockwise direction. 

This constant m.m.f. acting on a path of constant reluctance 
produces a field of constant strength revolving with the m.m.f. 
and, therefore, revolving at synchronous speed relative to the 
winding of the stator. The flux linking with each phase of the 
stator is an alternating flux which reaches its maximum when 
the current in the phase is maximum and is therefore in pha^ 
with it. 

Figs. 309(a), (ft) and (c) represent respectively the winding of a 
three-phase, two-pole stator, the currents supplied and the m.m.fs. 
produced. Fig. 313 shows the m.m.fs. of the three phases as 
vectors. 

The currents art? 

iy = Jo COS ^, in phase 1, 

ii= h crw (e — 120), in phase 2, 

iV = h t-tjs {$ — 240), in phase 3. 
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The m.m.f. of phase 1 is njo cos in direction OA. 
The m.m.f. of phase 2 is nJo cos (6 — 120) in direction OB, 
The m.m.f. of phase 3 is nJo cos (0 — 240) in direction OC. 
The resultant m.m.f. in the horizontal direction is 

mx= nJo cos ^ + nJo cos ($ — 120) cos 120 + nJo cos (0 — 240) cos 240 
= nJo I cos ^ — ^ (cos $ cos 120 + sui ^ sin 120) 

- 2 (cos d cos 240 + sm ^ sin 240) [ 

3 3 

= ni/o^cos = -^nJo cosB. 




Fia. 313. 



The resultant m.m.f. in the vertical direction is 
tnr = nJo {cos {$ - 120) sin 120 + cos (6 - 240) sin 240} 

= nJo I -^ (cos ^ cos 120 + sm ^ sin 120) - -^ (cos 6 cos 240 



+ sin sin 240) | 



= njo-^ Vs sin ^= ^ni/o sin 0. 



i 
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The resultant m.m.f. of the three phases is 

and makes an angle d with the OX axis. 

The resultant m.m.f. is, therefore, constant in value being 
equal to I times the maximum m.m.f . of one phase and it revolves 
at synchronous speed. 

This constant m.m.f. produces a field of constant strength 
revolvmg at synchronous speed. The revolving field links suc- 
cessively with the windings and generates e.m.fs. in them. The 
flux linking with any phase is maximum when the current in that 
phase is maximum and, therefore, the flux and current are in phase. 

If a four-pole stator. Fig. 310, had been chosen instead of the 
two-pole stator, the m.m.fs. of the two-phase windmgs would have 
been combined at 45 degrees instep of 90 degrees and the result- 
ant m.m.f. and flux would not remain constant but would pulsate 
four times during each revolution. The flux threading any phase 
would, however, still vary according to a sine law and would be 
in phase with the current in that phase. 

To reverse the direction of rotation of a two-phase induction 
motor, it is necessary to reverse one phase only. 

To reverse a three-phase motor any two leads may be inter- 
changed. 

203. The Rotor. The secondary or rotor is made in two 
forms, (a) the wound rotor and (b) the squirrel-cage rotor. The 
woimd rotor consists of a laminated iron core with slots carrying 
the winding, which must have the same number of poles as the 
stator winding but may have a different number of phases. It is 
usually wound for three phases and the ends of the windings are 
brought out to slip rings so that resistances may be inserted in the 
windings for starting and the terminals short circuited under 
running conditions. 

The squirrel-cage rotor winding consists of a number of heavy 
copper bars short circuited at the two ends by two heavy brass 
rings. Fig. 314. The construction is very rugged and there is 
nothing to get out of order. 

When the rotor with its closed windings is placed in the revolving 
magnetic field produced by the stator currents, the flux cuts across 
the conductors on the rotor and generates e.m.fs. in them. Cur- 
rents flow in the rotor equal to the e.m.fs. divided by the rotor 
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impedances. These currents reacting on the magnetic field 
produce torque and the rotor revolves in the direction of the field. 
At no load the rotor runs almost or fast as the field and very small 
e.m.fs. and currents are induced in its conductors. When the 
motor is loaded the rotor lags behind the field in speed and large 
currents are induced to give the required torque. 





^^oliiiillili^ 



^SliiSI^S 



Fig. 314. Squirrel-cage rotor. 



204. Slip. The diflference between the synchronous speed or 
speed of the stator field and the speed of the rotor is called the 
slip and is expressed as a per cent of sjmchronous speed. 

A 6-pole, 60-cycle motor has a sjmchronous speed 



N = 



120X60 
6 



= 1200 r.p.m. 



If the speed of the rotor at full load is 1176 r.p.m., the slip is 
1200 - 1176 



1200 



X 100 per cent = 2 per cent. 



The slip at full load varies from 2 per cent to 5 per cent in motors 
designed for constant speed. 
The rotor speed may be expressed as 

S=(l-s)N r.p.m (301) 

206. Magnetomotive Force of the Rotor. The frequency of the 
e.m.fs. and currents induced in the rotor windings at a slip s is sf 
if / is the frequency of the e.m.fs. impressed on the stator. 

The polyphase currents in the rotor windings produce a re- 
sultant m.m.f. revolving relative to the rotor at a speed 
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= sN r.p.m. But the rotor itself b revolving at a speed 

5 = (1 — «) 2V r.p.m. and therefore the rotor ni.ni.f . is revolving 
at a speed sN + {1 -- s) N =^ N, that is, at the same speed as 
the stator m.m.f . The two m.m.fs. are therefore stationary rela- 
tive to each other and they are nearly opposite in phase as in the 
transformer. 

206. E. M. F. and Flux Diagram for the Induction Motor. 
Let fi = stator resistance per phase. 

Li = stator self-inductance per phase. 

a:i = 2 irfLi = stator reactance per phase. 

Zi = Vfi^ + xi* = stator impedance per phase. 

r% = rotor resistance per phase. 

Li = rotor self-inductance per phase. 

o^i = 2 wfLa = rotor reactance per phase at standstill. 
8Xt = 2 wsfLi = rotor reactance per phase at slip s. 

Zt = Vr2^ + X2* = rotor impedance per phase at standstill 

22 = Vr2^ + s*X2* = rotor impedance per phase at slip s. 




FiQ. 315. Flux and e.zn.f. diagram of an induction motor. 

In Fig. 315 

El = the e.m.f. impressed on one phase of the stator. 
7i = the current in one phase of the stator. Ii = ly -\- 1\ 
Im = the magnetizing current in one phase of the stator. 
J' = the load current in one phase of the stator. 
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It, = the current in one phase of the rotor: 1%= — /', where 

712 

Til = the turns per phase per pair of poles on the stator, 
7i4 = the turns per phase per pair of poles on the rotor. 
#1 = the flux per pole linking one phase of the stator which 
would be produced by the current 7i acting alone. 

^g = the part of $i which crosses the gap and links with one 
phase of the rotor, ^i^, = Vi^i, where Vi is a constant. 

#ii = the part of #i which does not cross the gap, but is the 
leakage flux of self -inductance of the stator. 
^ = the flux per pole linking one phase of the rotor, which 
would be produced by the current h acting alone. 

^ = the part of #2 which crosses the gap and links with one 
phase of the stator. ^2^ = v^2, where 1^2 is a constant. 

^j= the part of #2 which does not cross the gap, but is the 
leakage flux of self-inductance of the rotor. 

^g = the actual flux per pole crossing the gap and linking 
with one phase of both stator and rotor; it is the result- 
ant of ^ig and #20. 

*t = actual flux per pole linking one phase of the stator; it is 
the resultant of ^g and ^u,. 

#r = the actual flux per pole linking one phase of the rotor; 

it is the resultant of ^g and €>2L. 
Eig = the back e.m.f. generated in one phase of the stator by 

the flux ^g. 
En = the e.m.f. of self-inductance generated in one phase of 
the stator by the leakage flux *ll. Eil = IiXi. 

E, = the back e.m.f. generated in one phase of the stator by 
the flux #,. J?, is the resultant of Eig and En. 

El = the e.m.f. impressed on one phase of the stator. It 
must be exactly equal and opposite to E, if the stator re- 
sistance drop liTi is neglected. This drop is of the order 
of 2 per cent at full load. 

Since Ei is constant, E, and #, must be constant. 
Eig = the e.m.f. generated in one phase of the rotor by the 

flux ^g. Eig =8 — Eig = 5^2, whcre E2 is the e.m.f. 
ni 

which would be generated in one phase of the rotor by 

the flux ^g at standstill. 
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E2L = the e.m.f. of self-inductance generated in one phase of 

the rotor by the leakage flux *2L • E2L = SI2X2, 
Er = the e.m.f. generated in one phase of the rotor by the 
flux #r. Er is the difference between Eig and E2L and is 
equal to hr^. It is in phase with the rotor current U 
and lags 90 degrees behind the flux ^r- 
As the induction motor is loaded the end d of the vector $1 fol- 
lows a circle passing through / and having its centre on of pro- 
duced. . 

207. Proof that the Locus is a Circle. From d draw dk at 
right angles to fd to cut of produced in k. Then the semicircle 
fdkia the locus of d. 

In the triangles aob and / dk 

' Zoab = Zfdkj being right angles, 
< 06a = Z dfkj 

,, - fk fd fd fd 

therefore ^ = -r = -^ — i: = -r"^ — r> 

00 ab ac — CO oh — cb 

and 

-, ob Xfd Vi*ofXv2^oh , ViVi , ^ 

fk = -7 — -r = — iT T" = (>f*^ = a constant 

oh — CO oh — ViViph j 1 "- ^iVz 

since of is constant. 

Therefore the locus of d is a circle described on the diameter//;. 

208. Magnetomotive Force Diagram. Since the magnetic 
circuit of the machine is not saturated by the fluxes *, and ^r, the 
flux diagram, Fig. 315, may be replaced by the m.m.f. diagram, 
Fig. 316. 

od = nJi = total m.m.f. of the stator per phase. 

61 = ni/' = m.m.f. of the load component of stator current. 

of = ni/jif = m.m.f. of the magnetizing current. 
op = 712/2 = m.m.f. of the rotor per phase; it is equal and opposite 
to nil'. 

209. Stator Current Diagram. The m. m. f . diagram, Fig. 
316, may be replaced by the stator current diagram, Fig. 317. 

od = h = total current in one phase of stator. Ii =' Im+ V' 

of = Im = magnetizing current in one phase of stator. 

ol = r = load component of current in one phase of stator. 

op = 1% = current in one phase of rotor, h = — /'. 

7l2 

df = ol == r = — I2 = load component of stator current per 
phase and represents the rotor current per phase. 
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To obtain an expression for the diameter of the circle, consider 
the special case where the motor is at standstill and the rotor and 
stator resistances are both zero. 




^ J 



Fig. 316. M.m.f. diagram of an induction motor. 

Referring to Fig. 318 

El ^ E» = E\g + JiXi, 



and 




Fig. 317. Current diagram of an induction motor. 



ni 



ni 



^"=S^»'=S^»^ = (^)^'^' 
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■xt 



E,„ = /,x, + (^y/'2 



if the magnetizing current I^ is n^ected in comparison with the 
load component of stator current /'. 



?«j 



K'^ 



J» 



d.k 



O f 



Fig. 318. Induction motor at standstilL 

This value of /' is represented by fk and is the diameter of the 
circle. Its value is 

E, 



D=fk = r = 



-+©'- 



(302) 



The diameter of the circle, therefore, varies directly as the 
impressed e.m.f. and inversely as the simi of the reactances and 
therefore as the frequency of the supply. 

Thus as the motor is loaded the end d of the vector representing 

the stator current follows a semicircle of diameter 

ni 



210. Rotor E. M. F. and Current. The e.m.f. generated in 
one phase of the rotor at slip 8 by the flux ^g is 

E2g = sK^of where X is a constant, 
= sEi, where E2 = K^g is the e.m.f. 
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which would be generated in the rotor at standstill by the flux ^g. 
Ei does not remain constant as the motor is loaded, since the flux 
^ff does not remain constant but decreases about 30 per cent from 
no load to standstill when the rotor is locked and slip is unity. 
Up to full load ^g and E2 may be considered to remain constant. 
The impedance of the rotor at slip s Is 



The rotor current is 

* " 2, " Vra^ + sW' 
The rotor power factor is 

COS^ = 



Vrs* + sW' 



(303) 
(304) 

(305) 



211. Rotor Input. The power transferred from the stator to 
the rotor per phase is the product of the back voltage E\ generated 
in the stator by the flux *,,, the load component of the stator 
current 7' and the cosine of the angle between them; it is 

Pr = ET cos ft (see Fig. 319) .... (306) 




but 
and 



Fig. 319. 



Wi 



£' — J? _ * 1? . 
— ILlg — — /is , 
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therefore, 

Pr = ET C08 Si ^''^Ei-h cos 0^ = EJi cos $2. . (307) 
ria ni 

Thus the power input to the rotor per phase is the product of the 
e.m.f. which would be generated in the rotor by the flux ^g at 
standstill and the power component of the rotor current. 
The total power input to the n phases of the rotor is 

Pr = nEJi cos ^2 (308) 

212. Rotor Copper Loss and Slip. The power consumed by 
the rotor copper loss per phase is 

/2V1 = SE2I2 cos ^, (309) 

and for the n phases it is 

Lr = n/2V2 = nsEJi cos dt. ... (310) 

or XI. X- rotor copper loss Lr snEJ^cosOi ,«,.. 

Slip = the ratio — ^ — 7 — = 13= — ctt z" = «• (311) 

rotor input rr nEJ^ cos dt 

213. Rotor Output and Torque. The rotor output per phase 
is 

p — Pr — h^% = Etit COS 62 — sEtIt cos Bt 

= (1 -s)£2/2COSfc (312) 

and the total rotor output is 

P = np = n(l — s) Etl2 cos Bt watts .... (313) 

= "^^"'7^'^*'°'^ hor8e power. . . . (314) 

From equations 308 and 313 the rotor output is 

P = (l-s)P, = |p, 

and it is equal to the rotor input multiplied by the rotor ^)eed in 
per cent of sjTichronous speed. 

If r is the torque in foot pounds the output may be expressed as 



Thus the torque is 






», _ 11 (1 - «) £ 2/2006^2 ^ 33.000 _ ^ n^/jc^ 

^ 746 ^2x5"" '-^ S 

1 -« 

= 7.(M?.' = 7.(H^5*5LJ5gft.ibs. .... (315) 
A sNTie. speed 
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The torque of an induction motor is usually expressed not in 
foot pounds but in synchronous watts, that is, in terms of the 
power which would be developed at synchronous speed. 

The torque in synchronous watts is 

N 

Tsyncmita = -P X ^ = Pf (316) 

and it is equal to the power input to the rotor. 

I rotor input 



Torque = T = 7.04 
= KE2 • 



sync, speed 
= KEJi cos $2 
sEi 



where K \b a, constant. 

The following conclusions may be drawn: 

(1) Torque is proportional to the slip near sjrnchronous speed. 

(2) Torque is proportional to J?2* and therefore it is approxi- 

mately proportional to the square of the e.m.f . impressed 
on the stator. 

(3) Torque is maximum when rt = sxj. 

(4) Starting torque = KEi^—^—. = since « = 1. 

^2 -r X2 

(5) Maximum torque occurs at standstill if r2 = xj. This 

condition can be obtained by inserting resistance in the 
rotor windings. 
If r2>X2 the starting torque is less than the maximum torque 
but the starting current is also less than in the case where rt = Xj. 

(6) The current for maximum torque is 

sEi __ Ei 

vHw"" V2x2 

and is independent of the rotor resistance. 

214. Rotor Efficiency. Neglecting all losses except the rotor 
copper loss the rotor efficiency is 

nr - y^ 100,0 n£2/2COS^2 ^^^' 

= (1 - 5)100% = ;^100%, . . (318) 
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that is, the rotor eflSciency is equal to the rotor speed in per cent 
of synchronous speed and, therefore, the eflSciency of an induction 
motor is always less than the speed in per cent of synchronous 
speed. 

216. Modification of Diagram. When an induction motor is 
running without load, a current Jo flows in each phase of the 
stator which has two components, Fig. 320, I^ the magnetizing 
current 90 degrees behind the impressed e.m.f. Ei, and Ip the 
power component in phase with Ei. 
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Fia. 321. Circle diagram of an induction motor. 



The product nEJp (where n is the number of phases) is the 
power required to supply the no-load losses. These are the iron 
loss and a small copper loss in the stator and the friction and 
windage losses of the rotor. The iron loss in the rotor may be 
neglected since the rotor frequency is low. 

The current required to supply the stator losses has no cor- 
responding component in the rotor, but the power to overcome 
the friction and windage losses must be transferred from the 
stator to the rotor and therefore requires a current in the rotor. 

As the motor is loaded and slows down the stator iron loss re- 
mains nearly constant, the friction and windage losses decrease 
and the rotor iron loss increases. At standstill the friction and 
windage losses are absent but the rotor iron loss is large since the 
rotor frequency is the same as the stator frequency. The iron 
friction and windage losses are therefore considered to remain 
constant and the small component of rotor current required to 
supply the friction and windage losses is neglected. 

The diagram, Fig. 317, must therefore be changed to Fig. 321 
by the addition of Ip the power component of the stator current 
per phase at no load. 
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The diameter of the circle is raised through the distance af = Ip 
and of now represents not the magnetizing current I^ but the no- 
load current Jo = VIj^^ + Ip\ 

If OS represents the stator current per phase at standstill and 
au? is its power component, then, since there is no output, the 
pwwer input is consumed by the losses. Therefore, input = losses 
= nEiSw; constant losses = nEJp = nEiVW and copper losses = 
riEiSv = n (7'Vi + /2V2). 

The stator copper loss is taken as n/'Vi because the stator copper 
loBs at no load is included in the constant losses. It is therefore 
assumed that /iVi = /qVi + J'Vi which is approximately correct 
up to full load. 

Divide sv a,i t so that st : tv =^ hht : J'Vi, then, stator load 
oopper loss = nEitv and rotor copper loss = nEist 

Join ft and from d any point on the circle to the left of a 
draw dmpqr perpendicular to the diameter fk. It is to be shown 
that mp is the stator current required to supply the rotor copper 
loss for a rotor current represented by fd and that pq is the cur- 
rent to supply the corresponding stator load copper loss. 

The rotor copper loss is 

nIM = n (^ 7' Vrj = KV^ = K]f = K(fq+'^^ 

= KXfq(fq + qK)-=KXfqXD--fqX aconstant, 

since K and D are both constants. 

Therefore the rotor copper loss is proportional to fq; but 

mp _ st mp __ si 

and since st represents the rotor copper loss for a current /s, mp 
represents the rotor copper loss for a current fd. 

Similarly pq represents the stator copper loss for stator cur- 
rent fd, 

216. Interpretation of Diagram. At any value of stator cur- 
rent od = 7i, Fig. 321, 

nEi dr = stator input in watts, 

nEiqr = constant losses, 

fiEipq = stator copper loss, 
nE\mp = rotor copper loss, 
nEi dm = rotor output in watts = mechanical load, 
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—1 = power factor, 

dm ^ . 

-T- = efficiency, 

mp _ rotor copper loss _ ,. 

dp ~ rotor input ~ ^' 

dm __ rotor output _ actual speed _ ^ _ i _ 

dp rotor input synchronous speed N '~ 

The torque corresponding to output nEi dm is 

^ nEidm ^ 33,000 „ ^ , .^ ,. 

T = -.^ X ^i — 7-^ r lbs. at 1 ft. radius. 

74b 2x(r.p.m.) 

At sjrnchronous speed this torque would represent an output 

N dp 

nE\ dmX-^ = nEi dmX^ = nEi dp watts = rotor input. 

The torque in sjmchronous watts is equal to the watts input to 
the rotor = nEi dp. 

At standstill the torque in synchronous watts is nEiSt and 
represents the starting torque of the motor. 

The maximum value of torque in synchronous watts is nEi X 
maximum value of dp. 

The maximum output in watts is nEi X maximum value of dm. 
For average 25-cycle motors, starting torque is 1 J to 2 J times 
full-load torque; starting current is 6 to 8 times full-load current; 
and maximum running torque is 2^ to 3^ times full-load torque. 
For 60-cycle motors, starting torque is 1 to 1 J times full-load 
torque; starting current is 5 to 6 times full-load current; and maxi- 
mum running torque is 2 to 2§ times full-load torque. 

217. Construction of Diagram from Test for a Three-phase 
Motor. 1. Run the motor light at rated voltage and rated fre- 
quency. Read impressed voltage, current and watts input 
Ely h and Wo. 

h = of on the diagram. 



Wo 



= Ip = af = wv on the diagram. 



VsEi 

2. Lock the rotor and impress reduced voltage and raise it imtil 
twice full-load current flows in the stator. Read impressed 
voltage, current, watts input and torque, El, Ilj Wl and Tl- To 
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get the value of locked current at rated voltage, raise the values 
of II in the ratio Ei : El- To get the values of locked watts and 
locked torque at rated voltage, raise the values of Wl and Tl in 
the ratio Ei^ : El^. To get accurate results for the circle diagram 
it is better to reduce the values of watts and torque to terms 
of power current per phase. This is done by dividing the 
values of Wl and Tl by VsEl. 
Plot on a base of impressed voltage, 

(1) 7l, (2) -^-V' (3) • ^"^ 



VsEl VsEl 

These three loci should be straight lines passing through the 
origin and can be produced till they cut the ordinate at the rated 
voltage of the motor. 

The following results are obtained. 

Value of II at rated voltage = os on the diagram. 

Wl — ' . 

Value of /^ „ at rated voltage = sw on the diagram. 

3. Measure the resistance of the stator per phase = n. Then 
the stator copper loss locked at rated voltage is 3 ofn watts 

and — 7^-^= vt on the diagram. 

The rotor copper loss, locked at rated voltage, is V3 Ei X st 
and is known since st = sw — tw — vL 

The rotor copper loss also represents the starting torque in 
sjTichronous watts and therefore if Ti is the value of Tl at rated 
voltage 

^^'^^"''^or^'^''^'"^'^Bhould equal ^;2<_£?. 
33,000 ^ 746 

The circle diagram can be drawn in from the values obtained 
above. 

The motor has been assumed to be Y-connected and the volt- 
age El is the line voltage. 

218. Methods of Starting. Except in the case of small ma- 
chines, induction motors should not be started by connecting 
them directly to the mains, since the large starting current at low 
power factor disturbs the voltage regulation of the system. 
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Two methods of reducing the startmg current are m use. (1) 
The voltage impressed on the stator is reduced by multi-voltage 
taps on the supply transformers or by using a potential starter. 
(2) Resistance is inserted in series with the rotor windings. 

(1) When the impressed voltage is reduced, the starting current 
is reduced in proportion to it, but the starting torque is reduced 
as the square of the voltage. 

In Fig. 322 Ei,Siti represents the starting torque of the motor 




FiQ. 322. Starting at reduced voltage. 



at full voltage and osi represents the starting current, neglecting 

El 
the exciting current, and-^ •s^ represents the starting torque at 

half voltage and 08% represents the starting current. 

Since 0Si = -^ the starting current is reduced to one half its 

value at full voltage, but the starting torque is reduced to one 
quarter. The power factor is not changed. 

Thus starting with reduced voltage gives very small startmg 
torque and low power factor. 

A squirrel-cage rotor may be used. 

(2) When resistance is inserted in the rotor windings the start- 
ing current is reduced and is brought more nearly in phase and the 
starting torque is increased. 

In Fig. 323 Sofo represents the starting torque when the rotor 
circuits are closed without any starting resistance. 

sih is the starting torque when resistance Ri is inserted. 

Sjfe is the starting torque when resistance Ri>Ri is inserted. 

Safe is the maximum possible starting torque and is obtained by 
inserting a resistance Rz>Ri; it is the same as the maximum 
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running torque of the motor. Rz + rt = Xj, where rt and Xt are 
the resistance and the reactance of the rotor, osq, osi, ost and oa^ 
are the corresponding stator currents and cos Oq, cos Si, etc., are the 
power factors at start. 
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Fig. 323, Starting torque with various rotor resistances. 

The curves in Fig. 324 are the "speed-torque " characteristics 
for the motor operating with the various resistances in the rotor. 
The maximum torque is the same in all cases but it is reached at 
different speeds. One current curve holds in all cases. 

If a resistance Rk>R% is in- 
serted in the rotor windings 
the starting current is further 
reduced and the power factor 
is improved but the starting 
torque is decreased. R^ may 
be made of such value that 
the starting torque 54^4 is equal 
to full-load torque and the 
starting current 0S4 is equal to 
full-load current. Curve (4) 
is the speed-torque character- 
istic for this case. 

Thus by inserting resistance 
in the rotor any starting torque 
up to the maximum running 
torque or "pull out " torque may be obtained. The starting 
current is reduced and the power factor is improved. 

In starting a heavy load resistance flj is used and the motor gives 
its maximum torque at start. The resistance is then cut out 
gradually as the speed increases and the motor operates with 
short-circuited rotor with characteristics as shown in curv^e (0). 
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of an induction motor with various 
rotor resistances. 



346 



ELECTRICAL ENGINEERING 



If the load to be started is not very great and a large starting 
current at low power factor is objectionable, resistance Ra is used 
and the motor starts with full-load torque and draws full-load 
current. 

This second method of starting requires a wound rotor with 
slip rings and large starting resistances which is much more 
expensive than a squirrel-cage rotor. 

For the same line current, resistance starting gives about four 
times the torque given at reduced voltage. 

219. Applications. The constant-speed or squirrel-cage in- 
duction motor takes the place of the direct-current shunt 
motor and has very similar characteristics. It is of much more 
simple and rugged construction than the shunt motor and the wear 
and danger due to sparking is entirely eliminated. 




100 m -m 

Tozquo FU Lh. 



Fig. 



325. Characteristic curves of a three-phase, 60-cycle, 
220-volt, 20-horse-power induction motor. 



It should be used where fairly constant power is required for 
long periods, where good speed regulation is required, where 
starting is infrequent and only average starting torque is necessary, 
where the motor is exposed to dust or to inflammable materials 
or is not easily inspected. It is suitable for driving line shafting, 
for high- and low-speed centrifugal pumps, blowers, fans, etc. 
It must be started on reduced voltage except for the smallest 
sues. 

The variablc-spt?ed uiduction motor has a wound rotor with its 
tomiinals connocteil to slip rings so that resistance may be intro- 
duced to vary the speed or to give a large starting torque. 
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It should be used where frequent starts under load are necessary, 
or where the motor is large enough to have a bad effect on the 
regulation of the system due to the large starting current at low 
f)ower factor, as for cranes, elevators, hoists, etc. 

The squirrel-cage motor with a comparatively high resistance 
rotor can be used where fairly large starting torque is required 
and where a wound-rotor motor b not advisable as, in cement mills, 
etc. 

Fig. 325 shows the characteristic curves of a three-phase, 60- 
cycle, 220-volt, 20-horse-power induction motor with a squirrel-cage 
rotor. 

220. Speed Control of Induction Motors. The induction 
motor is inherently a constant-speed motor. It has been seen 
above that the speed can be varied by using a wound rotor and 
connecting resistances in series with the rotor windings, but this 
is a very wasteful method since the eflSciency of a motor is always 
less than its speed in per cent of sjnichronous speed. 

To vary the speed eflSciently the synchronous speed must be 
varied. This can be accomplished by means of special windings 
arranged with different numbers of poles. Such windings are 
very complicated and expensive and the number of speeds is limited 
to three. A squirrel-cage rotor must be used. 



Line 





Fig. 326. Cascade control of induction motors. 



A second method of varying the synchronous speed is by con- 
catenation or cascade control. Two similar motors with wound 
rotors are rigidly connected to the same shaft. The stator of the 
first motor is connected to the line; the stator of the second motor 
is connected to the rotor winding of the first motor and receives 
power from it; the rotor of the second motor is clased through 
starting resistances. (Fig. 326.) 

The frequency of the e.m.fs. generated in the rotor of an indue- 
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tion motor is sf, where/ is the frequency of the supply and « is the 
slip. Thus the frequency impressed on the stator of the second 
motor is the frequency of slip of the first motor. The speed of 
the two motors is always the same and thus at no load (1 — s)/ = 
sf and 8 = 0.5. 

Therefore, two similar motors connected in cascade tend to 
approach a speed of half sjnachronous speed at no load and fall 
below this speed under load. 

Speeds below half synchronous speed are obtained by inserting 
resistance in the rotor windings of the second motor. 

For speeds above half synchronous speed the stator of the second 
motor must be connected to the line and the rotor of the first 
motor closed through resistances. 

This method of control is used for some three-phase traction 
systems and is very similar to the series-parallel control of direct- 
current series motors. The induction motor, however, does not 
tend to increase its speed indefinitely and if it operates above 
synchronous speed it acts as a brake and pumps back power into 
the lines. 

221. Analysis by Rectangular Coordinates. Using rectan- 
gular coordinates the performance characteristics of an induc- 
tion motor can be determined if the constants of the motor are 
known. 

Let 

y = ^ — j6 = stator exciting admittance per phase, meas- 
ured with the rotor circuits open so that the friction losses are 
not included. The rotor must be driven at synchronous speed. 

Zi = n -h jxi = stator impedance per phase. 

22 = fi + jsxt = rotor impedance per phase at slip «. 

Assume that the ratio of turns is rii : n^ = 1 : 1 and take as real 
axis of coordinates the e.m.f. generated in the stator by the flux 
of mutual inductance. The quantities used refer to one phase of 
the stator and the corresponding phase of the rotor. 

E' = e.m.f. generated in the stator. 
Ei — E' — e.m.f. generated in the rotor at standstill. 
sEi = e.m.f. generated in the rotor at slip s. 

These three e.m.f.'s are written as absolute values without the 
dot since they lie along the axis. 
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The following equations show the relations between the various 
e.m.f .'s and currents at slip 8. 
Rotor current 

Stator load current 

/'=/, = £' (a, -joO (320) 

Stator exciting current 

U^E'yE'isi-jb) (321) 

Total stator current 

/.=/'+/. = E' }(a, + g)-}{at + b)\=E' Qn - jb»). (322) 

E.m.f. impressed on the stator 

E,^E'+ /,?, = £' + £' (6x - jfe,) (n + ix,) 
= E'\(1+ 6ir, + bivi) + j (61X1 - Jv.) I 
= £?'(c,+ict); (323) 

its absolute value which remains constant ia 

El = E' Vci* + c,* (324) 

Thus the e.m.f. generated in the stator is 

E'--7=fi==, (325) 

Substituting this value for E' in the equations above the abso- 
lute values of the various quantities at slip 8 can be obtained. 

Rotor current 

/, = /' = E' Vax« + a,' = Ei-f'^'''\ . . (326) 

Exciting current 

/. = B'V^5TT^=£i^^4^i^, (327) 

Stator current 

/i = £^ Vfri« + fci' = gj ^' -— (328) 



-_:rTaci& vrms '▼as found in Ar:. 211 lo he 

irrz :i "ana 'vhicii La 
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•ii^-nni; rnction loases is 
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■r Ji '*«)s *?!, where ^i is the angle of Lig of 
. ne impn*smMl e.m.f. Ei. #i = f' — ^', 



and cos ^' = 



• 7, — cJh 



^... --ir -o "he stator is 



\ h{' -f ^- Cihi — Ci!), 






(331) 



...^ -.MKieions the various quantities can be calculated 
' "*] ., -je iiip iind the characteristic curves of the motor 

j£. ^flgie-fiftBse Induction Motor. The stator of a single- 
.. /ii-rica motor has a single winding with any number of 

•. -r r;r b? either of the squirrel-cage type or is woimd with 
^auu; a^imber of poles as the stator but with any number of 
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Fig. 327 shows the relative directions of the currents in the two 
windings at standstill. The stator carries a current /i which 
consists of two components, /' the load component and I^ the 
magnetizing current. The rotor carries a current 1% opposite in 
phase to /' and equal to it in m.m.f. If the ratio of turns is 
assumed to be ni : n2 = 1 : 1 ; then I2 = /'. The motor at stand- 
still is a transformer with a short-circuited secondary. 




Y 

Fia. 327. Fig. 328. Fig. 329. Fig. 330. 

Single-phase induction motor. 

The flux which crosses the air gap and links with both stator 
and rotor is produced by the stator exciting current. It is always 
directed along the line YOY. There is no component of flux m 
the horizontal direction XOX and therefore no torque is exerted 
tending to turn the rotor in either direction. Thus the rotating 
field which is produced in the polyphase induction motor does 
not exist in the single-phase motor at standstill. The single- 
phase induction motor, therefore, has no starting torque. If, 
however, it is started in either direction it will develop torque 
and will accelerate and come up approximately to synchronous 
speed at no load. 

Fig. 328 represents the motor with the rotor open circuited and, 
therefore, without current in its windings. The stator carries only 
the magnetizing current. 

Fig. 329 represents conditions at synchronous speed at the 
instant when the stator magnetizing current is maximum. The 
stator flux is then maximum downwards. 

The rotor conductors moving at synchronous speed cut the 
stator flux and an e.m.f. is generated in them proportional to the 
product of flux and speed. Since the flux is alternating the e.m.f. 
generated is of double frequency and produces a current of double 
frequency in the closed rotor winding. The current produces a 
flux the rate of change of which through the rotor windings gene- 
rates in them an e.m.f. equal and opposite to the e.m.f. generated 
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by rotation. This flux must, therefore, be of the same value as the 
stator flux and it is in phase with the rotor current. 

The rotor current goes through two complete cycles during one 
revolution. In Fig. 329 it is maximum and is opposed to the 
stator current, but the e.m.f. impressed on the stator is constant 
and the stator flux is constant, and, therefore, a current must flow 
in the stator to balance the m.m.f . of the rotor current Ij^\ Since 
the ratio of turns has been taken as 1 : 1 the increase in stator 
current is /jjf ' and the total stator current at synchronous speed is 
/jf + /jif'. In the position shown the rotor flux is not produced 
because the rotor m.m.f . is opposed by an equal and opposite m.m.f. 
on the stator. 

Fig. 330 represents conditions after the rotor has turned through 
one half a revolution and the stator current has passed through one 
half cycle. The rotor current is in the same direction as before 
and has completed one cycle. 

Fig. 331 represents conditions midway between Fig. 329 and 
Fig. 330. The stator current is zero and the rotor current is 
maximum and exerts a m.m.f. in the horizontal direction. There 
is no stator m.m.f. opposing it and a flux is produced of the same 
value as the stator flux in Fig. 329 or Fig. 330. Since the reluct- 
ance of the path for the horizontal flux is the same as that for the 
vertical stator flux, the rotor magnetizing current I^' must ba 
equal to the stator magnetizing current at standstill Iji, and, 
therefore, at synchronous speed the stator magnetizing current 
is 2 1^ and is double its value at standstill. 

Thus at synchronous speed there is a resultant m.m.f. of con- 
stant value revolving at synchronous speed and the magnetic field 
of the single-phase motor is identical with that of the polyphase 
motor. Fig. 332. The m.m.f. to produce the vertical field is 
supplied by the true stator magnetizing current, while the m.m.f. 
to produce the horizontal field is provided by an equal stator 
magnetizing current, in phase with the true stater magnetizing 
current, which induces m the rotor the rotor magnetizing current. 

When the rotor runs at synchronous speed its conductors do not 
cut this ^p^^olYing flux and the only current in the rotor is the 
double-frequency magnetizing current. 

When the n>tor runs at a slip s below synchronous speed the 
rotor eondiictora cut the flux and currents are produced in them 
and torque is developed just as in the case of the polyphase motor. 
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223. Horizontal Field at Slip s. When the rotor runs at a 
speed S = (1 — s) X synchronous speed, the e.m.f. generated m 
it due to cutting the stator flux is less than at synchronous speed 
in the ratio 1 — s : 1 and the horizontal flux and the rotor mag- 
netizing current are less in the same ratio. 

The stator current is/j||^+(l — «) Im"^ V ^^^ the rotor current 
is (1 — s) /jif + /2. The frequency of the rotor magnetizing 
current is (2 — s)f and the frequency of the rotor load current is 
5/, where / is the frequency of the e.m.f. impressed on the stator. 

The revolving field at slip s is not constant in value but has the 
horizontal axis shorter than the vertical in the ratio 1 — « : 1, 
Fig. 333. The field follows an elliptical instead of a circular locus. 





Fia. 332. Revolving field of a 
single-phase induction motor at 
sjrnchronous speed. 



Fig. 333. Revolving field of a 
single-phase induction motor at 
slip «. 



The torque which is proportional to the product of the rotor 
load current and the horizontal field is less than that produced in 
the polyphase motor in the ratio 1 — « : 1. 

224. Starting Single-phase Induction Motors. In order to 
obtain the torque required to start a single-phase induction motor 
a component of flux in quadrature in time and in space with the 
stator flux must be produced at standstill. It has been shown 
that when once the motor is started the rotor produces the 
required quadrature flux and thus the torque to carr>' the load. 

Two principal methods are employed to produce the quadrature 
flux at standstill, (1) phase splitting and (2) shading coils. 

(1) If the two stator windings of a two-phase induction motor 
are connected to a single-phase supply, phase 1 directly and phase 
2 through a suitable resistance or condonsive reactance, the flux 
produced by phase 2 will have a component in quadrature in time 
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with phase 1 and will thus give the required starting torque. 
(Fig. 334.) When the motor has come up to half speed, the starting 
winding is cut out and the motor runs as a single-phase motor on 




FiQ. 334. Phase splitting. 

phase 1. This method of starting is called phase splitting. The 
second winding need not have as many turns as the first but it 
should be placed at 90 electrical degrees to it. 

(2) The shading coil, Fig. 335, is a short-circuited coil surround- 
ing part of each pole of the 
stator. Currents are induced 
in it and oppose the increase 
and decrease of the flux in the 
part of the pole which it in- 
closes. Thus the north pole 
in section A will reach its max- 
imum value before it is maxi- 
mum in section B. When the 
north pole has decreased to 
«ero in B it will be increasing 
in section C and thus there is 
a rotation of tlie magnetic field and torque is produced. When 
the motor m started the short-circuited coils are opened and they 
itre then ulk\ 

225, Comparison of Single-phase and Polyphase Motors. 
Take tUi* f^iMO of a two-phase motor operating on a single-phase 
circuii using only one phase of the stator winding. 




FicK MB, Shading coils. 
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The slip single-phase is less than two-phase since the whole 
rotor corresponds to one phase of the stator and thus the rotor 
current and rotor copper loss are decreased. 

The eflBciency is lower because the output decreases more than 
the losses. For a given unpressed e.m.f. and frequency the iron 
and friction losses remain practically constant. 

The power factor is lower because the magnetizing current is 
approximately doubled. 
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Fig. 336. Speed-torque characteristics of a single-phase induction 
motor with various resistances inserted in the rotor. 



A given motor wound single-phase can be operated at higher 
densities than when wound polyphase since the losses are less 
and itfi ventilation is the same, and in this way its output may be 
made from 65 to 75 per cent of its output polyphase. 

The torque at any speed can be increased by introducing re- 
sistance into the rotor windings, but this changes the maximum 
torque since the torque is proportional to 1 — «. 

Fig. 336 shows tjrpical speed-torque curves of a single-phase 
induction motor with various external resistances connected in 
the rotor windings. 
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A single-phase induction motor is usiudly either a two-phase 
or three-phase motor operated on a single-phase circuit using 
only part of the stator winding. 

If one phase of a two-phase motor is opened at light load, the 
magnetizing current of the other phase is doubled and the motor 
runs as a single-phase motor. If two phases of a three-phase 
motor are opened the motor runs as a single-phase motor with 
the magnetizing current in the third phase trebled. In both cases 
the flux distribution and flux densities remain approximately the 
same as before. 

226. Induction Generator. If the stator of an induction 
motor is connected to the supply lines and its rotor is driven 
above synchronous speed, the machine will develop electrical 
power and supply it to the system. 

The stator flux is not aflfected by the increase in the speed of 
the rotor, but revolves in the same direction as when the machine 
operates as a motor. The slip is, however, reversed and the 
e.m.fs. and currents induced in the rotor are reversed. Thus 
the direction of torque and power is reversed and the mechanical 
power supplied to drive the rotor is transformed into electrical 
power and supplied over the lines to the load. 

The power transferred from the rotor to the stator depends on 
the slip just as in the induction motor. Using the same notation 
as in Art. 211, the power transferred to the stator is 

P = nEJtC086t 

sEt Ti 



= TlE; 



Vr2* + sW Vr,^ + sW 
snEih-i 



r2* + sW 

Thus to increase the power delivered by the generator its speed 
must be increased. If therefore an induction generator is con- 
nected to a prime mover of variable speed, it will supply power 
almost in proportion to the increase of its speed above synchro- 
nous speed. 

The frequency of the stator induced e.m.f. is the frequency of 
the exciting current and does not depend in any way on the speed 
at which the rotor is driven. 

The induction generator has two very serious disadvantages, it 
is not self-exciting and it cannot supply wattless currents to an 
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inductive load. It must therefore be operated in parallel with 
an alternator of sufficient capacity to supply both the wattless 
current to excite the induction generator and also the watt- 
less current required by the load. (Fig. 337.) Since the exciting 
current is about 30 per cent of full-load current the induction 
generator is not suitable when the load power factor is low. 




Syachromms Alternator 

Fia. 337. 



Indaction Gene rat or 
Induction generator. 



The alternator which provides the exciting current for the in- 
duction generator and thus determines the frtniuency of the 
system may be located in the receiving station and will then 
supply the wattless exciting current back over the line. This 
tends to improve the power factor of the line and the voltage 
regulation since a lagging current supplitnl from the receiver end 
to the generating end is equivalent to a leading current in the 
opposite direction. 

In construction the induction generator is the same as an in- 
duction motor and a squirrel-cage rotor may l)e used. 



CHAPTER VIII 
ALTERNATING-CURRENT COMMUTATOR MOTORS 

227. Alternating-current Series Motor. The alternating-cur- 
rent series motor is verj^ similar to the direct-current series motor 
and can be operated on direct-current with increased eflBciency 
and output. 

If a direct-current series motor is connected to an alternating- 
current supply circuit it will rotate since the currents in the field 
and armature reverse together and therefore the torque is always 
in one direction, but it will be very ineflScient and will spark very 
badly. 

With alternating current flowing in the field wirding an alter- 
nating magnetic 'flux is set up through the magnetic circuit and 
causes very large losses due to hysteresis and eddy currents. To 
reduce these to a minimum the whole magnetic circuit of an 
alternating-current series motor must be laminated. The field 
circuit must be very heavily insulated to prevent short circuits 
between turns which would bum out the motor on account of 
the large induced currents. 

The relation between the e.m.fs. and current in the direct- 
current series motor is given by the equation 

J?= &+I(ra + rf), (332) 

where E = impressed e.m.f., 

& = counter e.m.f. generated by rotation, 

/ = current. 

To = resistance of the armature, 

r/ = resistance of the field. 

In the alternating-current series motor the alternating flux sets 
up large e.m.fs. of inductance in both the field and armature 
windings, which consume components of the impressed e.m.f. in 
quadrature ahead of the current. If L/ is the inductance of the 
field and La the inductance of the armature, their reactances are 

358 
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x/ = 2 rfLf and Xa — 2 rfLa, respectively, where / is the frequency 
of the impressed e.m.f. 

Fig. 338 shows the vector diagram for the motor. 



d OooBtor Oencimtcd E.M.F. 5 




Ir/a Onn»B( J 

Fig. 338. Vector diagram of a single-phase series motor. 

OX = I = current in field and armature. 

oa ^ Iff = e.m.f. consumed by the resistance of the field. 

ab = Ixf ^ e.m.f. consumed by the reactance of the field. 

hc^Ira — e.m.f. consumed by the resistance of the armature. 

cd = Ixa = e.m.f. consumed by the reactance of the armature. 

dfc = S - e.i ..f. generated in the armature due to rotation, in 
phase with the field flux and, therefore, in phase with 
the current, neglecting the hysteretic lag, 

ofc = J? = impressed e.m.f. 

cos kox = cos 4> = load power factor. 

cos dox = cos 4>» = power factor at start. 

Taking the current as the real axis the relation between the 
current and the impressed e.m.f. can be express<»d in rectangular 
coordinates as 

J? = 6 + /(ra + r/)+j/(x. + x/) . . . (333) 

and taking absolute values 

^= VlS + /(r„+r,)P+}/(x„+x/)p. . . (334) 

At standstill 

E^I V(u + TfY + (Xa + XfY . . . (335) 

and the current is 

E 



V(r« + ryy + (Xa + X/)«' 



(336) 



Full voltage can usually l>e impressed on the motor at standstill 
without causing any injur>' since the current is limit^nl by the large 
impedance. 
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The power factor under nmning conditions is 

but & = fcn€», where 4> is the maximum value of the flux per pole, 
n is the motor speed in revolutions per second and fc is a constant 
depending on the number of turns in the armature winding and on 
the shape of the flux wave. The flux ^ is almost proportional to 
the current / and the generated e.m.f . may be expressed as 

& = fc'n/. 
Substituting this value for 6 hi equation and eliminating / 

cos 9 = ^ — : . . (3oo ) 

V(/c'n + ra + r/)2 + (Xa + ir/)'' 

the power factor, therefore, increases with increasing speed and 
approaches imity. At low speed and at standstill it is low on 
account of the reactances in the field and armature and for satis- 
factory operation it is necessary to make these reactances as low 
as possible. 

228. Design for Minimum Reactance. The inductance of 
any coil is proportional to the square of the number of turns and 
is inversely proportional to the reluctance of the magnetic circuit 
through it. To reduce the inductance L/ of the field winding it 
is designed with a small number of turns but this reduces the field 
m.m.f. and in order to obtain the required flux the reluctance of 
the magnetic circuit must be made very low. For this purpose 
large sections of high permeability are used, the slots are partially 
closed and the air gap is made as short as possible. 

The reactance of the winding is proportional to the product of 
the inductance and the frequency and therefore the frequency 
should be low. Motors are usually designed for 25 cycles since 
that is the lowest standard frequency, but they will operate on 
15 cycles or on direct current with a much improved eflSciency and 
power factor and a larger output. The frequency of the supply 
does not affect the speed of the motor directly, but it does indi- 
rectly since the reactance drop decreases with the frequency and, 
therefore, the speed for a given current increases. 

229. Compensating Windings. The armature inductance 
and reactance cannot be decreased by reducing the number of 
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turns on the armature since, for a given impressed voltage, that 
would increase the speed of the motor and, further, since the field 
is made comparatively weak the armature must be made corre- 
spondingly strong in ampere turns in order to produce the required 
torque. 

The armature m.m.f. as in direct-current machines is cross 
magnetizing and distorts the main field and so weakens it and 
interferes with conmiutation. The flux produced by it is alter- 
nating and induces in the armature a back e.m.f. of armature 
inductance. Two methods of reducing this flux are used, both of 
which correspond to the use of interpoles on direct-current ma- 
chines. A winding, called a compensating winding, is placed in slots 
in the pole faces as shown in Fig. 339. It is distributed over the 




Fig. 339. Four-pole, Bingle-phase, series motor 
with compensating winding. 



whole periphery oi the armature and exerts a m.m.f. opposing the 
armature m.m.f. and so limiting the cross flux to a ver>' small value 
and reducing the armature inductance and reactance in the same 
proportion. 

The m.m.f. of the compensating winding can be produced in 
two ways illustrated in Fig. 340 and Fig. 341. The first is called 
inductive compensation and the second conductive compensation. 

(1) In the inductively compensated series motor the compensat- 
ing m.m.f. is produced by short circuiting the compensating coil. 
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It then acts as the closed secondary of a transformer of which the 
armature is the primary. The m.m.f . of the compensating winding 
is ahnost equal to the m.m.f. of the armature but can never be 
greater than it and, therefore, overcompensation is rot ix)ssible. 







rmdWlBdlac 

Fig. 340. Inductively compen^ted Fig. 341. Conductively compen- 

series motor. sated series motor. 

The combined reactance of the armature and compensating wind- 
ing corresponds to the reactance of a transformer on short circuit. 
The mutual flux is almost destroyed but the leakage fluxes remain. 

(2) In the conductively compensated motor the compensating 
coil is connected in series with the field and armature and the 
amount of compensation can be varied. When the m.ni.fs. of 
the two windings are equal there is no mutual flux and the com- 
bined reactance is a minimum. When the m.m.f. of the compen- 
sating winding is stronger than that of the armature the armature 
reaction flux is reversed but the reactance of the compensating 
winding is increased and so part of the advantage is lost, but the 
flux due to overcompensation assists commutation of the load 
current in the same way that interpoles do and is thus a great 
advantage. 

A conductively compensated motor can be operated on direct 
current but an inductively compensated motor cannot since the 
compensating winding would not be effective and sparking would 
occur. 

230. Commutation. Satisfactory commutation is very much 
more difficult to obtain in the alternating-current series motor than 
in the direct-current motor because, as may be seen in Fig. 342, the 
short-circuited coil is in the position of the short-circuited secondary 
of a transformer with the main field as primary and tends to have 
as many ampere turns induced in it as there are on a pair of field 
poles. This large short-circuit current interferes with commuta- 
tion and must be reduced as far as possible. For this purpose high- 
resistance leads, called preventive leads, are connected between the 
coils and the commutator bars, as shown in Fig. 343, and narrow 
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carbon brushes of high contact resistance are used. The short- 
circuit current must pass through two resistance leads in series and 
is thus greatly reduced while the load current is carried by two or 
more in multiple. The resistance of one of the leads must be very 
much higher than that of an armature coil in order to reduce the 
current sufficiently. 




n rrn I 
1" 



Fig. 342. 

There are losses in the leads due to the resultant of the two 
currents flowing in them, but by increasing the resistance up to a 
certain point the short-circuit current is reduced and the com- 
bined loss is reduced. 




Fio. 343. 



The resistance leads are not made of large enough capacity to 
carry the current continuously but under running conditions any 
one lead would only be in circuit for a short time. If the motor 
is stalled with power on the leads are likely to be destroyed. 

The torque of the motor is very much improved by the use of 
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resistance leads since without them the large short-circuit current 
would weaken the main field and decrease the torque. 

Fig. 344 shows the characteristic curves of a 150-horse-power, 
single-phase series motor. The torque and speed curves are very 
much the same shape as those of the direct-current series motor. 
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Fia. 344. Characteristic curves of a 25-cycle, 250-volt, 150- 
horae-power, single-phase series motor. 



The power factor approaches unity at light load when the 
speed is high as explained above, but at full load it is still very 
good, reaching 90 per cent in some cases. At start and at low 
speeds it is low because the reactance of the motor is constant. 

Efficiencies up to 85 per cent can be obtained but the motors 
must be designed more liberally than the corresponding direct- 
current motors and are therefore heavier and more expensive. 

On account of unsatisfactory commutation alternating-current 
series motors are only built for voltages of 250 volts and under. 

231. Repulsion Motor. In construction the repulsion motor 
resembles the single-phase series motor with conductive com- 
pensation. The armature is not connected in series with the 
field but is short circuited and receives its current by induction. 
(Figs. 345 to 347.) 

The principal of its operation can be understood by reference 
to Figs. 345 to 347. In Fig. 345 the armature is shown short 
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circuited with its brushes in Ime with the field poles. Current is 
induced in it as in the secondary of a transformer and is very 
large but the torque exerted in both directions is the same and 
thus the resultant torque is zero. In Fig. 346, with the brushes 




Fig. 345. 



Fig. 346. 



turned through 90 degrees there is no ciurent induced in the 
armature and therefore no torque. 

In order that the motor may exert torque the brushes must be 
placed in some intermediate 
position. The same result b oomvfa»m,ix^ 

r U J U 1 • ^ winding 

accomplished by placmg a sec- 
ond winding at right angles to 
the main field winding. This 
is shown as the compensating 
coil C in Fig. 347 and is carried 
in slots in the pole faces as in 
the series motor. The brushes 
are placed in line with this coil 
and the armature receives its 
current by induction from it. 
Torque is produced which is 
proportional to the product of 
the armature current induced 
by the compensating coil and the flux produced by the main 
field, but it is necessary to show that the current and flux are in 
time phase with one another. 
If voltage is impressed on the motor at rest, current flows in 




rield Wlndlnc 



Fig. 347. Repulsion motor. 



366 



ELECTRICAL ENGINEERING 



both coils C and F. There is a large drop of voltage across F 
since its reactance is high, but only a very small drop across C 
since its reactance is low due to the presence of the short-cir- 
cuited armature winding and thus at standstill a large flux 
passes through F and a small flux through C. 

The flux in F is in time phase with the field current; the cur- 
rent in the armature is in phase opposition to the field current 
and therefore reaches its maximum at the same instant as the 
flux in F, and the torque which is proportional to their product 
retains its sign as they reverse together. 

When the armature rotates an e.m.f . is generated between the 
brushes by the armature conductors cutting the flux from F. 
This e.m.f. is at every instant proportional to the product of the 
flux and the speed and is in phase with the flux and is therefore 

90 degrees behind the e.m.f. 
across F. The armature now 
acts at the primary of a trans- 
former with the compensat- 
ing coil as secondary and it 
produces a flux which trans- 
fers the speed e.m.f. to the 
compensating coil and the 
coil C therefore consumes a 
large component of the im- 
pressed e.m.f. 

In Fig. 348 / is the line current which flows in the coils F and C 
f>F is the flux in F, which is in phase with the current. 
Ep is the component of impressed e.m.f . across the terminals 

ofF. 
Es is the e.m.f. generated in the armature by rotation and 

transferred to the compensating coil. (Shown as Ec-) 
Ec is the component of impressed e.m.f. across the terminals 
of C; it is equal to Es if the coil C has the same number 
of turns as the armature, and it is in phase with it. 
E = VEp^ + Ec^ is the constant line voltage impressed cm 
the motor. 
The e.m.f . consumed by the impedance of the armature and com- 
pensating winding is neglected. As the speed increases the e.m.f. 
Ec increases and Ep decreases, the flux in the main field F decreases 
and the current and torque decrease. 




Fio. 



348. E.m.f. and current in a 
repulsion motor. 
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At start, when the drop across C is small, the current is large 
and the main field F is very strong. The repulsion therefore 
gives a good starting torque. The field at start will be decreased 
to a certain extent by the current in the short-circuited coil un- 
dergoing conmiutation, as in the series motor. 

232. Commutation. In the single-phase series motor and the 
repulsion motor there are two [currents to be conmiutated, (1) the 
load current and (2) the short-circuit current produced in the coil 
under the brush by the alternating fiux of the main field. 

(1) To reverse the load current a m.m.f. is required opposing 
the m.m.f. of armature reaction and strong enough to produce a 
flux in the opposite direction to the armature reaction flux. Such 
a flux can be produced by interpoles placed between the main 
poles and excited by a winding in series with the main field or it 
can be produced by a compensating winding. The conductively 
compensating winding is the only one which can give perfect 
conmiutation since its m.m.f. can be made stronger than the 
armature m.m.f. Conmiutation is assisted by the use of high-re- 
sistance carbon brushes. 

(2) To eliminate the short-circuit current in the coil under the 
brush an e.m.f . must be generated in the coil equal and opposite 
to the e.m.f. producing the short-circuit current. The neutralizing 
e.m.f. cannot be generated by the alternation of a magnetic flux 
through the coil, since that would require a flux equal and opposite 
to the field flux and would destroy the field of the motor. The 
required e.m.f. can, however, be generated by the rotation of the 
armature through a commutating field of the proper intensity and 
position, but the field must be in quadrature with the main field 
in both time and space. In the repulsion motor under running 
conditions such a field is produced in the compensating coil C. 
The intensity of the field varies with the speed of the motor. 
Near synchronous speed the e.m.f. is entirely neutralized and the 
current is wiped out. Below synchronous sp)eed the current is 
reduced and above synchronous speed another current is produced 
as objectionable as before and commutation becomes bad again. 
At standstill no neutralizing e.m.f. is produced. 

In the single-phase series motor there is no field in quadrature 
with the main field in time and so no neutralizing e.m.f. can be 
produced but the short-circuit current is reduced by using high- 
resistance preventive leads as explained in Art. 230. 
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Thus near synchronous speed the commutation of the repulsion 
motor is better than that of the series motor. 

Since preventive leads are not used in the repulsion motor the 
short-circuit current in it at start will be greater than in the series 
motor and will weaken the main field and decrease the starting 
torque. 

While running the short-circuit current is not so great, since it 
cannot reach its maximum value on account of the self-inductance 
of the coil. 

The repulsion motor cannot be operated more than 40 per cent 
above synchronous speed on account of conmiutation troubles. 

A ver>' large number of alternating-current conmiutator motors, 
dififering in certain details from the two described here, have been 
designed and are in successful operation but the main principles 
are the same. 



CHAPTER IX 
CONVERTERS 

233. Rotary Converter. The rotary converter or synchro- 
nous converter is a combination of a synchronous motor and a 
direct-current generator. It receives alternating current and con- 
verts it into direct current. 

The armature winding is an ordinary direct-current winding 
and may be cither series or multiple. It is connected to a com- 
mutator and taps are taken out from it at equidistant points and 
connected to slip rings. The alternating current is delivered to 
the slip rings either single-phase, two-phase, three-phase or six- 
phase and drives the armature as a synchronous motor. The 
same armature conductors generate and carry the direct current.- 




Fia. 340. Ring-wound rotary convortor. 

Fig. 349 shows a ring-wound bipolar armature tapped for single-, 
two-, or three-phase currents; single-phase 1 to 2 or 3 t^» 1: 
two-phase 1 to 2 and 3 to 4; three-phase 1 to 5, 5 t4> ti and 
6 to 1. 

Fig. 350 shows a six-circuit multiple winding for a ^i\*|M^>Ir^, 
three-phase rotary converter and Fig. 351 shows a two^ireuii or 
series winding for an eight-polo, thrt»e-phaso converter. 
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Fig. 350. Multiple-drum winding for a three-phase rotary converter. 




Fiu. 3ol. 1\\i>-<nrcuit, retrogressive winding for a three- 
phase notary oonverter. 
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In a series-wound armature the total number of coils must be 
divisible by the number of phases and in a multiple-wound arma- 
ture the niunber of coils per pair of poles must be divisible by the 
number of phases. 
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(c) Delta Primary — Rimr Seeondary 
Fio. 352. SLx-phase power from three-phase circuits. 

Six-phase converters are operated from three-phase circuits. 
Three methods of connecting the supply transformers are shown 
in Fig. 352. 

234. Field Excitation. The fields of a rotar>' converter are 
excited by direct current, usually supplied by an exciter mounted 
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on the same shaft. For overcompounding, a series field winding 
is added. Its action is explained in Art. 242. 

235. Ratios of E.M.Fs. and Currents. With the brushes 
fixed on the no-load neutral line, the direct and alternating e.m.f.'s 
generated in the converter bear a definite relation to each other 
and one cannot be varied without varying the other. At unity 
power factor the alternating and direct currents in the armature 
also bear a definite relation to each other if the current required 
to supply the converter losses is neglected. 

Since the alternating and direct currents flow in the same arma- 
ture conductors and in opposite directions, the e.m,f . consmned in 
the armature is small and the power loss is small. In the following 
analysis these quantities will be neglected and the alternating 
current will be assumed to be in phase with the impressed e.m.f. 
This condition can be obtained in practice by properly adjusting 
the exciting current. 

Take first the case of the single-phase converter, Fig. 353. 




Fia. 353. Single-phase converter. 



Let E = direct voltage of the converter. 
/ = direct-current output. 
El = effective value of the alternating supply voltage, 

whether single phase or polyphase. 
7i = alternating current in the supply lines. 
/' = alternating current in the armature winding. 
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The voltage between the leads Zi and k or between the slip rings 
Ri and ^2 is alternating and reaches its maxhnum value when h 
and k are under the brushes and it is then equal to the direct 
voltage of the machine. Therefore, in a single-phase converter 
the direct voltage is equal to the maximum value of the alternating 
voltage and thus 

^= V2E1 (339) 

or 

^• = ^ (•'^) 

Neglecting losses and phase displacements the output of the con- 
verter is equal to the volt-amperes input or' 

EI = EJi 
and the alternating current in the line is 

J EI EI - 
^•=£.=='F=^^ (341) 

The alternating current in the winding is 

V 

where p is the number of circuits in multiple through the winding. 
In the bipolar machine in Fig. 353, p = 2 and, therefore, 

/' = ^^ = 2^^ = ^ (342) 

2 2 V2 

236. Two-phase or Quarter-phase Converter. When four 
collector rings 7?i, ft, Rz and 7?4, Fig. 354, are connected to four 
equidistant points Zi, ^2, h and /4, the machine is a two-phase or 
quarter-phase converter. The two voltages Ri to Rt and Ri to 
Ra are equal and are in quadrature, forming a two-phase system; 
the four voltages R\ to ft, ft to ft, ft to R^ and R^ to R\ are 
all equal and form a four-phase or quarter-phase sj'stem. 

The voltage between lines or the voltage per phase of the two- 
phase supply is 

^> = ^ (3*3) 



374 



ELECTRICAL ENGINEERING 



The voltage between adjacent rings or the quarter-phase volt- 
age is 

El 



E,' = 



E 



(344) 



V2 2x/2- • • * 

Assuming the volt-amperes input two-phase to be equal to the 
direct-current output, that is, 

2 EJi = EI, 
the alternating current per line is 

EI EI I 



/. = 



2Ei 



\E V2 



(345) 




Fig. 354. Two-phase or quarter-phafie converter. 
The alternating current in the winding is the resultant of two 

currents -^ = — y^ in quadrature and its value is therefore 

2 2 V2 

/' = V2-^ = - (346) 

2V2 2 

237. Three-phase Converter. With three collector rings iJi, 
7?2 and R2, Fig. 355, connected to three equidistant points Zi, 1% 
and U the machine is a three-phase converter. 

The e.m.f. between each of the rings and the neutral point or 
the "star" e.m.f. is equal to half of the single-phase voltage. 
It is shown as Es in Fig. 356. 

^-=i^ <^7> 
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The e.m.f. between rings or " delta " e.m.f. ia 

VSE 



2V^ 



Ei = V3Ea = -^-^ = 0.612E. 

The power input is 

V3EiIi = 3EaIi = 3EJ' 

and is equal to the output EI. 




(348) 



Fig. 356. E.m.f s. and currents in a three-phase converter. 

Thus the Une current is 

/. = ^4 ^7=-- ^7 -0.943 7, (349) 

VsEi ^ VSE 3 



2V2 



( 
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and the alternating current in the winding is 
// = ^ = 2x^7 = 0.545/. 



. . . (360) 



238. n-phase Converter. For an n*phase converter, Ilg. 
357, the winding must be tapped at n equidistant points. The 
e.m.f. between each of the rings and the neutral point or the 
" star " e.m.f. is as before 

Es = 



2V2 



Ii 




Fig. 357. 71-phase converter. 

The e.m.f. between rings or the e.m.f. between lines is the vector 
difference between two e.m.fs. Es displaced at — radians. (Fig. 



(351) 



358.) Thus 






Bsin- 

Ei = 2Essm- = — 7=^ 

n V2 



The power mput is 

nEsIi = nEJ' 

and is equal to the output EL 
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Therefore the alternating current in the line is 

EI 2V^, 



* nEs 



n 



E 
2V2 



n 



■I, 



and the alternating current in the winding is 
EI EI V2I 



/' = 



nEi 



^8in- nsm- 
n n 



. (352) 



(353) 



V2 




The values obtained above for the e.m.fs. and currents in single- 
phase, two-phase and three-phase converters can also be ob- 
tained by substituting the proper values of n in equations 351, 
352 and 353; single-phase n = 2, two-phase or four-phase n = 4, 
and three-phase n = 3. The results are tabulated in Fig. 359. 
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Three- 
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Two-ph«M 
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11-4 


Six-phase 
11-6 


w-phaae 

^«in- 
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E.m.f. between col- 
lector rings or line 
e.m.f. El 

Current per line /i .... 

Current in the wind- 
ing/' 
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I 
V2 
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3 

2>/2/ 
3>/3 


E 
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v2 

/ 
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E 
2\i 

V2I 

3 

\/2/ 
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v2 

2V2I 
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V2I 

n sin- 
n 





Fio. 359. 



These ratios of currents only hold on the assumption that the 
power factor is unity and that the eflBciency is 100 per cent. 
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The power factor can be maintained approximately miity by 
adjusting the excitation, but the power losses cannot be eliminated 
and the values of altematmg current in the table must be in- 
creased by the small component required to supply the losses in 
the machine. When the power factor is not imity the reactive 
or wattless components of current must be added to the power 
components. 

The ratios of e.m.fs. are the ratios of the generated e.m.fs. 
and can only approximately represent the ratios of terminal 
e.m.fs. since components of e.m.f. are consumed in the resistance 
and reactance of the armature. The ratios also depend on the 
assumption that the alternating e.m.f. wave b a sine wave. If 
the wave is peaked, the ratio of the eflfeclive value to the maxi- 
mum value is less than --?=. and the values of the alternating 
e.m.fs. must be reduced. If the wave is flat topped the ratio of 
effective to maximum value is greater than --p and the values of 

the e.m.fs. must be increased. 

239. Wave Forms of Currents in the Armature Coils. The 
current in any armature coil is the difference between the alter- 
nating-current mput and the direct-current output. 

In Fig. 360, k and k are the two leads of one of the n-phases of 
a converter, a is the coil next to one lead and c is the coil in the 
centre of the phase. The alternating e.m.f. and the power com- 
ponent of the alternating current in the phase liioh are maximum 
when thb section of the winding is midway between the brushes 
and they are both zero when the centre coil c is under the brush. 

Fig. 361 shows the resultant of the alternating and direct 
currents in coU c during one revolution. The alternating current 
is opposed to the direct current and is zero when the direct ctirrent 
reverses as the coil passes imder the brush. The current in the 
centre coil is, therefore, less than the ciurent in any other coil 
in the phase when the power factor is imity. 

Fig. 362 shows the current in coil a next to one of the leads. 
The alternating and direct currents are not directly opposing and 
the resultant current is greater than in the centre coil c. 

The coils next to the leads, therefore, carry larger currents than 
the coils in the centre of the phases and they rise to a hi^er 
temperature. 
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Fig. 360. 



<J) Altematlns Cnrrent 




Fig. 361. Current in coil c, Fig. 360. at unity power factor. 



^ AltttoiAtlas Current 




Fio. 362. Current in coil a, Fig. 3<X), at unity power imtor. 
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The worst condition of local heating occurs in the coil next the 
lead of a single-phase converter, Fig. 363. The alternating current 
has its maTrimum value when the direct current reverses. 

When the power factor is not unity the minimum resultant 
current will noj occur in the centre coil of a phase but in a coil 
displaced from it by the angle of lag or lead of the current. 




Fig. 363. Current in the coil next to the lead of a single- 
phase converter at unity power factor. 




Fig. 364. Current in coil c, Fig. 360, at 70 per cent power factor. 



Fig. 364 shows the current in coil c when the power factor is 
70 per cent and a component of lagging current equal to the power 
current flows in the armature. 

240. Heating Due to Armature Copper Loss. Take the case 
of a two-pole, n-phase armature, Fig. 360, and use the same 
notation as before. In the centre coil c of the phase, the direct 
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current is 5 and the effective value of the alternating current is 



/' = 



V2I 



nsin- 



n 



The instantaneous value of the alternating current is 



i = V2 / sin ^ = 



2/ 

nsin- 
n 



sin0, 



and the instantaneous value of the resultant current is 

/ 
2 



. 2/ . ^ / 

to = sm ^ — ;^. 



nsm- 
n 



(354) 



(355) 



In an armature coil d displaced by angle /3 from the centre of 
the phase the alternating current is 

i = V2r sin(^ - /3) (356) 

and the instantaneous value of the resultant current b 

i^=-7^8in(e?-/3)-| 

nsin- 
n 



I { 4 sin (e - g) 



-^^1 



(357) 



nsm- 



n 



The eflfective value of the resultant current is 



■'-^iP'-^-uij: 



4 sin jS - p) 



nsm- 
n 



- 1 



(358) 
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16 cos /3 




fT 



(359) 



n T sm ■ 



Since 5 is the current in the coil when the machine is operating as 

a direct-current generator, the ratio of the power lost in the coil 
when operating as a converter to that lost when operating as a 
direct-current generator with the same output is 



h, = 



8 



n^sm*- 
n 



16 cos g 

nxsm- 
n 



(360) 



and this is the ratio of the coil heating under the two conditions. 
This ratio is a maTrimum for the coil next to the alternating 

leads li or ij, where j3 = -, and it is 
n 



itwnmx. — 



8 



n^sin*- 



16 cos - 

n 

riTTsm- 
n 



+ 1. 



(361) 



It is a minimum for the centre coil of the phase, where /3 = 0, and is 

8 16 



/io = 



n* sin^ - 



n 



riTTsm- 
n 



+ 1. 



(362) 



The ratio of the total power lost in the armature of the converter 
to that lost when the machine is operating as a direct-current 
generator with the same output is found by integrating the ratio 

IT 

fiA over one half phase from j3 = - to j3 = and taking the aver- 

n 



age. 



It is 
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, nf Sfi _ lesing ^ ^> 

*ln*8in*- nirsin- 
L n n jB 



n* sin* - 
n 



T IT* 



(363) 



and this is the relative armature heating under the two conditions. 

To get the same loss in the armature of a converter and the same 

heating as in the direct-current generator, the armature current 

and the output may be increased in the ratio —^ • 

The values of H and —=^ for the various polyphase converters 
VH 

are tabulated in Fig. 365. 



Type 


current 
generator 


Single- 
phase 
11-2 


Three- 
phase 
a-3 


Tw(H>hase 
or four- 
phase 
11-4 


Six-phase 
11-6 


Relative armature 
heating H 


1.00 
1.00 


1.37 
0.85 


0.55 
1.34 


0.37 
1.64 


0.26 
1.96 


Rating by armature 
heatmg^^ 



Fig. 365. 



1 



For a single-phase converter, n = 2, the value of -y ^ is 0.85, 

and, therefore, the output of a machine as a single-phase converter 
is only 85 per cent of its output as a direct-current generator for 
the same temperature rise. 

For a three-phase converter -y=' =1.34 and therefore the output 

is 34 per cent greater than as a direct-current generator. For a 
ax-phase converter the output is increased 96 per cent. 

These values only hold if the alternating current is in phase with 
the impressed e.m.f. When leading or lagging currents flow in 
the armature the heating is very largely increased and the rating 
must be decreased. The rating of a machme as a three-phase 
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converter will be the same as when operated as a direct-current 
generator when the power factor is about 85 per cent and the 
rating of a machine as a six-phase converter will be the same as 
when operated as a direct-current generator when the power 
factor is about 75 per cent. 

Rotary converters should, therefore, be operated at imity power 
factor at full load and overload. 

241. Armature Reaction. The armature reaction of a rotary 
converter is the resultant of the armature reactions of the machme 
as a direct-current generator and as a synchronous motor. The 
direct-current brushes are usually placed at right angles to the 
field poles and therefore the direct-current exerts a m.m.f. in 
quadrature behind the field m.m.f.. Fig. 366. The power com- 




FiG. 366. Direction of m.m.f8. in a direct-current generator. 

ponent of the armature current in a synchronous motor exerts 
a m.m.f. in quadrature ahead of the field m.m.f. and it is there- 
fore opposed to the m.m.f. of the direct current. 
If Z is the number of conductors on the armature of a bipolar 

g(inerator and ^ is the direct current in each conductor, the anna- 

Z I 

ture m.m.f. is the resultant of -^ m.m.fs. of magnitude = uni- 
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fonnly distributed over the circumference of the armature and 
it is therefore less than that of a concentrated winding in the 

2 
ratio - . (Fig. 367.) The m.m.f ct the direct current in the arma- 

ture of a converter is thus 



,, Z I 2 ZI 



(364) 



in quadrature behind the field m.m.f. 
If the machine is connected as an n-phase converter, the number 

of turns per phase is^— and the effective value of the alternating 
current in each is 



1' = ^^, 



. T 

nsm- 
n 





Fia. 367. 



Fio. 3tV^ 



and the m.m.f. per phase in effective amjxm* turns ia^ 

zr ZI 



m' 



\ 2 tr sui • 
n 



. ,(aes) 
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These ampere turns are distributed over -th of the circumfer- 

n 

ence of the armature and their resultant is, Fig. 368, 

m = — * chord ^ ZT ^ ^^^^n 
2n arc 2n* 2^ 



n 



ZI 2r8in^ 



V2n*sin- 
n 



2irr 



Z/ 



V2 



(366) 



xn 



The maximum value of the m.m.f. per phase is 

ZI 
mo = V2 m = — ampere turns. . . (367) 
im 

To find the resultant m.m.f. of the alternating current in the 
armature it is necessary to combine n m.m.fs. of maximum 

ZI 2ir 

value wio = — displaced in direction by angle — and displaced 

1 2t 
in phase by -th of a period or by angle 

In Fig. 369 phase 1 is shown in the portion of maximum 
m.m.f. if the power factor is unity. The direction of the m.m.f. 
is OB and it is in quadrature ahead of the field m.m.f. If time 
and angular displacement are measured from OB, then at time t 
and angle $ the m.m.f. of phase 1 is inocos^ in direction OBi, 
and its component in direction OB is rwo cos* 0. 

At time t the m.m.f. of phase 2 is Wo cos f ^ H — ^ j making an 
angle ($ H — ^ j with OB and its component in direction OB is 

mo cos* (e H — ^ J • 

The resultant mani. of the n phases in the direction OB at 
anj' time t is 
M. = mo jcos*^ + cos*(^ + ^U + + cos* ((? + 2^!L^l)jr J | 

= Wo X n X a^•e^age (cos")* = wit^ 
since the average co6* is = i. 
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The resultant m.m.f. of the n phases m the direction at right 
angles to OB or in line with the field m.m.f. is zero. 

Therefore the resultant m.m.f. of the alternating current in 
the converter armature has a constant value 



n ZI n ZI 
^- = ^2 = ^-2 = 2^ 



. . (368) 



and is in quadrature ahead of the field m.m.f. It is thus equal to 
the m.m.f. of the direct current and is opposed to it and the re- 
sultant armature reaction of the direct current and of the cor- 
responding power component of the alternating current is zero. 




Fig. 369. S>Tichronou8 motor. 

The armature reaction due to the power current required to 
supply the losses remains but it is very small and produces only 
a slight distortion of the flux in the air gap. 

When the power factor is not unity the wattless currents in 
the armature exert m.m.fs., as in the synchronous motor, which 
act in line with the field m.m.f. and are either mtiicEiritising or 
demagnetizing but are not distorting. 

Thus in the rotary converter there is very little field tliistortion 
or very little shifting of the neutral points imder loatt A^ a 
result the limit of overload set by commutation is much tiighiT 
than in the direct-current generator. This is very im[M>rt;int in 
the case of converters supplying railway loads where the lojiil 
factor is usually below 50 per cent. The overload t-npaeilies for 
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short periods must be high. In some cases when using inter- 
poles momentary overloads of 200 per cent are permitted. 

242. Compounding. When the field current of a rotary 
converter is varied wattless lagging or leading currents flow in 
the armature and magnetize or demagnetize the field and bring it 
back to its former strength, giving the same generated voltages 
as before, but there is no change in the direct voltage since it has 
a fixed relation with the impressed voltage. To vary the direct 
voltage the impressed alternating voltage must be varied. This 
can be done (1) by using variable-ratio supply transformers, 
(2) by connecting potential regulators in the lines or (3) by con- 
necting reactance coils in the lines and drawing wattless lagging 
or leading currents through them by varying the field excitation. 
The first method has the disadvantage of a step-by-step regulation; 
the second requires expensive apparatus but gives very good regula- 
tion and can be made automatic; the third is inexpensive and may 
be made automatic by placing a series winding on the converter 
fields. The variation of the impressed voltage due to the reactance 
coils is explained as follows : The e.m.f . of self-inductance lags 90 de- 
grees behind the current; thus, when the converter is imder-excited 
and a component of current lagging 90 degrees behind the impressed 
e.m.f . flows through the reactance coil, the e.m.f . of self-inductance 
due to it lags 180 degrees behind the impressed e.m.f. and there- 
fore opposes and lowers it. When the converter is over-excited 
and a component of current 90 degrees ahead of the impressed 
e.m.f. flows through the reactance coil, its e.m.f. of self-induc- 
tance is in phase with the impressed e.m.f. and raises it. 

Therefore when reactance coils are connected in the supply 
lines an increase of the field excitation raises the impressed ejii.f. 
and so raises the direct voltage, and a decrease of the field excita- 
tion lowers the impressed e.m.f. and so lowers the direct voltage. 
The result is the same as in the]^direct-current generator but is 
produced in a different way. 

If the converter is provided with a series winding the reactance 
coils cause the direct voltage to rise automatically with increase 
of load. 

243. Starting. Converters may be started in various ways: 
(1) If reduced voltage is impressed on the slip rings the con- 
verter will start as a synchronous motor and come up to full speed 
as explained in Art. 169. Special supply transformers are used 



CONVERTERS 389 

with taps on the secondaries to give from one third to one half of 
full voltage at start. When synchronous speed is reached the 
field circuit is closed and full voltage is impressed. The load 
circuit must not be connected at start since below synchronous 
speed the voltage between the direct-current brushes is alternating 
at the frequency of slip. 

By this method the trouble of synchronizing is eliminated and 
the machine can be put in operation very quickly, but a large 
current at low power factor is drawn from the lines. 

(2) Converters may be started from the direct-current end if 
suitable power is available in the station, but a longer time Is 
required to put them in operation than when starting from the 
alternating-current end and they must be synchronized. 

(3) If an induction motor with a smaller number of poles than 
the converter and consequently a higher synchronous speed is 
moimted on the same shaft it may be used to start the converter. 
This method of starting requires synchronizing and thus takes 
longer than (1) and the induction motor draws a large lagging 
current. It has, therefore, the disadvantages of the two first 
methods and in addition requires the extra starting motor. 

244. Frequencies and Voltages. Converters are built for both 
25 and 60 cycles, but for large outputs the lower frequency is more 
satisfactory since on accoimt of the larger number of poles re- 
quired the conunutation in a 60-cycle converted is not so good as 
in a 25-cycle machine. 

Any direct voltage up to 600 volts can be obtained and many 
converters giving 1200 volts between brushes are in successful 
operation. In the majority of cases, however, where a line 
potential of 1200 volts is required two 600-volt machines are 
operated in series. 

346. Inverted Converter. Where a small alternating-current 
load is to be supplied from a direct-current system, a rotary con- 
verter may be used as an inverted converter to transform dirt^ct 
cxirrent to alternating current. 

The ratios of the voltages are the same as under normal operat- 
ing conditions but the ratios of the currents var>' since it is not 
possible to eliminate or control the wattless components of the 
alternating current. These components depend on the character 
of the load and are not afTocted by var>'ing the exciting current. 

When changing from alternating current to direct current the 
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The bulb B has two projections on its sides contsuning the 
positive terminals or anodes A and A' which are made of graphite, 
and two projections on the bottom containing mercury, C is the 
negative terminal or cathode and 5 is a third anode used only for 
starting. The large upper space in the bulb is the cooling chamber 
in which the mercury vapor, which has been heated by the pas- 
sage of electricity, is condensed and from which it falls down into 
the cathode again. 

i qqqqqoqoq.qqq.o,o.oq..o.oq.om1 
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Fia. 372. Mercury arc rectifier. 



The two anodes are connected to the terminals of the supply 
transformer TT' and the load circuit is connected between ttie 
cathode C and the junction of the two sustaining coils E and F. 

251. Operation. The operation of the rectifier depends on the 
fact that current can pass through the tube in one direction only 
from either of the anodes to the cathode and it can only pass in 
this direction after an arc has been formed at the cathode in 
such a direction as to make the mercury negative. In the oppo- 
site direction the tube is a very good insulator and a diflference of 
potential of thousands of volts would be required to produce a 
current. The starting arc is produced by impressing a voltage 
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between the two mercury terminals C and S through the startmg 
resistance r^ and tipping the tube until the mercury forms a bridge 
and closes the circuit. Current then passes and when the cir- 
cuit is opened by raising the tube to the vertical position an arc 
is formed and the cathode is said to be excited. If at this instant 
either of the anodes is at a higher potential than the cathode, 
current will flow from it and will continue to flow so long as the 
difference of potential is greater than the counter e.m.f. of the 
rectifier. When the terminal T of the supply transformer is 
positive, current flows from it to A through the tube C, through 
the load circuit and through the reactance coil F to the terminal T'. 
When the voltage reverses and T becomes negative, T' becomes 
positive and current flows from it to il' through the tube to C 
and through the coil E to the termmal T. 

If there was no drop of voltage ui the rectifier the current 
wave would be of the same shape as the voltage wave and in the 
load circuit it would vary from zero to a positive maximum as 
shown in Fig. 373. There is, however, a drop of voltage of from 




Fig. 373. Rectified alternating current. 

14 volts to 25 volts in the commercial rectifier, which remains ap- 
proximately constant independent of the load, and if the sustain- 
ing coils were left out of the circuit the current through the bulb 
would drop to zero as soon as the potential of T had fallen below 
the counter e.m.f. of the converter and load circuit and would re- 
main at zero until the potential of 7" rose to a value greater than 
this counter e.m.f. In the meantime the cathode would have 
lost its excitation and the tube would have to be tipped again be- 
fore any current could flow. To prevent the current in the tube 
from falling to zero and so to insure continuous operation the 
reactance coils E and F are introduced. Their action is as fol- 
lows: While current is flowing from T energy is stored in the 
magnetic field of the coil F and when the pnjtential of T becomes 
too low to force the current against the counter e.m.f. of the con- 
verter the sustaining coil discharges its stored energ>' and main- 
tains the current until the potential of T' rises and current flows 
from it to the load. The effect of the sustaining coils is there- 
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fore to spread out the two halves of the current wave so that they 
overlap and produce in the load cbcuit a direct current with only 
a slight pulsation. 

262. Currents and Voltages. The voltage is controlled by a 
regulating reactance connected in the alternating-current supply 
circuit and in the ordinary rectifiers the direct voltage ranges from 
20 per cent to 52 per cent of the alternating voltage while the alter- 
nating current ranges from 40 per cent to 66 per cent of the direct 
current. 

Rectifiers are designed for direct currents of 10, 20, 30 or 40 
amperes and can be built to operate on any required voltage and 
any frequency. 

263. Losses and Efficiency. Since the counter e.m.f. of the 
rectifier is approximately constant independent of the load, the 
power losses vary directly as the current instead of as the square 
of the current. Neglecting the losses in the reactance coils and 
regulator the efficiency of the rectifier is constant at all loads and 
13 higher the higher the voltage. Values up to 80 per cent are 
reached with rectifiers supplied from a 220-volt alternating-current 
circuit and delivering 110 volts direct current. 

The power factor of the rectifier is high and under ordinary con- 
ditions may be assumed as about 90 per cent. 



CHAPTER X 
TRANSMISSION LINE 

264. Transmission Line. The transmission line carries the 
electrical energy from the generating station to the receiving 
station or substation, where it is either transformed into mechanical 
energy or distributed to the customers throughout the district. 

The most important characteristics of a transmission line are 
(1) reliability, (2) regulation and (3) eflSciency. 

(1) To insure reliability of service lines should, wherever 
possible, be installed in duplicate and all the necessary protective 
devices applied. 

(2) For good regulation the reactance of the line should be as 
small as possible and therefore the frequency should be low. The 
capacity of a line draws a leading current, which partially coimter- 
acts the drop in voltage due to reactance and so improves the 
regulation. 

(3) The power losses in a line are the resistance loss, which varies 
as the square of the current, and the comparatively small losses 
due to leakage over the insulators and to the formation of corona 
around the conductors. 

To reduce the power loss the resistance of the line should be 
made as low as possible. This can be done by increasing the cross 
section of the conductors, but the increased cost of the material 
required soon overcomes the saving due to the increase in eflSciency 
For a given loss and a given voltage between lines power can 
be transmitted with a smaller amount of conducting material 
three-phase than either single-phase or two-phase. 

266. Relative Amounts of Conducting Material for Single-| 
Two- and Three-phase Transmission Lines. 
Let P = power input to the line in watts. 

p= per cent loss of power in the line resistance due to 

full-load current. 
/ = full-load current. 
008 B = power factor. 

r = resistance of each conductor, 
n ■« number of conductors in the system. 
397 
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The loss in the line is 

^ = n/V, 
and the resistance of each conductor is 

100 nP' 
For the same voltage E between conductors the current is 

P 

I = —7= , three phase, 

V3£cos^ 

and the resistance per conductor is 

pPXE^cos^e ^^^pE^ co8^ . , , 
r = 100 X 2 P^ "" ^P ' ^^^ ^ ' 

pPX4:E^cos^e ^^^pE^cos^e ^ , 
^ " 100 X 4 P^ " ^ ' ^ ' 

••- tI^S^ -»■'» ^^' "-» >"«»=■ 

Since the single-phase line has only two conductors while the 
two-phase line has four the amount of copper required for both is 
the same. The^three-phase line consists of three conductors of the 
same section as the two-phase conductors and, therefore, the 
amount of copper required for a three-phase line is only 75 per cent 
of that required for a two-phase or single-phase line with the same 
per cent power loss and the same maximum voltage between lines. 

256. Reactance. The inductance of a line per mile of con- 
ductor is 

L = (o.074 + 0.0806 logio^^)lO-« henrys, 

where D is the distance between conductors 

and R is the radius of the conductors. 

The reactance of the line per mile of conductors is 

X = 2 wfL ohms. 

The reactance could be decreased by decreasing the dbtance 
between the conductors or by uicreasing the radius, but these 
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quantities are fixed by other considerations than the reactance 
and reactance drop. 

267. Capacity. The capacity of a line per mile of conductor 
between the conductor and neutral is 

C = — A i> 10~* faiads (Equation 45). 
logu,-^ 

This value applies for each conductor of a single-phase or poly- 
phase line. If the conductors of a three-phase line are suspended 
in one plane instead of in the form of an equilateral triangle the 
capacity of the central conductor is slightly greater than that of 
the others, but since all lines are transposed the total capacity of 
each of the three is the same and is given with sufficient accuracy 
by the formula above if the distance D is taken as the shortest 
distance between conductors. 
The capacity reactance per mile of conductor is 

and the charging current per mile of conductor is 

where e is the voltage between conductor and neutral. 

For transmission lines up to 50,000 volts the capacity is very 
small and its eflfect on the regulation may be neglected. If, how- 
ever, any part of the transmission is carried out through under- 
groimd cables, the capacity may be very largely increased and may 
not be negligible. Above 50,000 volts the capacity of the line 
must be considered in calculating the regulation. For lines up to 
100 miles in length and for voltages up to 100,000 volta the capacity 
of each conductor may be considered as a condenser connected at 
the centre of the line between conductor and neutral. If more 
accurate results are necessary the fact that both the reactance and 
the capacity of the line are distributed over the whole length must 
be taken into account. 

Due to the presence of the charging current in a line the current 
flowing into the receiving circuit may be very much larger than 
the current entering the line at the generating station. 
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258. Voltage and Frequency. Voltages up to 110,000 volts 
are now in use for the transmission of large amounts of power over 
long distances. 

Power is usually generated and transmitted at either 25 cycles 
or 60 cycles. With 25 cycles the reactance drop in the line is 
less than with 60 cycles and therefore the voltage regulation is 
better. In the case of very long high-voltage lines the increased 
charging current at the higher frequency may coimteract the 
larger reactance drop of voltage. Where power is required for 
lighting 60 cycles is necessary unless frequency chargers are in- 
stalled. 

269. Spacing of Conductors. The distance between the con- 
ductors of a transmission line depends both on the voltage and 
also on certain points in the mechanical design, such as the ma- 
terial of the conductor, length of span and the amoimt of sag al- 
lowed. The curve in Fig. 374 gives approximately the relation 
between the spacing of the conductors and the voltage. 
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Fia. 374. Stcjidard spacings. 

260. Single-phase Transmission Line. (1) A single-phase 
transmission line. Fig. 375, delivers 5100 kilowatts to a receiver 
circuit at 60,000 volts. If the power factor of the load is 85 per 
cent, find the generator voltage. 

r = resistance of the line = 20 ohms. 
X — reactance of the line = 50 ohms. 
The power delivered to the receiver circuit is 
P = EI cos <l> = 5,100,000 watts, 
where E = 60,000 is the receiver voltage 

and cos <t> = 0.85 is the power factor; 
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the cvirrent is therefore 

, P 5,100,000 ,„ 

' = F^3r» -= 60,000 X 0.8 5 ° ^QQ ^'"P^'^- 

The vector diagram is drawn with the current 0/ = / as horizontal. 



.ag I 




Eg E 

« ^ 

Fia. 375. Single-phase transmission line. 

The receiver e.m.f. OE = E leads the current by an angle 
and has two components 

OEi = El = E cos in phase with / and 
OE2 = E2 = E s\n (f) in quadrature ahead of /. 

The voltage consumed in the resistance of the line is Ir in 
phase with /; the voltage consumed in the reactance of the line 
is Ix in quadrature ahead of /. 

The component of the generator e.m.f. in phase with / is 

El + Ir = E cos <t> + Ir 
and the component in quadrature ahead of / is 

Et + Ix = E sin + /x, 
and therefore the generator e.m.f. is 

Eo = V{E cos « + /r)« + (£ sin <t> + /x)«, 
or substituting the numerical values 



£0= V(60,000 X 0.85 + 100 X 20)^ + (()0,000'x 0.52 + lOOX 50)^ 
= 64,000 volte. 

The e.m.f. consumed in the line is 

/ Vr' + x> = 100 V2()2 + 50^ = 5400 volts. 
The loss of power in the line is 

/V = 100* X 20» = 200,000 volts 
= 200 kilowatts. 
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The power factor at the generator is 

Ecoa<l>+Ir 53,000 ^ooo ooo 
cos^ ^ g^ = 0.828 = 82.8 per cent. 

Using rectangular coordinates and taking the current as axis, 
the e.m.f. at the receiver terminals is 

E = Eeos<t> +jE sin 0, 
the e.m.f. consumed in the impedance of the line is 

E' = lr+jlx, 
and the generator e.m.f. is 

Eo^E + E' = {Eco&4> + Ir) +j{Esm4> + Ix), 
and its absolute value is 

Ea = \^{E cos + Iry + {E sin + Iz)K 

The capacity of the line has been neglected in this example. 

(2) A transmission line of impedance z =^ r + jx delivers 
power to a receiver circuit of admittance y = ^ — j6 at a con- 
stant voltage E. If the capacity of the line is assumed to be 
concentrated at the centre determine the charging ciu'rent of the 
line, the total current delivered by the generator and the terminal 
voltage of the generator. 

The condensive reactance of the line is 

where / is the frequency of the impressed e.m.f. and C is the ca- 
pacity of the line in farads; the condensive susceptance of the 
line is 

, 1 

and it is represented as a condenser connected across the line. 
(Fig. 376.) 
The current in the receiver circuit is 

and the e.m.f. at the centre of the line is 
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The charging current of the line is 

= JbcE^lV-^(g-jb)]^ (369) 

and the current from the generator is 

Ia = I +/. = E^g -jb +i6.| 1 + ?l±i5(g - j6)j j. (370) 




Fia. 376. Single-phase transmission line with capacity. 
The terminal e.m.f. of the generator is 



+jbc 



(r+jxyig-jb) 



Hg-jb) ) 



= £Jl + (r+jx)((7-J^+i|)+i|(r+ix)«(g--jT^^ 

For lines of small capacity the last term may be neglected and 
equation 371 reduces to 

i?o=^jl + (r+ix)((/-i6+i|)j. . . (372) 

(3) A single-phase transmission luie delivers 10,000 kilowatts at 
100,000 volts to a receiver circuit of 85 per cent power factor; 
findj the voltage current and power factor at the generating end 
of the line, the impedance drop and power loss in the line and 
the charging current. Find also the generator voltage required 
to give a receiver voltage of 100,000 volts at no load. 

Length of line = 100 miles. 
Size of wire = No. 000 B. & S. copper. 
Diameter of wire = 2 K = 0.41 inch. 
Distance between wires = D = 72 inches. 
Frequency = 60 eycU»s per second. 
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The inductance or coefficient of self-induction of each wire of the 
line is, by equation 138, 

Li = (0.74 logio ~ + 0.0805 jlO-» henrys per mile, 

and therefore the inductance of the line consisting of two wires is 

L = 200 Li = 200 (0.74 logio^^ + O.O8O5) 10-» = 0.392 henrys; 

the inductive reactance of the line is 

X = 2 tt/L 
= 2 X 3.14 X 60 X 0.392 = 148 ohms. 

The capacity of each wire to neutral is, by equation 45, 

Ci = 5^ 3 10~* farads per mile, 

I u — iC 
logio — -j^ 

and the capacity between wires is 

C\ 19 4 

C2 = -H- = 77 5 10~* farads per mile of line; 

Z , u ^ K 
logio — ^— 

therefore, the capacity of the line is 

c = 100 c, = 100 X — ^^jy^ io-» 

'^«^'>0:2l5 
= 0.76 10-« farads. 
The condensive reactance is 
1 

" 2 X 3.14 X 60 X 0.76 X 10-« " ^^^ ^*'°^' 
and the condensive susceptance of the line is 

The resistance of the line at 30° C. is 

r = p-^-^- (Art. 56) 
ciT. mils 

,„q200X5280 -_ . 

° ^-^ (410)« " ^ °^^- 
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The load delivered to the receiver is 

P = £;/ cos = 10,000,000 watts, 

but E = 100,000 and cos = 0.85; 

therefore, the current in the receiver circuit is 

J _ P 10,000,000 

^ " W^^ - 100,000 X 0.85 " ^^^ ^P®"^? 

the power component is 

/p = / cos = 117 X 0.85 = 100 amperes; 
the wattless component is 

Jwr =/ sin = V/« - /p« = \/117« - 100« = 60 amperes. 
The admittance of the receiver is 

the conductance is 

/ cos 100 ^ ^, 

^ = -£- = 160:006 = 0-^^' 

and the susceptance is 

'^ = -£--i66;666-*'-^^- 
The generator voltage is, by equation 371, 
Ea = E^l + {r +jx) (g - jb +i|) +i| (r +jxy (g - jb) j , 
and substituting the values obtained above 

^i = ^ j 1 + (68 + 148i) (o,001 - 0.0006 i + ^"^'^^ j) 

+ QQ^^ j (68 + 148 jV (0.001 - 0.0006 j) j , 

and simplifying 

£o = ^ (1.1355-0. 1162 i), 
and the absolute value is 

Ea = EV(i.\\io^+ (0^1162)* 

= 100,000 X 1.1355 = 113,550 volts. 
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The current from the generator is, by equation 370, 



^E 



0.001 - 0.0006 i + 0.000287 i 
68 + 148 i 



1 + 



-(0.001 



- 0.0006 i)!] 



= E (0.0010148 - 0.0003 i), 
and its absolute value is 



la = 100,000 V(0.0010148)« + (0.0003)* = 101.5 amperes. 
The charing current of the line is, by equation 369, 

Ic=3b.E^l+'^i9-Jb)\ 

= E (0.0000148 + 0.000309 i), 

and its absolute value is 

I, = 100,000 V(0.0000148)« + (0.000309)* = 31 amperes 
= 25.6% of the receiver current. 
At no load E = 100,000, g = 0,b = and the generator vol- 
tage is 

^o = ^jl + (r + ix)(j|)| 

= jB (0.9786 + 0.0098 j), 
and its absolute value is 

Ea = 100,000 V (0.9786)* + (0.0098)* = 97,860 volts. 
The power factor at the generator may be found by reference 
to the diagram in Fig. 377. 




Fia. 377. 



Eo leads B by an angle <l>', 
where 
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lo lags behind E by an angle 0", 
where 

*"»*"= Tons = «<^' 

and lo lags behind Eq by an angle 00 = 0' + 0"; 

//»/ . ^f\ tan </>' + tan <^" /v^oo 

tan t/>G = tan (d' + ^0 = ^i ; \f ^ \n = 0.132, 

^ 1 — tan <^ tan <f> 

and <^(? = 7°30'; 

the power factor at the generator is 

COS 4>G = cos T 30' = 0.99 
= 99%. 

The impedance drop in the line is found very approximately as 

Ez = / Vr* + x« 

= 117 V(68)2 + (148)« = 19,000 volte 
= 19% of the receiver voltage. 

The power loss in the line is found approximately as 

= (101.5)^ + (117)»34 

= 814,000 watts 

= 814 kilowatts 

= 4.07% of the output. 

261. Three-phase Transmission Line. A three-phase trans- 
mission line delivers 10,000 kv.a. at 60,000 volte and 60 cycles to 
a receiving circuit of 85 per cent iK)wer factor; determine the 
voltage and current at the generating station, the charging current 
and charging kv.a. of the line and the power loss in the line. 
Determine also the rise in voltage at the terminals of the receiving 
circuit if full load is suddenly removed. 

Length of line = 77 miles. 
Conductor section = 426,000 cir. mils, aluminum. 
Diameter of conductor = 0.653 inch. 
Distance between conductors = 72 inches. 
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In Fig. 378 

E = voltage between lines at the receiving end = 60,000. 
e = voltage between lines and neutral at the receiving end 
60,000 



V3 



-ifl-StmJ^ 



#^w— 'tlH- 




Fio. 378. Three-phase transmission line. 

Eo = voltage between lines at the generating station. 
cq = voltage between lines and neutral at generating station 

— ^^ 

~Vz' 
I = load current in each conductor. 
Ic = charging current in each conductor. 
Io= cu rrent per conductor at the generating station. 
y = Vgf* + b^ = admittance of each phase of the receiving 

circuit. 
z = Vr* + x* = impedance of each conductor. 
be = capacity susceptance of each conductor to neutral which 

is assumed to be concentrated at the centre of the line. 



Resistance per conductor at 20° C. is 
10.35 X 5280 X 77 



r = 



= 16 ohms. 



426,000 X 0.62 

The conductivity of aluminum is taken as 62 per cent of that 
of copper. 

Inductance of each conductor is 

L = j (o.74 logio^3^^ ■*■ ^-^SOsW-^ j 77 = 0.14 henry, 

and the reactance is 

X = 2t/L = 2 X 3.14 X 60 X 0.14 = 53.5 ohms. 
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Capacity of each conductor to neutral is 

C ^yi^ ^^ = 1.26 X 10- farads. 

The capacity reactance is 

^* " 2^ " 2 X 3.14 X 60 X 1.26 " 2135 ohms, 
and the capacity susceptance is 

^' = l. = 2ik = «««^2. 

The charging current per conductor b 
60,000 

/e = — = ^.^f. = 16.23 amperes, 

and the kv.a. required to charge the line b 

3X^X1^=1690. 
V3 1000 

The charging current and charging kv.a. have been taken as pro- 
portional to the voltage at the receiving end of the line which 
gives values slightly less than the true ones. 

The input to the receiving circuit is 10,000 kvA. at 85 per cent 
power factor = Vs EI and, therefore, the current per conductor 
is 

, 10,000,000 -_ „ 

I = —^ «= 92.6 amperes. 

V3 X 60,000 

The adnuttance of the receiving circuit per phase is 

92.6 



j,= V^FT6'=- = ^^ = 0.00278; 

V3 
the conductance is 

/cose 92.6 X 0.85 rt,^,- 
^^~e 60:000- = QQQ^ 

V3 
and the susceptance is 

. b = Vy» - g* = 0.001463. 



J 



410 ELECTRICAL ENGINEERING 

The relation between the voltages at the generating station and 
receiving station is given by equation 

eG=e[|l + (r+ix)((7-ife+i|)-i|(r+ix)^G;-i6)j], 
or 
Eo = b[Ji + (r+jx)(g - jfe + j|J - j|«(r +jx)*G7 - j6)|]. 

Substituting the values obtained and neglecting the last term 
Ea = 60,000 J 1 + (16 + 53.5;) (0.00235 - 0.00123 j)j 
= 60,000 (1.1034 + 0.1063 j), 
and taking absolute values 

Eo = 60,000 y(1.1034)2 + (0.1063)* = 66,210 volts. 

Thus to produce a voltage of 60,000 volts between lines at the 
receiving station at full load a voltage of 66,210 volts is required 
at the generating station. 

At no load the current / is zero and the admittance y is zero 
and the voltage required at the generating station to produce 
60,000 volts at the receiving station is 

Eo = 60,000 {1 + (16 + 53.5/) (- 0.000231 i)j 
= 60,000 (0.9877 + 0.003696 j) 

and in absolute values 

Eo = 60,000 V(0.9877)» + (0.003696)* = 59,268 volts. 

At n6 load therefore the voltage at the receiving end of the line 
is greater than that at the generating station. 

If full load is suddenly taken oflf the line the voltage at the re- 
ceiving end will rise to a value 

E = 66,210 X ^^ = 67,000 volts, 

7000 
which is a rise of ^r^^xru^ X 100 =11.6 per cent. 
dU,UUU 

The generator voltage is here assumed to remain constant at 
66,210 volts. 

The current per conductor at the generating station may be 
found from equation 370 

I.O = ^[ff -i6 + j6. j 1 +!l±i?(g -j6) j]. 
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Substituting the numerical values 
60,000 



Ia = 



[0.00235 - 0.00123i + 0.000462J 



«- V3 

j 1 + ^^ + 53.5 J (0 00235 - 0.00123i) j 1 

60 000 
^^^^ (0.00229 - 0.000648i), 

and taking absolute values 

/^ = ^^^ V(0.00229)* + (0.000648 i)^ = 82.5 amperes. 

The power loss in the line may be taken as 

= 370,000 watts 
= 370 kilowatts. 
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Admittance, 131. 
primary exciting, 292. 
stator exciting, 348. 
Alternating - current commutator 

motors, 358. 
Alternator, induction, 225. 
revolving armature, 224. 
revolving field, 225. 
three-phase, 232. 
two-phase, 231. 
Alternators, parallel operation of, 281. 
Aluminum, conductivity of, 76. 
Ampere, definition, 51. 
Analysis of induction motor by rec- 
tangular codrdinates, 348. 
Apparent power in alternating-cur- 
rent circuits, 117. 
AppUcations of direct-current motors, 
208. 

induction motors, 346. 
storage batteries, 220. 
Armature copper loss, 211. 
reactance, 253. 
reaction in alternators, 252. 

direct-current machines, 185. 
polyphase, 253. 
rotary converters, 384. 
single phase, 257. 
resistance, 186. 
windings, 146. 
Automatic voltage regulator for 
alternating - current generators, 
286. 
Auto-transformers, 317. 
Average value of a sine wave, 101. 

B 
Batteries, storage, 219. 
Boosters, 221. 
Brush-contact resistance, 176. 



Brushes, carbon, 157. 
copper, 157. 
current capacity, 157. 
effect of moving the, 160. 
for alternating - current 
motors, 363. 



senes 



Capacity, electrostatic, 19. 

in alternating-current circuits, 107. 
of condensers, 18-24. 
of transmission line, 399. 
units of, 19. 
Chain winding, 239. 
Charges, equivalent, 8. 

induced, 7. 
Charging current of transmission 

line, 403, 406, 409. 
Charging kv.a. of transmission line, 

409. 
Circle diagram for an induction 
motor, 340. 

construction from test, 342. 
Circuit constants, 131. 
Circulating currents in three-phase 

systems, 233. 
Coercive force, 73. 
Commutating field of repulsion 

motor, 367. 
Conmiutation in alternating-current 
series motor, 362. 
repulsion motor, 367. 
resistance, 181. 
voltage, 181. 
Comparison of single-phase and poly- 
phase induction motors, 354. 
Compensating windings, 360. 
Compensator for three-wire generator, ' 
390. 
line drop, 198. 
synchronous, 279. 
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